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Injection into Thermonuclear Machines Using Beams of Neutral Deuterium Atoms 
in the Range from 100 kev to 1 Mev* 


G. Grsson,f W. A. S. Lams, AND E. J. LAUER 
University of California Radiation Laboratory, Livermore, California 


(Received December 22, 1958) 


Injection into a steady magnetic mirror machine by ionization of a beam of neutral deuterium atoms is 
analyzed. If the neutral beam is switched on in a sufficiently good vacuum, then the trapped plasma density 
will build up to a steady-state value of interest for experimental study. 


I. INTRODUCTION 


HE purpose of the tests proposed in this paper is 

to create a high-energy plasma for experimental 

study. This study would clarify the thinking about the 

possibility of making a machine that releases more 
fusion energy than it consumes. 

For clarity, consider injection into a static mirror- 
machine geometry (Fig. 1). Similar analyses can be 
carried out for this type of injection into other contain- 
ment geometries, e.g., the torus. Very briefly, a mirror 
machine is formed by having two identical coils with a 
separation greater than in the Helmholtz configuration. 
Charged particles whose velocity vectors make an 
angle @ with the magnetic field H are contained between 
the coils if @>«,' where 


sing= (7, Hy)', (1) 


Hy is the magnitude of the field at its maximum. This 
is true in the adiabatic approximation where the 
relative change in the field is small across a Larmor 
radius. In order for an injected particle to be trapped, 
either the field must be time-varying or the particle 
must be perturbed.?* 


* Work was performed under auspices of the U. S. Atomic 
Energy Commission. This report was presented at the Second 
United Nations International Conference on the Peaceful Uses 
of Atomic Energy, Geneva, 1958 (United Nations, Geneva, 1958), 
U.N. No. 380. 

{ Visiting from Westinghouse, Atomic Power Department, 
Pittsburgh, Pennsylvania. 

1. Fermi, Phys. Rev. 75, 1169 (1949). 

2R. F. Post and co-workers of the University of California 
Lawrence Radiation Laboratory are testing injection of ions into 
a mirror machine with a time-rising field. 

3The Oak Ridge controlled-fusion research group is testing 


In this injection scheme trapping is accomplished by 
increasing the e/m of the particles. A beam of neutral 
deuterium atoms is sent into the mirror machine 
normal to the field lines and in the symmetry plane. 
A fraction of the atoms are trapped in the field as a 
result of being ionized by collisions with either cold 
neutral atoms or trapped hot ions. The trapped ions 
suffer scattering collisions and are lost when their 
velocity vectors enter a loss cone (of half-angle x), or 
they are lost by charge-exchanging with cold neutrals 
so that they are no longer confined by the magnetic field. 


II. EQUATIONS 


The differential equation that describes the change 
in density, p, of the trapped ions is 


dp Vo v Vo 
_ = poJ oa" + Iho ) — po((a, 01) +(o4"01)) p 
dl V Vo V 


— (a,'V2)p", (2) 


where pp=neutral gas density (atoms/cm*), Jo= flux 
of the incident beam (atoms/cm? sec), Vo= volume of 
the beam within the machine (cm*), V=confinement 
volume of the machine (cm‘), v= velocity of a particle 
in the beam (cm/sec), v= relative velocity of a particle 
in the beam and a trapped ion (cm/sec), 2;= relative 
velocity of a trapped ion and a cold neutral atom 
(cm/sec), t2=relative velocity of two trapped ions 
(cm/sec), o:= trapping cross section (cm’), o,= effective 
cross section for small-angle multiple Coulomb scatter- 
injection into a static mirror machine utilizing breakup of an 
accelerated D2* beam in an arc. 
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Fic. 1. Neutral injection into the mirror machine 


ing to result in the loss of an ion (cm?) (the loss occurs 
when the velocity vector enters the escape or loss 
cone), and ¢.=charge exchange cross section (cm?). 
The superscripts » and 7 correspond to the particular 
particle having collisions with neutrals and trapped ions, 
respectively. It has been assumed that (1) losses due 
to nonadiabatic effects are negligible, (2) attenuation 
of the neutral beam in crossing the diameter of the 
machine is negligible, and (3) the plasma density is 
uniform across a diameter of the machine. 

If an energetic neutral beam of constant flux, Jo, is 
switched on suddenly at time zero when p=0, then at 
this time the first term on the right of Eq. (2) pre- 
dominates. This represents a constant rate of increase 
of p with / (assuming po constant) due to ionization of 
beam particles in collisions with the residual vacuum 
density of cold neutral gas atoms. The term involving 
p to the first power is composed of the difference in 
the rate of increase of p due to trapping new beam 
particles by ionization in collisions with already trapped 
hot ions and the rate of decrease of p due to the loss 
of trapped hot ions which capture electrons from cold 
neutral atoms. If the coefficient of p is positive, then 
as p increases this term increases the rate of trapping 
and in the limit that this term predominates, p increases 
exponentially with time. 

The coefficient of p will be positive if the neutral gas 


density is less than a critical density po, : 


1 Vo 
p= (1Knr ) Joo) 
Vo Ay V 


(Over the energy range of interest o,"<o.".) 
If po<po. then the e-folding time, 7, of the buildup 


Vo v l 
=( “{a: ) ) : (4) 
| vo Av 


The last term (involving p’) is the rate of decrease of 


is given by 


p due to ions having their velocity vectors scattered 
into the loss cone, and this loss causes the density to 
eventually approach a constant. Assuming that after 
buildup the neutral gas density within the hot plasma 


LAMB, 


AND LAUER 


is negligible, the steady-state density, pss, is 


Vo v 
V Vo Ay 


Figure 2 shows this buildup of the density in a 
qualitative way. The ions are initially trapped with 
their velocity perpendicular to the field direction 
midway between the mirrors; this starting condition 
maximizes the time for the velocity vectors to scatter 
into the escape cone. When a neutral beam atom is 
ionized, one high-energy ion and one essentially zero- 
energy electron are added to the plasma; thus the 
plasma remains electrically neutral, which is a desirable 
condition to avoid large space-charge forces. 

Equations (3), (4), and (5) will now be rewritten in 
a form suitable for making numerical estimates of 
conditions near the center of the machine. Equations 
(3) and (4) pertain to the conditions during buildup 
when p<p,, and the plasma ion velocities have not 
spread much from 7, so the average value, (0-01), 
will be replaced by @."(v0)vo. Similarly ;' is not a very 
sensitive function of v so (o;'0/0)w will be replaced by 
a1'(v%).4 JoVo will be replaced by jo, where jo is the 
neutral beam current in atoms/second and ZL is the 
effective trapping path length of the neutral beam in 
the plasma. L=2r, where r is the radius of curvature 
of an ion at the injection energy in the magnetic field. 
V will be replaced by AZ=7(2.4r)*Z, the volume of a 
cylinder of radius 2.4r and length Z. With these 
substitutions, Eqs. (3), (4), and (5) become 

jJoLlor'(vo) 
Pe = ae 
o-"(v9)%AZ 

AZ 
aaa 9 

Jolo;'(v») 

joloe'(v%) 

(4°?) A Zz 


Pos 


For (o5'v)4 we have used® 


— {Mre/2? 
rin | sne/a(— ) | 


(9) 


’ 


maximum impact parameter | %0 
XInf — —-- a 


minimum impact parameter v2 


where e is the electronic charge in esu and Mz °/2 is 
the kinetic energy of a beam atom in ergs. The above 


‘Some neutral beam atoms will be ionized in collisions with 
plasma electrons. Because the plasma electrons are expected to 
have a high average energy due to the energy transferred from 
the ions, this contribution to the trapping is estimated to be 
smaller than that due to plasma ions and has been neglected. 

5L. Spitzer, Physics of Fully Ionized Gases (Interscience 
Publishers, Inc., New York, 1956), p. 78. 
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result is obtained by setting Spitzer’s formula for the 
ion relaxation time equal to (1/p)(o.'2)y and setting 
the mean energy of the plasma ions equal to one-half 
the ion injection energy. We have used a value of 20 
for In(maximum impact parameter/minimum impact 
parameter). Spitzer’s formula assumes that the velocity 
distribution of the ions approaches a Maxwellian 
distribution. This is not correct for the mirror machine 
since ions whose velocity vectors lie in the escape cone 
are missing from the distribution; however, on the 
basis of unpublished estimates it is thought that this 
effect would not change (o,'7)4 by more than a factor 
of three. If No ions of initial kinetic energy Mo9?/2 
and Vo electrons with zero initial energy interact 
without change of the total energy, then the average 
energy of the ions and of the electrons tends to ap- 
proach one-half Mz,?/2 due to equipartition of energy. 
If the mean containment time of the electrons is equal 
to that of the ions, then it is estimated that the mean 
energy transferred from an ion to the electrons during 
the ion mean containment time is less than one-half 
Mw?/2. If, on the other hand, the electrons have 
a much shorter mean containment time than the ions 
so that electrons that have gained some energy from 
the ions escape through a mirror and are replaced by 
zero-energy electrons which enter through the mirror, 
then the energy transfer would be larger. 

In the calculations a cylindrical volume of length 75 
the distance between mirrors is assumed for the plasma. 
This seems a reasonable value to use for the time during 
buildup when p<g,,; however, it is not obvious that it 
should be used in determining p,., since pss is determined 
by the scattering-out time and this is just the time for 
a particle to be scattered in such a manner that it 
makes excursions for the total distance between mirrors. 
However, particles that are just introduced into the 
plasma spend all of their time in the center of the 
machine, whereas just prior to scattering into a loss 
cone the particles spend part of their time in the center 
and as a result the density of ions is larger in the 
center of the machine and decreases at the ends. 


III. NUMERICAL SUBSTITUTION 


At 100 kev a neutral beam may be formed by passing 
a D*+ beam through a gas target. Charge exchange, 
o-, competes with ionization, o;, in the formation of 
the neutrals within the target. The fraction of the 
beam that is neutralized for an A!’ target® is ¢,/(a-+¢;) 
=3.5/(3.5+4.7)=0.43. For a helium or hydrogen 
target this fraction is about 0.5 and for nitrogen about 
(0.4. A condensable gas (mercury or pump oil) jet makes 
an acceptable target. The fraction does not appear to 
be sensitive to the magnitude of Z. 

A D* beam of 0.3 ampere and a magnetic field 
strength at the center of the machine of 12.6 kilogauss 
are assumed. The selection of these values has been 


6 C.F. Barnett and H. K. Reynolds, Phys. Rev. 109, 355 (1958). 
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Fic. 2. Buildup of the trapped hot ion density with time after 
suddenly switching on a constantzenergetic neutral beam. 


influenced by existing apparatus at this laboratory. 
The other assumptions for the 100-kev case are 


r=5.14 cm, 
Z=17.4 cm, 
= 3,10 10° cm/sec, 
=8.510-'? cm’, (reference 6) 
= 8.5 10-"” cm’, (reference 6) 
= 2.5 10-'® cm’, (Mott and Massey’) 


(o,'?) = 1.65 X 10—" cm?/sec. 


Using the above values, the critical pressure is p.= 1.3 
X10-" mm Hg of D» gas; the buildup time is r= 4 sec; 
and the steady-state high-energy ion density is p,.= 1.5 
X10" Dt+/cm’. A quantity of interest is the ratio, 8, of 
the ion pressure to the magnetic field pressure, since 
it is a measure of the relative diamagnetic effect and 
is also indicative of the possibility of cooperative 
effects in the plasma. 


B= 8mp,.(2/3) (1 M»2,?/2)/ B?=0.013. (10) 


The D(d,n)He’ reaction rate is 1.410" sec!. Other 
reactions would take place of course, such as the 
D (d,p)H® process which occurs at about the same rate. 
In obtaining the reaction rate an average of the product 
of the reaction cross section and the velocity of the 
ions has been obtained for a two-dimensional isotropic 
velocity distribution and a single speed. The percentage 
of the beam that is trapped is p,.o:'LX100=0.4%. 
For this fraction to approach 100% at this energy a 
beam current of the order of 100 times greater than 
has been assumed would be required. If the conditions 
for exponential buildup are not satisfied with regard to 
critical pressure, the linear buildup on the cold gas 
would yield a steady-state density of 

Pas =joLor" (v9) /AZa."(v0)to= 3X 108 Dt /em'’, (11) 


7™N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, Oxford, 1949), p. 271. 
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where it is assumed that the cold gas density is much 
greater than the critical density. 

In practice the critical pressure that is required is 
very difficult to achieve. However, it is essential if 
large steady-state densities are to be obtained in these 
tests. One could hope to reduce the rise time by starting 
to build on an initial plasma, which might be obtained 
from some type of pulsing mechanism, rather than on 
the “vacuum”; however, unless the existing neutral 
gas partial pressure is less than the critical pressure, 
there will be no high-energy buildup. Base pressures 
of the order of magnitude required in large vacuum 
systems can be achieved, but the large current beam 
is a source of cold gas at the point where it terminates. 
The neutral beam does have the advantage of remaining 


collimated in passing through the magnetic field 


region. The technology required to maintain the low 
operating pressures must be developed for a successful 


experiment. 

The effect of ionization of the residual gas by the 
trapped beam has been neglected in this analysis 
because of the assumptions required regarding the fate 
of these ions.* This process would of course modify the 
buildup of high-energy particles if these slow ions 
could be disposed of in some fashion, in effect the 
trapped beam would then act as a pump on the system. 
In the system discussed here the contribution of the 
trapped beam in any event is negligible until the 
buildup has progressed to nearly its maximum. 

The critical pressure can be increased by increasing 
the energy of the beam, since the charge-exchange 
cross section decreases rapidly with increasing energy. 
A neutral beam of 1-Mev D may be formed by the 
dissociation of 2-Mev D,.* ina gas target. It is estimated 
that one quarter of the D»* ions dissociate yielding a 
neutral atom for the optimum density of a pump oil 
gas jet. A current of 0.3 ampere of 100-kev D,* is 
assumed, one half of which is lost in accelerating the 
D.* to 2 Mev by the known technology of high-current 
accelerators.’ The other assumptions are 


H=20 kg, 
r=10.2 cm, 
Z=20 cm, 
to= 9.80 10° cm/sec, 


8 A. Simon, Phys. Fluids 1, 495 (1958). 
® FE. O. Lawrence, Science 122, 1127 (1955). 
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o1'(v%) =3.7X 10-7 cm?, (reference 7) 
o-"(v%) =6.0X 10-*! cm?, (reference 6) 
o1"(v) = 1.6K 10-7 cm?, (reference 6) 


(a,'v)= 5.22 10~- cm/sec. 


At the 1-Mev energy the critical pressure is p-=1.2 
X10-* mm Hg of Dz gas; the buildup time is 7= 200 
sec; the ion steady-state density is ps,=9X 10" D*/cm'; 
the D(d,n)He’ reaction rate is 1.810" sec!; B=0.03; 
and 0.07% of the beam is trapped. If the cold gas 
pressure is 10~§ mm Hg of Dz» (a pressure much greater 
than the critical pressure), the steady-state density of 
hot ions is pss’ = 4X 108 D+/cm* with a mean life time 
against charge exchange of 1/poo,"(v0) v0 =2 sec. 


IV. DISCUSSION 


Experimentally, the number of ions contained in the 
machine would be determined by measuring the 
number of ions which escape through the mirrors after 
turning off the beam. The buildup time would be 
measured by observing the transient buildup of the 
escape of plasma ions, or by measuring the transient 
buildup of reaction rate after turning on a constant 
beam. The containment time would be obtained by 
measuring these quantities after turning off the beam. 

Tests are in progress (1) to measure how large < 
beam of 100-kev deuterium atoms can be produced 
using the MTA injector" as a source of 100-kev D* 
ions and using pump oil and mercury gas targets, (2) 
to measure the single-particle containment time of 
electrons of about 1-Mev energy in a mirror machine 
in order to search for nonadiabatic effects that might 
limit the containment time,'! and (3) to investigate 
methods of attaining a pressure less than the critical 
pressure with the beam turned on. 
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Single-Particle Energies in a Degenerate Electron Gas at High Density* 


RONALD M. ROCKMORE 
Brookhaven National Laboratory, Upton, New York 


(Received December 11, 1958) 


Expressions for the self-energy of an electron and the physical pair-propagator for an excited electron 
plus hole in a degenerate electron gas at high density are obtained through the formulation of an equivalent 
Hamiltonian for the problem. These expressions are identical to those obtained by Quinn and Ferrell. A 
derivation of the physical pair-propagator from ground state considerations is also given. 


1. INTRODUCTION 


ECENTLY, Quinn and Ferrell! presented a new 
method for computing the correlation energy of a 
degenerate electron gas in which the interactions are 
studied by considering the self-energy of a single- 
particle impurity in the system. The self-energy is 
calculated in terms of Feynman’s space-time formula- 
tion of quantum mechanics after an essential change 
has been made in the particle propagator to allow for 
exchange effects when the particle impurity is an addi- 
tional electron in the dense electron gas. QF derive the 
polarization propagator heuristically from Lindhard’s? 
dynamic dielectric constant and eventually obtain an 
expression for the electron self-energy as a Feynman 
integral involving particle and polarization propagators. 
We wish to present here an alternate, somewhat more 
transparent derivation of the electron self-energy based 
on the formulation of an equivalent Hamiltonian, an 
approach which exhibits explicitly the well-known 
features of the collective or plasma degrees of freedom 
of the electron gas. Our equivalent Hamiltonian will be 
seen to be a natural extension of that of Sawada* and 
Wentzel! to the case of a single electron in interaction 
with a gas of phonon-like pairs. Besides its formal 
simplicity, this procedure has the further advantage of 
avoiding the questions® arising from a perturbation 
theoretic approach. Also, inclusion of the effects of the 
Pauli principle which occasions some argumentation in 
QF is automatically taken care of in the present 
calculation. 

The reduced Coulomb Hamiltonian giving rise to 
the relevant processes (or, interchangeably, graphs) at 
high density is obtained in Sec. 2. From this, an equiva- 
lent Hamiltonian for the problem is constructed. In 
Sec. 3 an expression for the self-energy of an electron 
identical to that obtained by QF is derived via this 
equivalent Hamiltonian, taking the ‘‘fermion-boson” 
interaction in second order only. A derivation of the 


* Work carried out under the auspices of the U. S. Atomic 
Energy Commission. 

1 J. J. Quinn and R. A. Ferrell, Phys. Rev. 112, 812 (1958), 
hereafter referred to as QF. The author is indebted to Drs. Quinn 
and Ferrell for a preprint of their work. 

2 J. Lindhard, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
28, No. 8 (1954). 

3K. Sawada, Phys. Rev. 106, 372 (1957). 

*G. Wentzel, Phys. Rev. 108, 1593 (1957 

5 See the introduction of reference 3. 
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physical pair-propagator independent of perturbation 
theoretic or heuristic argument occupies Sec. 4. A 
brief appendix is devoted to an alternate derivation 
of the physical pair-propagator from ground-state 
considerations. 


2. THE REDUCED HAMILTONIAN AND THE 
EQUIVALENT HAMILTONIAN 


We first write the Hamiltonian of the system follow- 
ing Sawada,’ 


H=H,o+dH,, Hy= ia —4p*a> 


ipi>P 2m 


9 9 


r p 
ims Le» —b,y"by+ Le eg. (1) 
Ipl<F 


pi<P 2m > 2m 


where a@,, 6, are the annihilation operators of excited 
particle and hole in the Fermi sea with momenta p and 
—p, respectively; P is the Fermi momentum. By re- 
arrangement, the Coulomb interaction, H., may be 
written as the sum of three parts, H.“ (i=1, 2, 3), with 


) 


2re* 
ie q ‘Ade p\ Apt Pie +bos. 4p) 


Q gq 


H.“= 


> 


KLip' (ap—*bp*+bp-atp)— Lp ap*ay 
p-qi<i 


by*bp— Ls J, (2) 


Ip-ql>P;lpl<P 


* oe 
Ip 


q|\>P 
(h=1) and 


2re? 


H.®= 


1 
die be p(b, + Op tap na 2) 


Q q 


XD» (ay @ Oy +b, aA yp +L p(bpe ep ta pyq*bp*) 
XL (ay: gay +by y’*) }. (3) 


H. is readily identified with Sawada’s reduced Coulomb 
interaction.® The remainder, H,.“=H,.—(H,Y+H,.™), 
which also includes terms arising from the rearrange- 
ment into H,°?, is specifically neglected in what follows, 
an approximation consistent with the assumption of 
high density. Hence we arrive at the reduced 


6 See reference 3, Eq. (2). 
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Hamiltonian, 
H4=H'+H.o'4+H,° 
Here we have set 
p ys # 
dy ay— 2» 


P 2m pi<P om 


Hy! bs 
+ r, - 
p—qi>P; 


Pp *+b 4 q4 p) 


2re* 
“ 1. a LE slpt q 


XD » (ap q bp * +b, gf’) |. (6) 


H,' can be further reduced on noting that the effect of 
the diagonal terms occurring in H,’, 


. =" 
p by by an Le 


p—ai<P 


* 
ap Ap— 


may be neglected in all orders of the self-energy except 
the lowest. Thus, we have to deal with the reduced 
Hamiltonian, 


He4 = Hy’ +H.’ +H? 


where 


“2 E, — b,* by, (3) 


>P am <P 2m 


Sp €y— 


provided we calculate the exchange energy separately. 
For details of this last calculation, which is omitted 
here, we refer the reader to reference 1. 

By a straightforward analysis of the connected one- 
electron graphs generated by H™*, one is led to the 


[AK(p) pi>P>= (a» +q* Wo, | ; : 
Ep + q? +- ky ( 
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equivalent Hamiltonian [our notation follows Sawada 
and Wentzel J, 


He= = A particte' + H +H, (9) 
p # 

dy*Ap— p > iota ‘7 Os 
pi<P 2m 


with 


HA particte® = a ( 10a) 


ipi>P 2m 
BPes ft tiidactawth Lake C « 
Hr=D AC a DL plapeg* +O p+ q) (ap +b5*) 
Cat he A, 2"), 
_(ptay p* 


(10b) 
(10c) 


where 


2m 2m 


(\p\<P,'ptq>P), (11) 


and 
Ay = 4re?/¢’. 


The operators cp, , satisfy the boson commutation rules, 
a 4 
Sn atetie’” 1 tebe 
[cp wep’, v J=9, 


and commute with the fermion operators, dp, by. It 
should be noted that H, is Hermitian since C, satisfies 
the relation 


(12) 


(13) 
H,°, a pair theory Hamiltonian,’ may be exactly di- 
agonalized, a fact we shall use explicitly in the calcula- 
tion of the electron self-energy below. 
3. SELF-ENERGY CALCULATION 
In the continuum limit, the single-particle level shift 
may be written in the following form [we take the 
particle-boson coupling in the equivalent Hamiltonian 
(10c) to second order only }: 


1 
Jira» a) . (14) 
Harticte’ +H ,") +i (Pi =P—4) 


Vo is the ground-state vector for Hparticte’ +H," with eigenvalue Eo. On eliminating the dependence of (14) on 


particle operators, there results, 


1 
[AE(p) pi>P Le hde( Wo C | 


where (x) is unity for positive x and zero for negative x. 


ko H,°+oap atie’ 


n(wpi,a) . 
. ea . (5) 
ky)—H,°—wp atte’ (pi =P—-q) 


We make use of an expansion theorem derived by Sawada,’ and subsequently modified’ to take into account the 


contribution from the plasma mode (bound state contribution), 


C_¥o= Li» Votap 


P;\p+q P 


7G. Wentzel, Helv. Phys. Acta 15, 111 (1942 
* See reference 3, Sec. 2. 


® Sawada, Brueckner, Fukuda, and Brout, Phys. Rev. 108, 


[1+ f(w 


namely, 


yp. atte) JI+Cpi(q)¥ pi(q)- (16) 


507 (1957). 
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Vpiq.p*? is the conventionally normalized scattering solution with outgoing-wave boundary condition; C,1(q) is 
the expansion coefficient for the normalized plasma solution V,)(q¢). The energy eigenvalues of V,,; ,, »*? and ¥,(q) 
will be denoted by (£o+w», q) and [Fo+,i(q) J, respectively. We have set" 


; dre? 1 1 i 

f (wp, atte) = — ; ( + — -). (\p|<P;|p+q\>P). (17) 
Qg? \p’1<Pilp’tal>P Nwy g—Wp,g—1€ Wy’, gtWp, atte 

Thus, one finds for the level shift the expression, 


1 (wpa) 1 
[AF(p) sine Eade Del i 1 ) 


wrig—Wpgtie wrratwy,q—ies \1+f(wp, gtie 


1 n(wp1,a) 
+ = pi Cpil(g) |, (18) 
wp1.qa— Wpi(q) Wp at+wp1(q) 


+Zae( 


which is to be evaluated at p:= p—q. Using the identity 
é dire” 

Imf(w», g+i€) =4— > pb (Wp, q— Wp’, q)- 
fp 


Q 


Neae 


(18) is transformed into 


: - 1 1 n(wp1) (wp +e) 
[AF(p) ]ipi>rp=dXig ds fdon( ) in| | 
T Wp1— W pt te’ Writ p’ —ie ry + f (wy +7e) 
1 n(wpi) 


+Eae( + ) Cyi(q) |? , (20) 
Wpi—Wpi(G) wpitwpi(q) (pi =p—@) 


where we have dropped the additional subscript g on the w,,, for simplicity. (20) may be written as a contour 
integral about the continuum (contour C; in reference 9)," 


: 1 1 n(wp1) f(z) 
Cee af ie( + ) | 
2m Cc Iym—2+16 wm+s714+ f(s) 


1 Wp 
1 n(wWp1) 
+ ahd + Cyilq) ? 
Wy] 


—wyi(qg) Wrrtwyil(q) 


If we use the analytic property of /(z), the results are 


1 | 1 n(wp1) J(s) 
[AF(p) Jipi>ep=L Ag—} f dz —+ 
2nil C2 wpi—2+16 wmt+s7 14+ f(s) 


+residue at [s=w,1(q) | 


+residue at [s=wpi+i6 ] (for w>0) ! 


1 1 
+Zae( + ) Cyilq) |? . (22) 
) Pi=P—q 


Wpi— Wpi(qg) Wp] +a pilg 
The contour C,” runs along the imaginary z axis from —i* to +i”. The residue at z=wy)1(q) is 


; ; 1 n(wp1) f(z) : 1 n(wp1) 9w»1(q) 
ReSs =wpi(q¢)= 271 lim - --—- nen ts oom Dang 7 - 
s—wl(@) Layp3—S +186 writwyi(g)7 1+ f(s) wpi—Wpi(g) wrtwpi(q) de’ 


: 1 (wi) . P 
= —2n1 + Mel Colayi*, (23) 
= Wri—Wpi(g) wprtwpi(q) 
© See reference 9, Eq. (26). 


We have taken advantage of the behavior of the integrand in (20) to displace the pole in the coefficient of f(2)[.1+-/(s 
above the contour C;. 
12 See reference 9, Sec. 3. 
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where use has been made of Eqs. (A-18) and (A-19) in the Appendix of reference 9 together with the eigenvalue 


equation 


f (wp) +1=0. 


Then, setting z=iv, we get” 


1 - Wp1 1 
[AE(p) ]\ pj >P=—Lr< f dy — - 
2rJ_. wn t+-o* 


since f(iv) is even in v. Our result is thus precisely 
that of QF [ Eqs. (31) and (35) ], to which we refer the 
reader for a full discussion of the physical properties 
of the electron self-energy. 

Within the framework of the equivalent Hamiltonian 
[ Eqs. (10) ] we have derived, higher order self-energy 
graphs may be calculated (although by itself such a 
procedure cannot lead to a consistent expansion of the 
self-energy in powers of r,, the unit sphere radius in 
units of the Bohr radius). One might diagonalize H,° 
explicitly, putting it into the diagonal form, H,° 

= pp. Mp. a Np ot 2 pid) npi*(g)npi(Q) +L and write 
H, in terms of the new operators p,q and npi(g) as 
well. A simpler approach is to use the Feynman rules 
of calculation together with the physical pair-prop- 
agator, which we shall derive in the next section. 


4. DERIVATION OF THE PHYSICAL 
PAIR-PROPAGATOR 


We now derive the positive frequency part of the 
physical pair-propagator IL,“ (¢) which will be seen to 
be simply related to the positive frequency part of the 
polarization propagator G,(¢), heuristically derived in 
QF. The positive frequency part of the physical pair- 
propagator is defined as'® 

1, (1) =id(Wo,C_o(DC (26) 


g(9)Vo), (t>0O) 


where 
t)=exp(1H ,°t)C_, exp(—1H,"t), 
and 


H Vo= EW. 


Thus, 
IT, (t) 


Aq(WVo, ¢ q exp[ —i(H,°— E)t Ic wo) (t>Q) 
1 


thd, pe wrt 


kame pl 


+1e 


1+ f(wptie) 
f(wp—te) | 
1+ f(wp—te) 


I 
dw, e~'#v! 
dr 
+ je-ivp 


13 wp, occurring in (wp;—2+16) [in Eq (23) ] is restricted by 
pitq!), |pi| >P, while wp; occurring in the term (wp;+:s) 
restricted by | pit+q|/>P, |pi| <P. 

4 See the discussion in QF previous to Eq. (35). 

16 M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 


twp (q oa! Cprlq) 2 


f(w,+te) 
1+ f(wptte) 


Cyi(q) |?. (29) 


is 


(24) 


1 
—-1]+52 {1} , 
1+f(iv) 1+ f(writ%) (p1=P—4) 


(29) may be further transformed to the contour integral 

1 f(z) 
11, (t)=— J dz e~'#t—__ 
2r cy 1+ f(z) 


+ie~i#Pi(M 01Cr1(g)|?, (30) 


and then, by arguments similar to those given in the 
preceding section, to 


1 f(z) 
11,“ (t) = [ae izt ; 
2rdc3 1+f(z) 


C; denotes the contour where the path of integration is 
a loop along the positive real axis which passes through 
the cut at the origin [Fig. (3a) in QF ]. On noting that 


dre? 1 1 
-~y,(—_+—___) 
Og? Wp — 2-16 Wy +2+06 


= (q,z)—1, (32) 


(31) 


where €(q,z) is Lindhard’s dynamic dielectric constant,” 
we have 


1 1 
iL, ())=—— [ace of = -1| 
2a Foy €(q,2) 


This may be compared with the corresponding expres- 
sion for G,.(t) given by QF: 


dq 
eG.()= f 
(27)3 
dz e 
Gn= f — : 
C3 2m €(q,2) 


The ‘“‘mass renormalization” carried out by QF in their 
calculation is apparent in the subtraction in the square 
brackets of (33); however, unlike QF, we do not need 
an additional argument to obtain this result. We hasten 
to add that the physical pair-propagator has been de- 
rived by more formidable methods in the context of 
meson pair theory.'® 


(33) 


A,G,(t),  (t>0) (34a) 


with 


(34b) 


16 A. Klein and B. McCormick, 
Their Eq. (92), 


Phys. Rev. 98, 1428 (1955). 
AG +)© (Ro) UU TG 4) (ho) 
1+AUTG,,) ( ko) U 


is directly comparable to our expression, 1—1/e(q,ko). 


Gi +) (ko) = G4) (ho) — 
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APPENDIX 


The physical pair-propagator II‘ (t) may be ex- 
tracted from the sum of time-dependent integrals which 
gives the correlation energy!’ (without exchange) by 
the following recipe: To obtain the contribution to the 
physical propagator in any order n, remove from the 
nth order correlation energy-integral 

(—1)* ic 
€,.% ————) dty:++dly 
n - 


n 


xK6(d 1;)F a(t): P *Fa(tn)rq”s 


j=l 


(2=2,3,---) (A-1) 


the factor © F(fdt in all possible ways, omitting the — 


sum over q. ,(/) is the bare or elementary pair- 
propagator 


dp 
50= f far 
Qn 


* e tpot 


Zeno 
——_—_—— , (A-2) 
(€p,g— Po— 18) (€p,q + po— 16) 
where 


9 


€.a=2(Ptqy—2p, (pta >P,|p| <P) 
and 6 is an infinitesimally small positive quantity. As 
the removal of the factor / F,({)dt may be performed 
in m equivalent ways, the corresponding contribution 
to the physical pair-propagator is 


(—1)” +2 
IT, {2 (t) « —nX- i f dl,-+-dt,, 1 


n oe 


n—1 
K5(d> t)—DF (hh) + + + Fo(tn—-1)Aq", 


j=l 
(n=2,3,--+). (A-3) 


17M. Gell-Mann and kK. A. Brueckner, Phys. Rev. 106, 364 
(1957). 
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We have altered the sign of the unintegrated variable / 
so that the 6 function expresses the condition that the 
sum of all intermediate time intervals be equal to the 
interval between the final and initial points, i.e., 
t= (t—tr-1)+°+++(72—71) +71, where 
t,=t, and 7>=0. Thus we have 


t= Tj— 7; ts 


ney (-1ef sl, 


n=! - 


X6(D DF alti) Fy(tnAg" 


F ad 


(A-4) 
On Fourier analyzing the 6 function in (A-4), there 
results 


Was 4 


> (yf due Or Pa(u) |", 


Wa n=l - 


I1‘# (t) « 


with 


x 


vata) f dt et,(1). 


x 


(A-6) 


Summing under the integral sign in (A-5), we have, 


finally, 


Agua 1 
IH? (t) a — f due | -1) 
2rd _, 1+A,04(u) 


where the constant of proportionality may be readily 


(A-7) 


determined by explicit calculation of I,‘”(¢). [The 
more conventional choice from the point of view of 
Feynman rules,’ different from that given in Sec. 4, 


would be II.‘ (4) = F,(4). | 
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Dependence of Electron Mobility on Magnetic Field in a Fully Ionized Gas* 


M. S. Sopua, Armour Research Foundation of Illinois Institute of Technology, Chicago, Illinois 
AND 


Y. P. Varsuni, Physics Department, University of Allahabad, Allahabad, India 
(Received December 19, 1958) 


The variation of drift and Hall mobilities of electrons in a fully ionized gas with magnetic field has been 
investigated 


XODHA and Varshni' have recently investigated paper we have extended the analysis to intermediate 
transport phenomena in a fully ionized gas, when _ fields. 
the magnetic field is very small or very large. In this Sodha and Eastman? have shown that the time of 
relaxation of an electron due to scattering by ions and 
electrons is given by 





7 (x)= B(x) /x, (1) 


where the symbols have their usual meanings.'” 
When the mean ionic charge Z— ~, i.e., when 
electron-electron scattering can be neglected, then 


7(x)= B23. (2) 


Proceeding in the same way as in the earlier paper,! 
we obtain the drift and Hall mobilities to be given by 


g (7x?/(1+w*7’)) 
== oe ’ 

m (x?) 

g (77a"/(1+w*r")) 
ee ter o/ 9 _9) z 

m (7x?/(1-+-w*r?)) 


Upon using Eqs. (1), (2), (3), (4), and a Maxwellian 
distribution, it can be shown that 


M Mo,c= 31, 


bw / Mo, c= Fd /T. 


* x exp(—2°)dx 
[es 
0 1+a°?*/x° 


Zz 


where 











x"? exp(— 2°) 
g -f ie 
Fic. 1. Variation of w/o, « with a for Z=1. 0 1+ a°??/x° 


TABLE I. Variation of y/o, with a. 


O1 2 7 1 2 4 7 10 


0.526 0.421 0.255 0.132 0.0781 0.0239 0.00643 0.00215 0.00106 
0.581 0.432 0.241 0.121 0.072 0.0226 0.00626 0.00213 0.00106 
0.615 0.430 0.227 0.112 0.0676 0.0222 0.00635 0.0022 0.00111 
0.637 0.415 0.208 0.102 0.0626 0.0223 0.00683 0.00242 0.00123 
0.635 0.404 0.200 0.099 0.0608 0.0224 0.00716 0.00258 0.00132 


* This investigation was sponsored by Armour Research Foundation, Chicago, Illinois. 
1M. S. Sodha and Y. P. Varshni, Phys. Rev. 111, 1203 (1958). 
2M. S. Sodha and P. C. Eastman, Z. Physik 150, 242 (1958) 
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ELECTRON MOBILITY ON MAGNETIC FIELD 


TABLE II. Variation of u’/uo,. with a. 


0 0.1 0.2 0.4 0.7 1 


0.685 0.67 0.634 0.582 0.538 0.515 
0.897 0.836 0.761 0.671 0.600 0.561 
1.13 1.00 0.875 0.749 0.649 0.592 
1.56 1.22 1.02 0.838 0.704 0.624 
1.93 1.34 1.08 0.873 0.723 0.634 














‘1G. 2. Variation of u’/yo,. with a for Z=1. 


Ho,~ is the drift mobility at zero magnetic field when The variation of u/po,. and p’/po,. With a is tabulated 


electron-electron scattering is neglected (Z7= = ), and in Tables I and II, and is illustrated by Figs. 1 and 2 


a=H(q/mc) B= fm Ho, «/€. (7) for the case Z=1. 
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Ergodic Foundation of Quantum Statistical Mechanics 


P. BOCCHIERI AND A. LOINGER 
Istituto Nazionale di Fisica Nucleare, Sezione di Milano, Italy, and 
Istituto di Fisica dell’ Universita, Pavia, Italy 
(Received December 23, 1958) 


Relations, which are ergodic in a generalized sense, are deduced from the laws of quantum theory without 
any hypothesis of a priori probabilities. These relations are satisfied for the overwhelming majority of the 
initial state-vectors of any isolated system with very many degrees of freedom. 


By means of these relations, it is proved that a system 
having a comparatively very large number of degrees of freedom 


—when weakly coupled with another system 
—does not deviate significantly from the 


canonical distribution at the overwhelming majority of the time instants. 


1. INTRODUCTION 


HE fundamental problem of the quantum ergodic 

theory is to work out a justification of the 
distribution laws of statistical mechanics on the basis 
of quantum “general dynamics” only. 

Von Neumann was the first to deal with this prob- 
lem'?; his approach is, however, open to objection in 
many respects.*~* In the present paper, therefore, the 
von Neumann point of view is completely abandoned ; 
in particular, no use is made of the procedure of 
averaging over the macro-observers. We solve the 
quantum ergodic problem by proving—in the spirit of 
the classical ergodic theory—that for the ‘toverwhelm- 
ing majority”’ of the initial states of the system the 
distribution laws of quantum statistical mechanics hold 
at the "overwhelming majority” of the time instants. 


2. ERGODIC RELATIONS 


Let us consider an isolated dynamical system C with 
very many degrees of freedom, whose Hamiltonian will 
be called H. We assume, as usual, that H has a discrete 
spectrum. Due to the very large number of the degrees 
of freedom of the system, the eigenvalues of H are 
very densely distributed. 

Let W(‘) be the state-vector of the system in the 
Schrédinger picture. For the sake of simplicity and 
without loss of generality, we shall suppose that ¥(¢) 
belongs to an S-dimensional ‘‘energy shell’? (S is very 


great, but finite) : 


Wi)= Yr, explilan— Ent) en; 


1 


1 J. von Neumann, Z. Physik 57, 30 (1929) 

2 W. Pauli and M. Fierz, Z. Physik 106, 572 (1937). 

3M. Fierz, Helv. Phys. Acta 28, 705 (1955). 

‘]. E. Farquhar and P. T. Landsberg, Proc. Roy. Soc. (London) 
A239, 134 (1957). 

‘> P. Bocchieri and A. Loinger, Phys. Rev. 111, 668 (1958). 
Hereafter this paper will be referred to as A. 

6 P. Caldirola and A. Loinger, in the ““Max Planck-Festschrift”’ 


of the “Deutsche Akademie der Wissenschaften zu Berlin’, Berlin, 


1959, Sec. 3. 

7G. Ludwig, Z. Physik 150, 346 (1958) ; 152, 98 (1958). 

* See also M. J. Klein, Phys. Rev. 87, 111 (1952); H. Ekstein, 
Phys. Rev. 107, 333 (1957). 


(h=1; 7,20; 0S an<2x; H=2D,FxP ox). Let 


\ 


"Sy; >, Sy>=S) 


v=1 


{w,, ,J(v=1, -+-N; 7=1, °° 
be any basis in the energy shell; the probability of 
finding the system in a state belonging to the s,- 
dimensional manifold ¥, spanned by w,,1, -** wy, 5, is 


u,(t)= >> | (W(2), w, ;)!?. (2) 
j=l 


If we call T(t) the time evolution operator [7(¢) 
=exp(—iH1)], we may write 


u,( 1) = 2 (T(t)¥ (0), w,, ;) 
j=1 


=> |(W(0), T" (dew, ;)|?; 
7=1 


but the vectors of the set {7~'(A)w,,;} (J=1, --+s,) 
span another s,-dimensional manifold ¥,’ of the energy 
shell ; consequently the averaging YI over all the possible 
performed in such a way that no 
leads 


initial state-vectors 
vector is favored with respect to the others 
immediately to the following equations®:"” 


A{lw()—s,/SP} 1 
ae .< 


Al u,(t)]=s,/S; 
57/3" Sy 


(4) 


* The averaging % can be performed using, e.g., the technique 
developed by von Neumann in the appendix of his paper quoted 
in reference 1 and formally leads to the same calculations as the 
averaging 9)t over the macro-observers. 

T.e., if s,>>1, then wu,(t) does not differ significantly from 
s,/S for the overwhelming majority of the initial states. 

We notice explicitly that if 

Ss 


v(0)= D Fa EXP (1An) on 
n=1 


is a state-vector for which 

u, (t) ~s,/S (a) 
(the symbol ~ means “not significantly different from’’), then at 
a time U'#t¢ the relation 

u,(t')=s,/S (b) 
will not in general hold true because the sets of initial states for 
which relation (a) and relation (b) are satisfied are different. 
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QUANTUM 
N manifolds 


If we now consider the whole of the 
Y,(v=1, ---N), we get: 


N y(t) — AB i N 1 
x ~ ° - =] I< . : ; 
=I s,/S v=l Sy 


i.e., if the conditions s,>>N for all the v are satisfied, 
the probabilities u,(¢) (v=1, ---.) differ insignificantly 
from the values s,/S for the overwhelming majority of 
the initial states. 

If M denotes the time averaging, the 
inequality can now be proved: 


following 


(6) 


The meaning of this inequality is as follows: If s,>NV 
(yv=1, \), then for the overwhelming majority of 
the initial states the probabilities u,(¢) (v=1, ---.V) 
differ insignificantly from s,/S at the overwhelming 
majority of the time instants and large deviations from 
these values will last very short time intervals. 

The proof of this theorem is straightforward if we 
take advantage of the fact that the averaging % over 
the initial states and the time averaging M are com- 
muting operations when performed on u,(t) and u,?(¢). 
(This can be proved following a procedure analogous 
to the one used in A to prove the commutability of 
M and WM.) 

It is important to notice that the set of the initial 
vectors ¥(0) for which the u,(¢) differ insignificantly 
from the values s,/S is in general different from the 
set of the initial vectors ¥(0) for which the expression 


V fu,( ()— SiO 
el oe 
| s,/S 
is unnoticeably small. 


v=1 
Furthermore, due to the Schwarz inequality, we have 
{M[u,(t) ]}? < M{[u,(t) PF}, 


and consequently 


N [M[u,(t) ]—s,/SP N 
| | : J <> -; (6’) 


Sosa v=1 $, 


ie.: if s,>N (v=1, ---N), then the time average 
M[u,(t)] of u,(t) does not differ significantly from 
s,/S for the overwhelming majority of the initial states. 

It is evident that theorem (6’) does not mean that 
for the overwhelming majority of the initial vectors 
W(0) the time average of the density operator Py. 
corresponding to W(¢) coincides (macroscopically) with 
the microcanonical density operator (1/5) 0-15 P,,. 
Consequently theorems (6’) and (6) cannot be regarded, 
strictly speaking, as ergodic theorems. 


STATS T PeAL 


Ergodicity 
would require the validity of (6) and (6) simultaneously 
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for all the sets of manifolds B,, for the overwhelming 
majority of the initial states. But, as we shall presently 
see, theorems (6’) and (6) are sufficient to derive the 
fundamental laws of quantum statistical mechanics. 
Therefore relations (6’) and (6) can be regarded as 
ergodic theorems in a generalized sense. 


3. A PARTICULAR CASE 


In order to get a deeper insight into the physical 
meaning of relations (6’) 
expression 


af 2 > = il -| |- so EEE = s/ SF} 


and (6), we shall evaluate the 


under the simplifying assumption of no degeneracies in 
the energy spectrum. We obtain immediately, 


M([u,(t) ]= a pa rn? | (nsw, j) xf 
n=l j=1 


and therefore 
AM[u,(t) J=s,/S. 


Consequently : 


W{ [MLu,(t) ]— /SP } _ EM Le | t) JP} —s2/S? 


L£= 
$,?/S? s,?/S? 
It is now sufficient to evaluate U{[M[u,(t) JP}. We 
get, after some formal manipulations, 


H{ [ML u,(t) |p} 


( Pn, Wr, ;) ( On’ ,Wy i’) 


S Sy 
=A >  d riry 
n,n’=1 7,7’=1 


S,2 1 Sy S 
S + de } 2 ( PnWy, j) (Wy, js Pn) 
S(S+1) S(S+1) it n= 
s~+s, 


~ $(S+1) 


from which it follows: 
LE $5 


Inequality (6’) is an immediate consequence of this 
relation. 
Let us consider now a set of real numbers 1,’ 
-S) such that 


(a=. 


M[u,(t) ]~s,/S. (7) 
It is evident from the above calculations that (7) always 
holds true, whatever the values a, of the initial phases 
may be. 
But at a fixed time / the equality 
u,(t)=s,/S 


is in general satisfied only for suitable values a,’ of 
the phases a,(f) of the state-vector W’(t)= do na1' tn’ 
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X exp[ian(t) lyn. At a time t’/ the above equality will 
not in general be satisfied, even if it remains valid 
when averaged over the time. 


4. THE CANONICAL DISTRIBUTION LAW 


Let us now assume that our system C can be regarded 
as composed of two weakly interacting subsystems 
Cc” and C®. We shall further suppose that C® has a 
number of degrees of freedom which is small in compari- 
son with the number of degrees of freedom of C®. 

Let 
“Hy, «°° (8) 


E,™, Ey, 


be the unperturbed energy levels, with degrees of 
degeneracy 
Bo, £1 °° 'Bn °° %y (9) 


respectively. The subsystem C®, which has conse- 
quently an enormous number of degrees of freedom, 
will have a sequence of unperturbed levels practically 
continuous and therefore well described by a density 
function f2(E™). 

Perturbation theory assures that, since in the 
present case the perturbation is small, practically all 
the vectors ¢, (n=1, ---S) can be represented with 
good approximation as linear combinations of S fixed 
eigenvectors ¢, (n=1, ---S) of the unperturbed 
Hamiltonian of the total system C. In other words, 
the set of vectors {¢,“} practically coincides with one 
of the bases {w,, ;}. 

We choose now as %,-manifold the manifold ¥,° 
spanned by the subset {¢,, ;°} (j=1, ---s/) of those 
vectors ¢, for which the subsystem C“’ has an energy 
equal to E,“, All the considerations of Sec. 2—in 
particular theorems (6’) and (6)—can be now applied 
to the set of the manifolds B, (v=1, ---V). The 
next problem is to evaluate the numbers 5s,’ /S. 


If we put 
. 
F(E)= f M(E\dk, 


(10) 


where /(/) is the density function of the unperturbed 
levels of the total system, we get 


E-E, 
F(E)= >, af f(EO)dE™. (11) 


(0, B) 


This summation symbol has the following meaning: 
the sum must be taken over all the values of the index yu 
such that 4," belongs to the interval (0,/). From (11) 
we get, by differentiation with respect to /: 
Ls &f2(E—F,”). 


0E 


f{(E) (12) 


The number s, is therefore equal to g,f2(E—E, )6E, 
where E is the mean energy of the energy shell. 

If the conditions s,°>>N® (v=1, ---N®) are 
satisfied, formula (6’) assures that, for the overwhelming 


AND-A. 
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majority of the initial states, the following relations 
hold: 


(0) 
By 


M[u, (t) ]= M{ > | (V(t), ¢, i) | 27 


5, 


=——=4,fB—F,”/ Dy guf(B-F,”); 


S (0,E) 


(v=1,---V). (13) 


By applying a well-known treatment!" to the last 
member of Eqs. (13), we obtain the canonical distribu- 
tion law: 


W(E,)= Mu, (1) ]=g, expl— FE, /(kT) J 
>. g expl— hE /(kT) ). 


(OF 


(14) 


From Eq. (14) we can derive, using, e.g., the Schrodinger 
method,” the distribution law of Bose-Einstein (or of 
Fermi-Dirac) for the elementary constituents of the sub- 
system C, 

Finally, we remark that in the present context 
theorem (6) allows one to conclude that the statistical 
distribution laws hold true not only when considering 
time averages, but also at the overwhelming majority 
of the time instants. This is essentially the physical 
content of the H theorem. 


5. COMPARISON WITH VON NEUMANN’S APPROACH. 
FINAL REMARKS 


It is worth making some comments about the 
differences between our approach and von Neumann’s. 

According to von Neumann, the set of macro- 
observers for which the equations 


u,(t)=s,/S (v=1, ---N) 


hold [see formulas (7) and (8) of A] is a time-dependent 
one. A still different set of macro-observers is the one 
for which the ergodic relations 


M([u,(t)]=s,/S (v=1, ---N) 


hold [see formula (14) of A]. 

But the von Neumann procedure is unable to single 
out the macro-observers for which relations (15) hold 
and consequently the statistical distribution laws cannot 
be deduced from it. Furthermore, the set of macro- 
observers for which relations (15) are satisfied depends 
on the initial states of the system C. 

Another important difference between the present 
approach and von Neumann’s is the following: in 
our case the connection between ¥(0) and W(t) plays 
an essential role, while the von Neumann ergodic 
relations are completely independent of the motion 


(15) 


4 See, e.g., W. Pauli, lecture notes, Zurich, 1951 (unpublished). 
2 FE. Schrédinger, Physik. Z. 27, 95 (1926). 
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of the state-vector in the energy shell. In other words, 
as is clear from paper A, von Neumann’s relations would 
hold true even if the time evolution operator is not 
linear ; the only condition it has to satisfy is in fact that 
of transforming a vector ¥(0) into a vector W(t) of 
the same norm. On the contrary, it is not difficult to 
see that theorems (6) and (6’) do not generally hold if 
the evolution operator is not unitary. 

To conclude, we wish to remark that in our approach 
the absence of microscopic conditions of ergodicity is 
not disturbing. In this connection it is instructive to 
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consider the case in which C” and C® are not coupled. 
For the overwhelming majority of the initial states of 
the total system, C“ will be canonically distributed. 
If C™ is initially in a nonequilibrium distribution, it 
will show no tendency towards the canonical distribu- 
tion. On the contrary, this tendency will appear when 
an interaction between C® and C® is established. 
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(Received December 22, 1958) 


After a critical review of the present state of knowledge about thermoluminescence, which is shown to be 
rather unsatisfactory, the present paper considers in detail thermoluminescence arising from thermal 
bleaching of F-centers in irradiated alkali halides. A model is proposed, which leads to second-order kinetics 
for the radiative recombination of F-centers and Luminophor-centers (Z;) which must be present in the 


crystal lattice. 


The formalism concerned is developed, showing how activation energy and probability factors can be 


determined. 


A quantitative argument is presented, concerned with the nature of L;-centers and suitable for the 
identification of their ground levels within the forbidden crystal band 


1. INTRODUCTION 


HERMOLUMINESCENCE has been known for 

a long time and it is now agreed that it is caused 
by thermally activated release of electrons trapped at 
“irregular” points of the crystal lattice. Nevertheless, 
the present state of knowledge of this phenomenon is 
far from satisfactory, as will be shown shortly. 

The most common technique for its study has been 
proposed by Urbach! and this technique has been widely 
adopted following the work of Randall and Wilkins.’ 
The recorded curves show almost always more than one, 
and often many peaks. 

A satisfactory interpretation of this point as well as 
of other details does not appear an easy task, inasmuch 
as many features (namely the kinetics of the electron 
release and of their decay) may be different depending 
on the crystal type or even on the exciting agent. 

These are the reasons why we decided to start the 
study from a particular kind of thermoluminescence, 
namely that associated with the presence of F-centers 


* The research reported in this document has been sponsored 
in part by the Air Force Office of Scientific Research of the Air 
Research and Development Command, United States Air Force, 
through its European Office. 

1F, Urbach, Akad. Wiss. Wien. Ber. (II A) 139, 363 (1930). 

2 J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. (London) 
A184, 366 (1945). 


in irradiated alkali halides.’ In this case—in contrast 
with other crystals, where the nature of traps is very 
poorly known—the information already available aids 
in establishing a model which can undergo quantitative 
investigation. 

The interpretation of the glow curves, according to 
Randall and Wilkins, is based on the hypothesis that 
the whole process—escape of an electron from its 
trapping center and subsequent emission of radiation 
should be a thermally activated first-order process, and 
its probability per unit time P should be given by a 
formula such as: 


P=aexp(—E/kT), (1) 


where / stands for an activation energy and a is a so 
called frequency factor about which a great deal of 
theoretical effort has been spent with rather poor 
success.4 

According to this idea, a “‘light peak” arises because, 
during the linear growth of temperature vs time, the 
number of electrons which are released from the traps 
and subsequently decay with emission of radiation, 
begins to grow exponentially. As time progresses, there 


3 These crystals, as it is known, contain also V-centers, that is 
‘holes”’ bound to cation vacancies. 

‘For a bibliography on this topic, see e.g.,: M. Curie and D. 
Curie, Cahiers phys. No. 56, 29-48 (1955). 
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will be less and less electrons available, until a moment 
is reached when the traps are exhausted and the light 
output falls to zero. 

On the other hand, if one considers an isothermal 
release of light at temperature 7, the mean lifetime + 
of a trapped electron should be given by: 


r= E/kT—Ina. (2) 


The experimental determination of Tg, that is the 
temperature to which the maximum of the peak cor- 
responds, and of r permits a determination of the values 
of E and a. 

In current practice, however, a much simpler, or 

possibly an oversimplified point of view is adopted, 
which chooses a arbitrarily! in the range from 10-*-10-” 
sec .. 
It is to be pointed out that the above theory deals 
essentially with the case of a single thermoluminescence 
peak—a situation only very seldom met with. Usually 
the above formulas are applied to each separate peak, 
supposing that there exists in the crystal a mixture of 
“independent” traps. We emphasize that the meaning 
of “independent” is that no statistical equilibrium 
should exist among the trap population—otherwise it 
could be easily shown that only one peak should be 
obtained, corresponding to the lowest among the trap 
levels. The point of view just referred to, is always 
roughly approximate, and must be considered definitely 
inaccurate for F-centers thermoluminescence. Several 
measurements concerned with thermal instability of 
F-centers in alkali halides have been performed by 
various workers. Grant® investigated the isothermal 
bleaching in KCl through optical density measure- 
ments; Mador and co-workers® did the same in NaCl, 
obtaining for a and FE, respectively, values around 1 
sec! and 6.3 ev, which are quite disappointing. 

In addition, Hill and Schwed’ performed thermo- 
luminescence experiments in irradiated NaC! and found 
curves with many peaks. Their analysis, through the 
use of the formula of Randall and Wilkins, gave sub- 
stantially a unique value of E for each peak, namely 
1.3 ev, whereas the a values ranged between wide 
limits: from 7X10" to 10" sec~'. Although the value 
of the activation energy appears very reasonable, the 
extremely high values of the ‘frequency factor” are 
not easily accounted for, as shown by the theoretical 
works already mentioned.‘ 

At this point, it is worthwhile to summarize the most 
significant, definitely established, experimental features 
with which any theory should be faced: (a) the acti- 
vation energy is unique for all the peaks’; (b) if, after 
a thermoluminescence peak has been reached, the 
crystal is rapidly cooled and warmed again, the peak 


5D. F. Grant, thesis, University of Durham, Durham, England, 
1950 (unpublished). 

® Mador, Wallis, Williams, and Hermann, Phys. Rev. 96, 617 
(1954). 

7 J. J. Hill and P. Schwed, J. Chem. Phys. 23, 652 (1955). 


BROVETTO, 


AND CORTESE 

spoken of is greatly attenuated; that is to say, each 
peak can practically be bleached almost without effect 
on higher temperature ones®; (c) the optical density of 
an F-center colored crystal diminishes almost pro- 
portionally to the amount of thermoluminescence light 
emitted’; (d) at a temperature near 500°K the light 
emitted by NaC] previously irradiated with about 10° r 
of x-rays consists essentially of three principal bands: 
at 3620, 4180, 4320 A; another faint band at 5250 A is 
also present.’ (e) the relative intensity of the peaks 
depends on the amount of previous irradiation the 
crystal has been given.’ 

First of all we emphasize that the fact (c) definitely 
proves that F-centers are the traps responsible for the 
thermoluminescence considered. As a consequence, the 
three (or four) light peaks shown by irradiated NaCl 
cannot be due to different kinds of traps full of electrons 
at the beginning of the experiment—since substantially 
only one type, namely F-centers, is present. 


2. PROPOSED MECHANISM 


The model we start from" is the following: traps are 
to be identified with F-centers, while there must be 
present in the crystal (according to an idea already 
advanced by Johnson" and followed by Hill and 
Schwed’) some kind of ‘luminophor’’ centers i, L2, 
-++I,, able to steadily capture the electrons which have 
escaped from the traps. As far as the writers know, the 
implications of this idea have not been fully realized, 
nor a consistent theory developed so far along such a 
line. 

Evidently, the capture process can be a radiaitve one, 
but one cannot exclude a priori a nonradiative capture, 
with emission of phonons. In any case the general 
process would be as follows: as the temperature begins 
to increase, the electrons of the F-centers go to populate 
the conduction band, to be successively captured by 
L,-centers, according to different processes to which 
various probabilities belong. Since these probabilities 
can differ from each other by many orders of magnitude, 
L,-centers to which the greatest probability corre- 
sponds (which we call Z;) begin to be filled, which is 
the origin of the rising part of the first thermolumines- 
cence peak. When L;-centers are almost filled, the curve 
begins to fall showing the first maximum. Since tem- 
perature is still growing, the population in the conduc- 
tion band becomes relatively so great, that capture 
from Le-centers occurs, even though their probability 
is less than that corresponding to the first peak. So a 
second rise takes place—followed by a decrease of light 
emission when L.-centers become filled. And so on, for 
L3, etc. 

8 J. A. Ghomerley and H. A. Levy, J. Phys. Chem. 56, 548 
(1952). 

9F. Urbach and G. Schwartz, Akad. Wiss. Wien Ber. (II A) 
139, 483 (1930). 

See also Bonfiglioli, Brovetto, and Cortese, Phys. Rev. 


Letters 1, 94 (1958). 
11, P. Johnson, J. Opt. Soc. Am. 29, 387 (1939). 
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Clearly, such a mechanism agrees well with all the 
points (a), (b), (c), (d), and does not conflict with 
point (e), since the relative number of L,-centers may 
depend on the irradiation dose or the thermal history 
of the specimen. 

Moreover the proposed mechanism implies that the 
activation energy has to be of the order of 1 ev (since 
the ground level of F-centers in NaCl is 2.7 ev © under 
the bottom of the conduction band). 

Another point of interest, which—as we shall show 
can actually furnish very valuable information, is that 
our model, together with the knowledge of the wave- 
length of the thermoluminescent photons, allows the 
ground levels of the Z,-centers to be localized within 
the forbidden band. 


3. FUNDAMENTAL EQUATIONS 


The previous picture, assuming, as usual, a linear law 
of warming: 


i T+ 8t, (3) 


leads to the following equations for the (second-order) 
kinetics of the process of emission of light: 


—dN ,/dT= p;/8 exp(—E/kT) Nin 
(g=1. 25-9). (4) 


with the condition” for the conservation of electrons: 


h 
n— >- V;=const. (5) 
i=l 


The meaning of the symbols is the following: F: acti- 
vation energy; m(/): number of electrons per unit 
volume at the time / lying on the F-center ground level ; 
.\V;(t): number of L,-centers per unit volume still empty 
at the time /; ~;: probability factor for the transition to 
the L,-centers (the index 7 runs so that pi<po<--- pa). 

For the quantities p;, a calculation could a@ priori be 
carried on, which would probably show that the p; are 
actually temperature dependent quantities—even 
though very weakly as compared to the exponential. 
For several reasons it did not yet seem advisable to 
perform such a calculation—and therefore the p; are 
to be considered, in this paper, as phenomenological 
constants. 

The integration of the system of Eqs. (4) and (5) 
leads to considerably cumbersome calculations. How- 
ever, since experiment shows that thermoluminescence 
peaks are often rather well separated, it can be assumed 
that at each temperature only one of the quantities .V, 
is varying sensibly. Equations (4) can therefore be 
integrated separately. Let us indicate with Vo; and no; 
the respective concentrations of L,; and F-centers at the 


12 See for example R. W. Pohl, Physik. Z. 39, 36 (1938). 

18 Actually, strictly speaking, Eq. (5) should be modified to take 
into account all the electrons in excited levels, but their number is 
always completely negligible as compared to n. 
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beginning of the 7th peak. From Eqs. (4) and (5) we get: 
pi E 
Ni(NitAnoi— Noi) exp( - — ), (6) 
B kT 
and integrating: 
Noi— Noi 


N;(T)= i) 
noi exp{L(m0i— Voi) /B pF (T,E)} — Noi 


1d E 
F(T,E) -f exp( — Ja. (8) 
T kx 


where: 


[See Appendix for the evaluation of the integral of 
Eq. (8). ] 

In the case Vo;=o,;, the integration of Eq. (6) 
vields"*: 


1 
N(T)=N (9) 


"14N0i(pi/B)F(T,E). 


It is interesting to point out that, when o,>.N, that 
is, when a great excess of F-centers versus L,-centers is 
present, Eq. (7) practically becomes: 


Noip: 
Vi(T)=No wal ~ 


PCPs): 
| 2 


(10) 
which is nothing else than the Randall and Wilkins 
formula, where, as the “frequency factor’ of their 
theory, one assumes o;p;. It is however, to be empha- 
sized that this “frequency factor’ can no longer be 
considered as a constant of the crystal, depending, on 
the contrary, upon the initial F-center concentration. 
Equations (6) and (7) give the solution searched for. 
The first question which is to be considered now is 
the following: to obtain, from the analysis of the re- 
corded glow curve (and from some other measurement 
performed on the crystal) the values of FE and of the pj. 
For £, the affair is simple, because Eq. (6) contains 
the factor e~#/*? which predominates at the beginning 
of each peak. By using a logarithmic plot of the in- 
tensity of light vs 1/7, the value of E can be obtained 
by conventional procedures. The p; can be determined 
using the position of the maxima T¢,; of the recorded 
peaks. One has, setting equal to zero the derivative 
of Eq. (6), and after some manipulations: 
&:*+1n(Voi/noi) 


8 , ; 
No, 1 ete No; noi) F ( TG iit) 


(11) 
where &,* is the real root of the trascendental equation: 
pi(€i+]n(No;/no;)) = tanh (é;/2). (12) 


4 This case can occur for the last peak, and actually occurs in 
NaCl, as will be shown later on. 
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p; is a function of T and E and is very near to unity, 
kTG, 2? exp(— E/kT¢, ;) 
EF (T<. ;,E) 


(13) 


as it can easily be seen by inspection of Eq. (22) 
(Appendix). When 19;= Vo;, Eq. (11) must be replaced 
by: 

p 


: (14) 
(2p:—1)no;F (TG, :,E) 


pi= 


Obviously, to get the values of the p;, it is necessary to 
know E, which is obtained, as already mentioned, 
through an analysis of the initial rising part of each 
peak. It is worth while to point out that small errors in 
E (or in Tg,,) have an enormous influence on the p;. It 


can be shown that: 
-exp| ( +- )|-1 (15) 
kTG.; E TG.; 


For AE/E=0.1, E=1 ev, ATG, ;/T¢,:=0, Tg, i= 500°K, 
we have: Ap;/pc~9. More over, to determine the pj, it 
is necessary to know the initial concentrations mo;, Vo. 

In the case to be discussed in the following paper, 
where negligible overlapping of peaks occurs, this could 
be done by measuring the optical density of the crystal 
within the F absorption band, at the beginning of each 
peak and at the end of the whole thermoluminescent 
process. In this way, using, for example, Smakula’s 
formula, the mo; and mn, (final concentration) can be 
obtained. 

The No, are obtained through the obvious relations: 


Ap; 


Noi — Noo= Nn, 


No2— No3= Noo, 


Nox ns = Non. 


It is however possible to follow a more suitable and 
even more precise method. From the recorded curve, 
one can obtain the ratios of the number of the photons 
emitted in each peak, that is the No;, by measuring the 
ratios of the areas A; of the peaks themselves. We have 
in fact : 


No: Noo: -+:No,n= Ay: Ao ~+Ay. (17) 


Needless to say, one has to know the wavelength of the 
light emitted in each peak, to correct the observed 
areas for the spectral response of the detector, in order 
to obtain the true ones. 

Following the method just outlined, it will suffice to 
determine (through optical absorption measurements) 
the values of mo; and of m,;, that is the F-center concen- 
trations at the beginning of the first peak and at the 
end of the whole process, since the other concentrations 
needed can be obtained through the use of Eqs. (16) 
and (17). 
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In the case of NaCl, to be described in the following 
paper, it has been observed that n~~0, which means 
that the number of L- and F-centers are almost equal. 
This fact will be used in the interpretation of the nature 
of L,-centers in this case. 


4. THE LUMINOPHOR CENTERS 


As already stated, the proposed mechanism of ther- 
moluminescence, permits the localization of the ground 
levels of the luminophor centers within the forbidden 
band, thus giving information about their nature. 

In fact, let us consider an electron transferred from 
the valence band to the bottom of the conduction band: 
evidently the energy of the crystal grows from zero to 
€, equal to the gap between the two bands. In the same 
time, a “hole” is left in the valence band. 

When the electron is trapped at an anionic vacancy, 
forming an F-center, the energy diminishes by W‘°’, 
that is the energy separation between the F-center 
ground level and the bottom of the conduction band. 
Likewise, the energy diminishes by a quantity which we 
call W;, when the “hole” is trapped at a suitable 
lattice imperfection, giving rise to an L;-center. If this 
imperfection is a cation-vacancy, a V-center is formed. 
It follows that the energy of the crystal with the pair 
of antimorph centers (F and L,) is: e—WO-W™. 
When an electron becomes excited to the bottom of the 
conduction band, the energy increases to the value 
e—W,. When the radiative transition belonging to 
the ith peak takes place, a photon /v7,, is emitted and 
the crystal returns to the initial zero energy. Conse- 
quently it must be: 


(18) 


hyy j=«-W,;™. 


This equation can be used to determine W’,'”’, if 
yr, and € are known. It is to be remembered that W;‘”” 
is the energy corresponding to the absorption band due 
to the presence of a bound state of a hole. In particular 
for a V-center we have": 


(19) 


hyp =e—hv"', 


where v'‘ is the absorption frequency of the V ,-centers. 

First of all, we desire to point out that Eq. (18) 
implies that the crystal must possess at least as many 
absorption bands as thermoluminescence peaks,'® and 
that it must be possible to put them in one-to-one 
correspondence in such a way that the sum of their 
energies is a constant, irrespective of the index 7 con- 
sidered. Moreover, this constant cannot be very dif- 
ferent from the value of the energy corresponding to 
the fundamental absorption. 

16 As a matter of fact, Av’: will be rather less than W4, ;, because 
the transition goes to the first excited state of the L; center. If one 
calculates ¢ as sum of the two photons which appear in Eq. (18), 
a defect value is obtained. 

16 Tt is worth while to remark that the observation of an ab- 
sorption band is generally made with much less sensitivity than 
is the case for an emission band. Such a circumstance can actually 
be misleading. 
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Fic. 1. Schematic picture of the energy bands of a dielectric 

crystal. Level 1 corresponds to the top of the valence band; level 

2, to the bottom of the conduction band; level 3, to the lowest 

optically allowed excited state; level 4, to the lowest optically 

allowed conducting state. The fundamental absorption and the 

quoted in the text are also indicated. 


With reference to this last topic we may remark that, 
as pointed out by Dexter’? the situation in a dielectric 
crystal is that depicted in Fig. 1: the value of € with 
which we are concerned is indicated, and corresponds 
to the energy gap between the valence band and the 
bottom of the conduction band. It will be noticed that 
the energy corresponding to the fundamental absorp- 
tion is always greater. 


17 J), L. Dexter, Suppl. Nuovo cimento 7, 246 (1958). 
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APPENDIX 


It can be easily found that, putting: 


T 
(T.P)= f ete: 


the following equation holds: 


E 
¢(T,F)= re Bik? 4._£.(— F | (21) 
kT 


where &; is the integral exponential function. In our 
problem E/kT>1, and the following asymptotic 
expansion holds: 


ae T at 
= é la 


Obviously, 
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Thermoluminescence and F-Centers. II. Experimental* 


G. BonFiGLioL!, P. Brovetto, AND C. CORTESE 
Istituto Elettrotecnico Nazionale, Turin, Italy 
(Received December 22, 1958) 


The theoretical treatment developed in the previous paper is used to interpret experiments of thermo- 
luminescence associated with the presence of F-centers in irradiated alkali halides. Some important features 


of the technique employed are discussed 


in particular, the procedure used to establish the proper wave 


length belonging to the light emitted in each glow peak. 

The energy of activation and the probability factors of the phenomenon are determined, and it is shown 
that the second and third peak of thermoluminescence are probably due to direct radiative recombination 
of F-centers with V2- and V3-centers. On the contrary it is still uncertain whether the first peak is associated 
with V,-centers or with Cu ion impurities in the NaCl lattice. 


N the preceding paper' a theory of thermolumines- 

cence associated with the presence of F-centers in 
alkali halides was developed.? In the present paper the 
results of experiments on irradiated NaCl are discussed 
and interpreted on the basis of this theory. 


1. EXPERIMENTAL EQUIPMENT 


Detection of the thermoluminescence light was per- 
formed very simply through the use of RCA 1P21 or 


fc 


T.C, Temp. 
100 ‘ 200 o 








~~ 


Fic. 1. Calibration curve of the oven temperature. Abscissas 
represent temperatures recorded by the thermocouple, while 
ordinates show the temperature of the emitting surface, obtained 
through the observation of the melting point of the metals 
indicated. 


* The research reported in this document has been sponsored 
in part by the Air Force Office of Scientific Research, of the Air 
Research and Development Command, U. S. Air Force, through 
its European Office. 

! Bonfiglioli, Brovetto, and Cortese, preceding paper [Phys. 
Rev. 114, 951 (1959) ]. 

2 The reader is referred to reference 1 for the equations and the 
meaning of the symbols, which appear in the following pages. 


1P28 photomultipliers, recording directly the light spot 
of a galvanometer on a rotating drum equipped with 
a sheet of photographic paper. 

The problem of constructing the oven was not trivial, 
and great care was devoted to obtaining reasonable 
temperature constancy throughout the sample. It is 
easy to show theoretically that rather small temperature 
gradients affect the shape of the glow curve tremen- 
dously. 

After several attempts, the oven was finally built as 
a large plate of Cu (8-cm diameter), covered by a layer 
of evaporated Pt to avoid oxidation, with a small 
(0.8-cm diameter) well in the center and along the axis 
of the plate, to contain the specimen. 


Fic. 2. Glow curve 
(light intensity vs 
time) of NaCl re- 
corded without any 
filter, using a 1P21 
photomultiplier. The 
monotonically __in- 
creasing curve is the 
record of tempera- 
ture vs time. This 
one, as well as the 
following __ illustra- 
tions, are the graphi- 
cal reproduction of 
the original photo- 
graphic recording. 





Temperature was recorded by a Pt/Pt-Rh thermo- 
couple located at a definite position, under the specimen, 
to be used in connection with a calibration curve. As a 
matter of fact we believed that no thermocouple located 
directly on the specimen could give a measure of the 
true temperature of the emitting surface. On the con- 
trary we thought that it would have been wiser to make 
use of a calibration curve relating the temperature read 
by a thermocouple bound to a neighboring point with 
the true temperature of the emitting surface, as de- 
tected by the moment of melting of tiny pellets of pure 
metals lying on the specimen itself. 

This was done, using Pb, Bi, Zn (in N2 atmosphere 
to avoid oxidation) and merely looking at the formation 
of a droplet at the moment of melting. 
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Figure 1 shows our calibration curve (valid of course 
only for NaCl and for the actual value of the warming 
speed, namely B~1°C/sec). Temperatures of the light 
peak maxima obtained by this procedure always have 
been found to be in good agreement with the data in 
the literature. 

A final point concerns the fidelity of response of the 
recording galvanometer towards the continuously 
growing signal. No difficulties arose from this cause, 
since it can be easily shown that, during the whole time 
interval, say /, for which BT», the response of the 
galvanometer is proportional to: expl —E/k(T»+8t) ] 
that is, to the thermoluminescent light output. On the 
other hand, the relation Bt«Tp) is in fact satisfied in all 
the experiments. Technically pure NaCl was used to 
prepare the polycrystalline powders used in the present 
experiments. Thorough purification was achieved by 
evaporation and supersaturation of the dissolved salt, 


\nI 








- r 


277 281 2.85 2.89 283 


Fic. 3. Semilogarithmic plot of the light intensity vs 1/7, 
for the initial rising part of a glow peak. 


using polyethylene vessels (to avoid Si contamination) 
and de-ionized water (p>0.5X10® ohm cm). ‘Spectral 
purity” was achieved after three runs. 

All the irradiations have been performed at room 
temperature using x-rays (35 kv-peak) from a glass 
windowed W-anode tube. 

Invariably, we considered weak irradiations (giving 
a slightly yellow color, corresponding to approximately 
10'® F-centers/cm*). 


2. EXPERIMENTS PERFORMED 


The general features of the thermoluminescence of 
irradiated NaCl are well known, and we limit ourselves 
to considering in detail one definite run, chosen as an 
example among the great deal of records performed. 
The glow curve is shown in Fig. 2 as obtained from a 
1P21 photomultiplier (spectral response S-4). Three 
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Fic. 4. Glow curve of NaCl recorded by a 1P21 photomultiplier 
through a 5-mm thick sheet of glass, showing that the first peak 
has been practically suppressed. 


peaks of light appear, with the maxima at the respective 
temperatures : T@1=382°K, TG2=495°K, Tg3=589°K. 
The second one is actually a rather poorly resolved 
doublet. The average value of 8 was around 1°C sec. 

According to the procedure already mentioned, the 
value of E has been measured in many cases for the 
first and third peak* and always there was found 
within the experimental errors (about 0.1 ev)—a 
common value of 0.72 ev. Figure 3 shows an example 
of a semilogarithmic plot vs 1/7. 

At this point it is worthwhile to dwell on a very 
important subject: following our views, at each peak 
of thermoluminescence a different emission band must 
occur. 

Actually, previous investigators' had verified that 
NaCl thermoluminescent light consists of three bands 
with their maxima located, respectively, at 3620, 
4180/4320 (doublet), and 5250 A, but it was unknown 
whether or not the spectral composition of one peak 
differed from that of another. Therefore, we investigated 
this point, which is additionally important in deter- 
mining the p; values, as discussed previously. Actually, 
the areas of each peak have to be corrected for the 
spectral response of the phototube, in order to become 
proportional to the quantities Vo. 

Taking for granted the wavelengths from reference 
(4), we limited ourselves to searching for a correlation 
between the peaks and the wavelengths. 

Measurements have been taken through filters of 
different transmission characteristics. One without 
filter is shown in Fig. 2, while Fig. 4 shows the curve 
obtained through a thick sheet of common glass, very 
absorbing for ultraviolet. Since the first peak is prac- 
tically suppressed, we can conclude that it is ultra- 
violet, that is to say, it belongs to the 3620 A band. 

For the other recordings (Fig. 5) use has been made 
of a GAB interferential filter, set at 0°, 10°, 20°, 30°, 
40°, corresponding to various transmitted wavelengths, 
between 5215 A and 4760 A. What is actually observed 
is a progressive diminishing of the area of the third peak 
towards that of the second. Figure 6 shows the ratio 


o3/o2 of these areas vs the filter passing wavelength, 


Am. This ratio is manifestly a monotonically increasing 
function of A,, within the interval considered. This 


3 An accurate determination of E from the second peak proved 
practically impossible, because it is exceedingly difficult to bleach 
out the first peak without affecting too much the intensity of the 
second one—as already experienced by other workers. 

J. J. Hill and P. Schwed, J. Chem. Phys. 23, 652 (1955). 
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Fic. 5. Series of 
glow curves of 
NaCl recorded by a 
1P21 photomulti- 
plier, while the inter- 
ference filter quoted 
in the text was inter- 
posed and set at the 
different angles indi- 
cated in the figure. 
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circumstance permits the assignment of an emission 
band to each thermoluminescence peak. 

In fact, it is possible to show (see the Appendix) with 
sufficient accuracy, that the ratio 03/2 (vs Am) can be 
monotonic or can alternatively present only one maxi- 
mum or one minimum, for a definite wavelength (say, 
Am*). Furthermore, if the wavelengths of the (center of 
the) emission band of the second and third peak, 
respectively, are called A, and A;, it happens that, 
according to the behavior of o3/a2, the following in- 
equalities hold: 
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03/02 behavior 
monotonically increasing 
monotonically decreasing 
one maximum) 


one minimum ) 


Inequalities 
A2<Az, 
A3<Az, 

A2<A3<Am"*, 


Am* <A3<Aaz, (4) 


Am* <As<Asz, (5) 


As<Ac<A.*. (6) 


These inequalities solve our problem. In fact, by 
observing that the actual o;/o2 curve is monotically 
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Fic. 6. Curve showing the ratio of the areas of the third peak 
to the second one, versus the passing wavelength of the filter. 
This curve has been obtained using the glow curves of Fig. 5. 


AND CORTESE 

increasing within the interval investigated, and _ re- 
membering that the actual values of A, and A; are 
4180/4320 A, and 5250 A, we conclude that the only 
acceptable inequalities are (1), (3), and (5). That is to 
say : \o= 4180/4320 A, A3=5250 A. 


3. DETERMINATION OF 9, 


The procedure used to get the p; values is as follows: 
first, a complete record of the entire glow pattern is 
taken, without any filter. The peaks are graphically 
isolated, assuming that each rising part is an expo- 
nential (e~¥/*”) and their areas measured (in arbitrary 
units). 

Now these areas are to be corrected and their sum 
normalized to one: that is to say they have to be 
divided, respectively, by the corresponding ordinates 
of the curve of spectral response of the phototube 
[called i(A) in the Appendix ]. Table I gives the results 
for the curve of Fig. 2. 

Now Eggs. (16) and (17) of reference (1) have to be 
used with h=3. Let us point out that our crystals 
appear always practically colorless after the emission 
of the third peak of light; this means, as already 
observed, n;-~0. 

It is possible now to get the values of Voj, moi, as 
quantities proportional to 191. 

Using now the experimental values of £ and of the 
Tg,, and Eqs. (11) and (14) of reference (1), we obtain 
the ratios: 


pi: p2: pa= 5.03 10°: 1.738 10!: 1. 


Through one optical absorption measurement and using 
Smakula’s formula, 2; has been determined in the case 
examined, obtaining 9,;~10'* cm~, It then follows that 


pi=2.10-* cm? sec’, 
po=9.10-"! cm? sec 1 
p3=5.10-” cm? sec. 
with an accuracy which is less than for their ratios. 


4. IDENTIFICATION OF L,-CENTERS 

In Sec. 4 of reference 1 some implications have been 
developed, which the proposed mechanism of F-center 
thermoluminescence contains, regarding the position 
of the ground level of L,-centers within the forbidden 
band. It is now possible to show how those statements 
actually agree with experiment. 

The first idea which occurs is that L,-centers are 
merely the various kinds of V-centers which are intro- 
duced in the lattice together with F-centers by ir- 
radiation, and whose relative abundance is actually 
strongly dependent, as it is well known, upon the 
thermal history of the crystal. 

The absorption wavelengths of V-, V2-, and V3-centers 
in NaCl, determined by Casler, Pringsheim, and Yuster® 

a Pringsheim, and Yuster, J. Chem. Phys. 18, 1564 
(1950). 
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TABLE I. Normalized corrected areas of the peaks. 


A, =0.088 
A,=0.145_ 


First peak 
Second peak 
Third peak 


are, respectively : 3450 A; 2226 A; 2100 A. It is however 
to be pointed out that a private communication by 
Professor Pringsheim—whose kindness is gratefully 
acknowledged—informed us that the value 3450 A is 
probably unreliable. Using the data just quoted, we 
obtain, through Eq. (19) of reference (1), the values of 
e shown in Table II(a). Actually the value obtained 
from the second peak of light (doublet) is very near to 
that obtained from the third peak. On the contrary the 
value obtained from the first peak sensibly deviates, 
which may not be significant, for the reason mentioned. 
In addition it should be remarked that V-centers can 
be seen only at low temperatures.’ As a consequence, 
the identification of L»- and L;-centers with V2- anc 
V;-centers® appears confirmed, while the same cannot 
be stated for Z;- and V,-centers. A possible interesting 
alternative has been suggested to the writers by Klick,’ 
who pointed out that small impurities of Cu in NaCl 
(as low as 4X107-‘) give rise to an absorption band at 
2550 A. Moreover our NaCl contained Cu impurities, 
nonentirely eliminated during the purification which 
only reached spectral purity level. 

If one makes use of the fact just quoted, a value of 
€ which fits very well with the others two is obtained, 
as shown by Table II(b). 

This result seems to indicate that Cu can actually 
play a role in our thermoluminescence, but regarding 
this point, it must be emphasized that such an hy- 
pothesis results in peculiar implications concerning the 
charge of the Cu ion in the lattice. It is probably not 
useful to dwell further on this topic, since it has not 
yet been sufficiently investigated experimentally. 

Finally, with regard to the value of ¢, it may be noted 
that it is near to, but less than, the value of the funda- 
mental absorption for NaCl, which is 9.7 ev,* corre- 
sponding to 1280 A. 


5. CONCLUSIONS 


In conclusion, it appears that thermoluminescence is 
a very valuable tool for the study of lattice imper- 
fections and that other problems in this area might 
utilize this technique. However, it should be emphasized 


that, for such purposes, several experimental improve- 


® It is understood that what we call here Vs- and V3-centers are 
merely those which cause the absorption bands of reference 5: as 
a matter of fact, the ideas about the structure of V-centers are 
still far from definite. 

7 We desire to express to Dr. Klick our grateful appreciation for 
the attention paid to our work and for this valuable suggestion. 

§C. Kittel, Introduction to Solid State Physics (John Wiley & 
Sons, Inc., New York, 1956), p. 508. 
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TABLE IT. Energy gap as sum of emitted and absorbed photons. 


(a) (b) 
1 2 3 i 1 


3.425 2.966/2.870 2.362 hvr,; 3.425 
3.594 5.570 5.904 hvou 4.864 
7.019 8.536/8.440 8.266 € 8.289 


ments are necessary in comparison with the usual 
simpler procedures. First of all, spectral analysis of the 
emitted light must be correlated with the different glow 
peaks; the absorption spectrum must be explored in a 
fairly large range and with the highest attainable 
sensitivity. Finally, the proper kinetics and order of 
the process have to be taken into account in order to 
interpret experimental results, eventually searching in 
a preliminary way, for a direct confirmation of both. 

The writers hope to be able in near future to in- 
vestigate the many points which the present analysis 
has not yet treated in a satisfactory manner. 


APPENDIX BEHAVIOR OF @;/e; vs 2, 


Let us consider first the current response of the 
ensemble filter plus phototube, vs the wavelength of the 
incoming light. 

Let us indicate with 7(A) the current of the photo- 
multiplier when its cathode is illuminated by a source 
which emits a number ¢ of photons per unit time, of 
wavelength  (@ is a constant versus X; [¢ ]=sec~), 
under the identical conditions as the specimen. Let us 
also call 7(A,,,A) the curve of transmission of the filter, 
where X,, stands for the wavelength of greatest trans- 
mission. We can assume with good accuracy 


A—Anm\? 
T(Am A) =a exp —( ) | 
A 


where A is related to the width of the passing band. It 


(1) 


is easy to show that the wavelength corresponding to 
the maximum of response for the ensemble filter plus 
phototube, differs from \,, by the amount 


d\ni 
An=— ss ) ‘ 
dX Jr=dm 


For our very selective filter we find Ad,, smaller than 
10 A, which is completely negligible. This remark is 


(2) 


very important, since the total response of the ensemble, 
that is the current of the phototube with the filter 
before it, under the flux ¢, can then be written as 


(Xm) = 1(Xm)T (Amr): (3) 


Let us now assume, for the spectrum of the photons 
emitted during the 7th peak at the time ¢, a Gaussian 
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A—A;i\? 
v0) =Asexp| —( _ )} (4) 
0 


r) 


shape, say, 


where A; stands for the center of the emitted band, 0; 
is related to its width, and A, is a function of ¢ which 


can be determined by considering that : 
» dn, 
J WV (A,d\= - ; 
0 dt 


Equation (4) is sufficiently accurate, considering the 
purpose of our calculation, which deals with inequalities. 
V,(A,t) 


Performing the integration of Eq. (5), 


dN, A—A;\° 
- exp -( ) |/=0. (6) 
dt 4 0, 


It has been assumed, in an approximate way, that the 


becomes 


WV (AL) 


spectral composition of the glow light remains constant 
during the whole emission of the peak, that is to say 
\; and 0; do not depend upon ¢ (that is upon 7). The 
current of the photomultiplier at the time /, due to the 
photons belonging to the whole emission band con- 
sidered, is obviously 


1(Am) 


T(X,,,/) f T(AmA)W (AX. 


ca) 


The area of the peak will then be given by 


t) 
oj (Am) f I(X,,,¢)dl 
t 


2(Am).-V i¢ ‘ r A—A;\’ 
f T(XmA) exp| - ( ) Ja. 
¢0 7) J, 0, j 
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AND CORTESE 
Use of Eq. (4) yields 
N xot (Am) A (Anm— a 2 
—_—_4-—_——__ exp — —f. (9) 
¢ (A°?+0,")! 


Now we consider the ratio o3(Am)/o2(Am) with which 
we are concerned. We have 


3(Am) w(——) 
ao(Am) Nog \A2+0;? 


(Am—A2)? (Am—As)? 
xex| _ -}. (10) 
A°+60.2 A?+0;? 


oi(Am) = 


The behavior of this function of X,, is still a quadratic 
exponential, that is to say, only one maximum or one 
minimum can appear. In the particular case 0.=9s, 
the quadratic term vanish and the curve becomes a 
purely exponential one, increasing or decreasing 
according to the case that A2»<A3 or As<Az, respectively. 
If @.<03, a minimum occurs; a maximum, if 0;<0.. 
By straightforward procedure, it can be found that the 
minimum or the maximum takes place at a value of 
Am, SAY Am*, which verifies the following equations: 


A?+0;° 


As—An* = (As—Az), (11) 


0;°-0.2 


A?+0-" 
do— Am =—— 
6,-0.2 


(A3—Aa2). (12) 


Now from Eqs. (11), (12) it follows that 


Am* <A2 <A; 
for O2<03 or | (13) 


hetthe<h.* 


for O03;<O5 (14) 


A2<A3<Ap* 
if 


Ne <Ag<do 


which are the inequalities quoted in the text. 
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Deuteron Magnetic Resonance Spectrum and Relaxation in KD, PO,*+ 
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The electric field gradient (EFG) tensor at the site of the deuteron in the hydrogen bond of KD2PO, and 
the relaxation times of the deuteron have been studied. The measured quadrupole coupling constant is 
119 kc/sec, the asymmetry parameter is 0.049, and the major principal axis of the tensor is along the bond 
direction. None of these features of the EFG tensor change appreciably with temperature over the entire 
range studied, which range includes the ferroelectric Curie point 7.. An interesting additional splitting in 
the spectral lines below 7, is observed however. The thermal relaxation time of the deuteron has been 
studied carefully only at room temperature. One obtains 7;=6.5 minutes at a particular orientation of the 
crystal decreasing by a factor of 2 at other particular orientations. 72 is of the order 5X10™ second. 
All deuterons have the same relaxation as a function of crystal orientation although falling into distinct 
categories from the point of view of relative orientation of electric field gradient tensor and applied magnetic 
field. This interdependence of deuterons in different environments and the possible causes of relaxation 


are discussed. 


I. INTRODUCTION 


LTHOUGH neutron diffraction measurements! 

indicate that the direct contribution to spon- 
taneous polarization by the protons in KH2PQ, is very 
small, the remarkable isotope effect observed** gives 
clear evidence that transition to the polarized phase is 
strongly influenced by the nature of the hydrogen bond. 
Various properties of the hydrogen bond and their 
dependence on temperature have already been studied 
in this and other crystals. The presently available infor- 
mation is based mainly on neutron diffraction’ and 
infrared*:> studies. 

Nuclear magnetic resonance studies should provide 
additional information. Since the proton in the hydro- 
gen bond may be replaced by a deuteron and the 
deuteron possesses an electric quadrupole moment, 
these studies are capable of providing information on 
the electric field gradient at the position of the deuteron 
in the hydrogen bond and they may lead also to infor- 
mation about the state of motion of the deuteron. The 
first type of information would be obtained from a 
study of the magnetic resonance spectrum and its 
dependence on crystal orientation. A primary objective 
would be to obtain this information as a function of 
temperature and, particularly, at temperatures just 
above and below the ferroelectric Curie temperature. 
The second kind of information would be obtained as 


* Supported in part by the United States Air Force through 
the Air Force Office of Scientific Research, Air Research and 
Development Command. 

t Part of a thesis submitted by one of us (JLB) in partial fulfill 
ment for the Ph.D. degree, University of Washington, August, 
1958. 

t Now at the Department of Electrical Engineering, University 
of Washington, Seattle, Washington. 

1G. E. Bacon and R. S. Pease, Proc. Roy. Soc. (London) 
A230, 359 (1955). 

2 W. Bangle, Helv. Phys. Acta 15, 373 (1942). 

3C. C. Stephenson and A. C. Zettlemoyer, J. Am. Chem. Soc. 
66, 1402 (1944). 

4G. S. Landsberg and F. S. Baryshanskaya, Compt. rend. acad. 
sci. U. R. S. S. 61, 1027 (1948). 

5 J. Chappelle, thesis, University of Paris, France, 1949 (un- 
published). 


a possible consequence of experimental data on nuclear 
magnetic relaxation and its interpretation in terms of 
previously measured electric quadrupole, and possibly 
other, interactions. The principal objective of the 
present study is to obtain the indicated experimental 
information. 

We will find that the thermal relaxation time is long 
and that the line width is narrow. Consequently, the 
deuteron resonance is easily saturated and previous 
attempts to find this resonance have been unsuccessful. 
In order to observe the deuteron resonance and to 
obtain information on the spectrum and on the relaxa- 
tion time at all crystal orientations with sufficient pre- 
cision to permit quantitative interpretations, we have 
had to use excitation fields which are not much in excess 
of a milligauss in amplitude. 

In order to interpret the data we must make some 
use of the structural properties of the crystal. A three- 
dimensional drawing® of the KH»2PO, structure in the 
unpolarized phase is shown in Fig. 1(a). This high- 
temperature phase belongs to the tetragonal symmetry 
class Deq!*— 142d. Spontaneous polarization in the Z (c) 
direction which occurs upon cooling below the Curie 
temperature 7. is accompanied by a spontaneous shear 
x,’ when the crystal acquires orthorhombic symmetry 
C2,'*— Fdd. A simultaneous shift of the proton (deu- 
teron) from an elongated distribution in the center of 
the bond to a position displaced along the bond toward 
the “upper” oxygen (the one furthest along the polari- 
zation axis) has been confirmed by the neutron diffrac- 
tion experiments.! Essential features of the hydrogen 
bond system in the polarized phase are shown in the 
Z (c) axis projection of Fig. 1(b). The bonds are nearly 
but not quite perpendicular to the Z (c) axis, making 
angles of 0.5° with respect to the plane formed by the 
equivalent X (a) and ¥ (6) axes. 

A schematic drawing of the spontaneous shear x;,/ 
which occurs in the polarized phase together with 
orientation of the orthorhombic and tetragonal axes 


) 


5 J. West, Z. Krist. 74, 306 (1930). 
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Fic. 1(a). Structure of 
KH2PO, (unpolarized 
phase. (b) c-axis projec- 


Y(b) jection of KH»PO,. 


cr a 
FOmCw OR 
Sy ws 
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is shown in Fig. 2. Changes in the deuteron magneti 
resonance spectrum which occur when the crystal 
polarizes will be related to this shear. 


II. EXPERIMENTAL PROCEDURE 


The deuteron resonance was observed with a Pound- 
Knight spectrometer modified for operation at a low rf 
level. Relaxation time measurements were made using 
a saturation method described by Linder.’ Basically the 
method was to allow the spin system to reach equi- 
librium in the applied magnetic field and at the desired 
temperature when no external nuclear excitation was 
present. With the spectrometer operating at a relatively 
high rf level the resonance condition was brought about 
quickly by varying either the magnetic field or the 
spectrometer frequency. A large signal decaying to a 
smaller equilibrium value which depends on the rf 
level chosen is then observed. The decay rate and the 
final equilibrium signal level may be related to the 
relaxation time 7}. 

Temperature measurements were made by enclosing 
the sample within a radiation shield coupled to a large 


Fic. 2. Schematic 
domain structure of 
KH2POs. 


7S. Linder, J. Chem. Phys. 26, 900 (1957). 
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heat leak. The entire assembly was placed in a Dewar 
flask and cooled to liquid nitrogen temperature. The 
excess nitrogen was poured off and the assembly 
allowed to warm up. The temperature changed from 
liquid nitrogen temperature to 200°K in approximately 
10 hours allowing sufficient time for all desired measure- 
ments 


Ill. THE ELECTRIC FIELD GRADIENT TENSOR 


Typical deuteron resonance spectra are shown in 


Figs. 3 and 4 corresponding to two different orientations 
of the crystal in the applied magnetic field. In order to 
understand these spectra we first note that each deu- 
teron exhibits two lines in its spectrum which differ in 
frequency from the unperturbed Zeeman frequency vo 
by an amount which depends on the electric quadrupole 
energy. The electric quadrupole splitting is indicated 
schematically in Fig. 5. 
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Fic. 3. Deuteron magnetic resonance lines in the Z rotation. 


Since the perturbation due to the electric quadrupole 
interaction depends on the relative orientation of the 
electric field gradient (EFG) tensor and the applied 
strong magnetic field, the frequencies v(—1<>0) and 
v(0«+ 1) depend on crystal orientation. Furthermore 
nonequivalent deuterons will be differently oriented and 
there will be as many pairs of lines as there are non- 
equivalent deuterons in the crystal barring accidental 
degeneracies. Referring to Figs. 1(a) and 1(b), we 
observe that from the point of view of relative orien- 
tation of the EFG tensor and the applied magnetic field 
the bonds directed along the X (a) and Y (0) axes 
(XY and Y bonds, respectively) are not equivalent. In 
addition we find that there are two kinds of Y bonds 
and two kinds of Y bonds because of the 0.5° angle 
between the direction of these bonds and the plane 
formed by the X and Y axes. We denote the different 
bonds by X,, X_, V4, and Y_, the + and — subscripts 
denoting whether the ‘‘upper” end of a bond is in the 
positive X (or VY) direction or in the negative direction. 





MAGNETIC 


Since there are four different bonds and consequently 
four nonequivalent deuterons, there are in general eight 
lines in the deuteron spectrum of KD2PO, in the high- 
temperature phase. It is not difficult to show that lines 
corresponding to deuterons in the X, and X_ bonds 
will coalesce for all angles of rotation about the X and 
Z axes when the magnetic field is perpendicular to the 
rotation axis. An analagous statement can be made for 
the Y bonds. Consequently, only four lines are observed 
in the Z axis rotation shown for a particular angle of 
this rotation in Fig. 3. In Fig. 4 six lines are observed 
because only the Y bond lines coalesce for all angles of 
rotation about the Y axis whereas the X, and X_ 
bonds yield different lines in this rotation at all angles 
except 6y near 0° and 90°. 

There is an additional splitting in the low-tempera- 
ture phase which will be discussed later. It arises from 
the previously mentioned shear which accompanies 
spontaneous polarization. As a consequence of this shear 


Fic. 4. Deuteron magnetic resonance lines in the Y rotation. 


there are several types of X,, etc., bonds from the point 
of view of orientation with respect to a magnetic field. 

We consider now the determination of the electric 
quadrupole coupling constant, the asymmetry param- 
eter and the orientation of the principal axes of the 
EFG tensor. In order to determine the EFG tensor, it 
is necessary to observe the frequencies corresponding 
to a particular bond and observe these frequencies as a 
function of orientation of the crystal with respect to 
the applied magnetic field. The frequencies are meas- 
ured and the separation frequency 2Av=»(—1<0) 
—v(0 «+ 1) is obtained. When, as is the case here, only 
first order effects in the quadrupole perturbation are 
observable it is necessary, in general, to obtain complete 
data on 2Ay as a function of rotation about three inde- 
pendent axes. Various methods for determining the 
EFG components and the associated parameters have 
been described by Volkoff and co-workers,* Itoh ef al.,* 


8G. M. Volkofi, Can. J. Phys. 31, 820 (1953); Petch, Cranna, 
and Volkoff, Can. J. Phys. 31, 837 (1953); Phys. Rev. 88, 1201 
(1952). 

®Itoh, Kusaka, and Yamagata, J. 
(1954), 


Phys. Soc. Japan 9, 209 
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Fic. 5. The effect - hy, 


of quadrupole _per- 


; im — . 
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ergy levels for a 


spin-1 nucleus. hy, hy, 


ms-| ———_L—_____ t 


and Brown and Williams,!° These methods are sum- 
marized in a review article by Cohen and Reif." 

One easily shows that in first order the separation 
frequency defined above is given by 


2Av= K@,z2’, (1) 


where K=3eQ/2h, Q is the quadrupole moment of the 
deuteron, x’, y’, 2’ is a fixed laboratory coordinate 
system with the magnetic field directed along 2’, and 
g.’2’ is a component of the electric field gradient tensor 
in that coordinate system. If we now consider rotations 
of the coordinate system X, Y, Z representing the 
previously defined principal crystallographic axes we 
obtain for each choice of rotation axis and angle of 
rotation, a connection between the tensor components 
in the laboratory system and the components in the 
crystal system. The relation for ¢.-., in terms of ¢xy 
etc., may then be substituted into Eq. (1). Consider 
for example, the rotation which is described in Fig. 6 
which we call the X rotation. 

For this rotation the transformation between coor- 
dinate systems leads to an expression for 2Av which we 
call (2Av)x and which is 


(2Av)x= Ax+By cos26x+Cyx sin26x, (2) 
where 
Ax =}$K(oyy+¢zz) = —}Koxx, 
Bx =}3K (oyy—$zz), 


Cx = — Koyz. 


By cyclic permutations of the subscripts in Eq. (2) 
similar relations are obtained for rotations about the 
Y and Z axes, denoted as Y and Z rotations, respec- 
tively. 

The experimental data on the frequency splitting as 
a function of the rotation angles are given in Figs. 7, 


Fic. 6. Orientation of crys 
talline and laboratory axes in 
the X rotation. 


 L. C. Brown and D. Williams, J. Chem. Phys. 24, 751 (1956) ; 
Phys. Rev. 95, 1110 (1954). 

'M. H. Cohen and F. Reif, Solid State Physics, edited by 
I’. Seitz and D. Turnbull (Academic Press, Inc., New York, 1957), 
Vol. § 
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an a a ae ea oi orb ae principal axis of the EFG tensor. A second principal 

axis is now determined experimentally by using the } 

6, coeenees) rotation and determining the angle of maximum split- 

ting. From the data on the basis of which Fig. 8 is 

plotted, this angle is 6y=90.5° for X, bonds and 

\ 6y=89.5° for X_ bonds. Consequently, the second 

principal axis lies along the bond directions” which 

deviate by +0.5° from the direction of the X axis. The 

maximum splitting is 2Av= 179.2 kc/sec. This splitting 

is furthermore the absolute maximum for all crystal 

orientations. Consequently one concludes on the basis 
of Eq. (1) that 
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Ko.:= 179.2 kc/sec, 


where ¢., is the largest (in absolute value) of the three 
components of the diagonalized EFG tensor and the z 
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8, and 9. The information contained in these figures may 160 

be substituted directly into Eq. (2) and its analogs for \ 
the Y and Z rotations to determine all of the tensor 
components. A simpler procedure in this case is as 
follows: Reference to Figs. 1(a) and 1(b) will show 
that the Y axis is a twofold rotation axis for deuterons 
located at the center of an XY bond. Consequently, the 
potential function in the neighborhood of the midpoint 
of an X bond possesses the property that 


Fic. 7. X rotation data 


o(—X, Y, —Z)=9(X,Y,Z). 
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=(. The immediate consequence of the vanishing of 2 \ 
these two tensor components is that the Y axis is a 
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Fic. 9. Z rotation data. 


axis of the principal axis system (x,y,z) is along the 
bond direction. 
The third principal axis of the EFG tensor is perpen- 
dicular to the Y axis and to the bond direction and thus 
jj makes an angle of 0.5° with the crystalline Z axis. We 
f can now determine the other two diagonal components 
/ of the EFG tensor by using a single equation of the 
10 20 30%f4080 60 70 80 90 type of Eq. (2) and the data corresponding to a single 
rotation. Since the X, Y, Z crystalline axes coincide 
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/ There is a small discrepancy involved here which should be 
’ studied more closely. Figure 8 shows that the angular displacement 
Yj of the spectra for the X and Y bonds in this rotation is approxi- 
; mately +1° rather than +0.5°. A more careful examination of 
the original observations shows that the displacement is +0.75°; 
i.e., definitely larger than the reported deviation of XY and Y 
bonds from the X-Y plane. Consequently, there may be a small 
deviation between the bond direction and the principal axis of 
;. 8. Y rotation data. the EFG tensor. 
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very nearly with the z, x, y principal axes of the EFG 
tensor it will be sufficiently accurate for our present 
purpose to identify ¢xx with our already determined 
¢::. Then using Eq. (2), the data of Fig. 7, and setting 
gdyz=0 and K¢oxyx=179.2, one obtains 


Kdyy= —835.2 kc/sec, 
Kozz= — 94.0 ke/sec. 


Expressing these results in the x, y, 2 principal axis 
system of coordinates, we have 


K¢:.= 179.2 kc, SEC, 
Ko,,= —94.0 ke/sec, 
K¢::> — 84.2 ke ‘sec. (3) 


The asymmetry parameter and quadrupole coupling 
constant are then given by 


n= (drzr— yy) ¢::=0.049, 
eOd-./h =2K¢..= 119.5 kc/sec. (4) 


Since the deuteron quadrupole moment is 2.77 10-7 
cm’, the maximum EFG component is ¢:.~0.6X 10! 
esu/cm*, This is approximately the value to be expected 
on the basis of the essentially ionic character of the 
hydrogen bond coupling. 

We now consider possible changes in the hydrogen 
bond as a consequence of spontaneous polarization. 
Changes in the EFG tensor as the crystal is taken 
through the Curie temperature should be a sensitive 
indicator of physical changes in the hydrogen bond 
structure. But no such changes are observed. In par- 
ticular no appreciable shift in the midpoint of the 
spectral lines is observed as the temperature varies 
between values above and below 7... Consequently, 
there is no change within the experimental errors of our 
measurements in the EFG tensor. This is in distinct 
contrast to the results of measurements in non-hydro- 
gen-bonded types of ferroelectric crystals; in particular, 
the results of Cotts and Knight" on the Nb resonance 
in KNbO3. As the temperature is lowered from 20°C 
they observe changes in the quadrupole coupling 
constant from a value of 23.1 Mc/sec at the higher 
temperature to a value of 16.0 Mc/sec at the lower 
temperature and a change in the asymmetry parameter 
n from a value of 0.8 to 0.0. Our results are not incon- 
sistent, however, with the results of infrared measure- 
ments on KH»2PQ,. The ‘‘stretching frequencies” should 
also be a sensitive indicator of changes in the structure 
of the hydrogen bond. However, no change in these 
frequencies on passing through the Curie temperature 
has been observed." 

We turn now to changes in the structure of the 

lines on 


ge 
resonance passage through the Curie tem- 


3 R. M. Cotts and W. D. Knight, Phys. Rev. 96, 1285 (1954). 

4 J. Schaffhauser, Dipomlarbeit (1949), P. Baer, Diplomarbeit 
(1950), and K. Brugger, Diplomarbeit (1951), Swiss Federal Insti 
tute, Zurich (unpublished). 
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Fic. 10(a), (b), (c), (d). Temperature dependence of the deuteron 


line shape in KDePQ,. 


perature. Such changes are observed and are illustrated 
in Figs. 10(a), (b), (c), and (d). The crystal orientation 
is with the magnetic field perpendicular to the Z axis 
and @z=49°. Reference to Fig. 9 shows that the lines 
from the XY, and X_ (and similarly the VY, and Y 

bonds coalesce and that the splitting of the VY, bonds 
in this orientation is greater than the splitting of the 
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X, bonds. We now follow the changes in the spectrum 
as the temperature is lowered through 7. in a few 
discrete steps. Starting with a temperature of 207°K in 
Fig. 10(a), all lines are first observed to broaden as the 
temperature is lowered. They then become indistinct 
and finally after a considerable lowering of the tem- 
perature (T=79° K in these particular measurements) 
each line has been split into two lines. This process has 
not been studied in detail. But the observations are 
sufficient to suggest that the principal contribution to 
the further splitting is the spontaneous shear which 
accompanies spontaneous polarization. We can illus- 
trate this quantitatively by reference to Fig. 2 and the 
data of Fig. 9. The shear x,° indicated in Fig. 2 is known 
to be 27 min for KH2PO, at 103° K. Consequently, it 
is reasonable to assume that an angle of the order of 1° 
will exist between the projections on the xy plane of 
like bonds in two adjacent domains. If we now refer 
to Fig. 9, we find that this assumption is not inconsistent 
with what one would expect on the basis of the observed 
splitting and the measured rate of change of frequency 
with angle. The rate of change of (2Av)z at @z=49° is 
about 4.5 kc/sec degree. The measured splitting of the 
X bond line in Fig. 10(d) is 8 kc/sec. Consequently, the 
relative orientation of two bonds leading to the split 
line is about 1.5° or a little larger. This result does not 
differ very much from the estimate based on the known 
shear. It is possible that other slight rearrangements of 
the bond angles may accompany the shear. In any case 
further data will be required before a more quantitative 
interpretation is possible. 

The extreme broadening of the lines observed in 
Figs. 10(b) and 10(c) is probably the result of simul- 
taneous existence of the polarized and unpolarized 
phase in the crystal. This is similar to the result of 
Cotts and Knight" for the Nb resonance in KNbO3. 

It will be noted that changes in the spectra which 
have just been discussed occur at temperatures which 
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are well below 7,=213°K for an ideal deuterated 
crystal. Nevertheless, we interpret these changes as 
occurring at 7, and below. We assume that our crystal 
is not completely deuterated and that 7, is consequently 
lower than 213° K. We have not, however made the 
measurements which a more careful study of these 
aspects of the problem would require. 


IV. THE RELAXATION TIMES 


The deuteron spin-lattice relaxation time 7; has been 
measured at room temperature for various orientations 
of the crystal. The principal results are shown in Fig. 11. 
The relaxation time is long and has a strong angular 
dependence. 

The most striking features of these results are not 
immediately obvious from the curves. One feature is 
that the relaxation times of X-bond and Y-bond deu- 
terons are equal to each other for all orientations of the 
crystal. That this is the case for the Z rotation follows 
from the fact that 7) as a function of 6z is symmetric 
about 6z=45° where the X and Y bonds make the 
same angle with respect to the applied magnetic field. 
But it is also true in the X and Y rotations where, for 
example, the X bond lies along the rotation axis (actu- 
ally 0.5° off the rotation axis) and consequently its 
direction with respect to the applied magnetic field does 
not change appreciably in the rotation. However, the 
relaxation time changes by a factor of 2, and simul- 
taneous measurements of 7, for the Y bond, the direc- 
tion of which is changing in the rotation, shows that 7; 
is the same for both bonds for all values of @x. 

The interdependence of the two types of bonds which 
manifests itself in the equality of 7; for all orientations 
is also exhibited in the saturation behavior. Referring 
again to Fig. 3, we notice that the amplitudes of the 
four resonances vary from one to another. It is sug- 
gested by these data that the act of sweeping a reso- 
nance of one bond disturbs the population in the other 
bond. A more quantitative investigation shows that 
this is in fact the case. We can, in the first place, reduce 
the excitation to a value sufficiently low that no appre- 
ciable saturation occurs. The amplitudes of the various 
resonances are then equal within the error of measure- 
ment. Secondly, we can increase the excitation level and 
deliberately saturate a given resonance at will. If, for 
example, we saturate resonance 1 in Fig. 3 we observe 
not only an enhancement of resonance 4 but also a 
change in the intensities of resonances 2 and 3, one of 
which is enhanced and the other decreased. The latter 
effect is a consequence of the interdependence of X and 
Y bonds. 

Since we do not have an adequate theory of these 
effects, we shall present only the results of certain order 
of magnitude arguments that are suggestive of further 
experiments. The first is concerned with the magnitude 
of 7). If we regard the relaxation as due to the electric 
quadrupole interaction and use the theory of random 
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fluctuations!® to describe the time variation of the EFG 
components, we obtain a theory of relaxation in which 
T; is made to depend on the magnitudes of the EFG 
components and a correlation time 7,. Since all quan- 
tities except 7. have been measured, we use this theory 
to determine 7,. One obtains 7.=5X 10~ sec. This time 
is very long compared to the reciprocal of the quadru- 
pole splitting frequency (2Av~ 10°), and it is rather 
long compared to the reciprocal of the half-width of 
the individual lines which we have measured to be 
Av;=0.7X10**. But it is not long compared to the 
reciprocal of Av; which comes from the mutual dipolar 
interaction of deuterons alone. 

Without specifying in greater detail the mechanism 
by which a given spin orientation first finds itself in the 
EFG configuration of one bond and then after a time 
of order 7. in that of another, we have sought to 
describe both the saturation effect and the dependence 
of T) on orientation by using for the mean square value 
of the time-varying functions the average of the mean 
square values in the Y and Y bonds. An outline of 
successive steps in the calculation is given in the Ap- 
pendix. The principal results are as follows: (a) In the 
Z rotation 7; is symmetric about 6z=7/4 where it has 
a minimum value which is ? of the value at 0 and 2/2 
(the experimental ratio is 3); (6) In the X (or Y) 
rotations, 7; decreases from a maximum value at 
6x=0° to a value at 6x=7/4 which is 7 (7/4) 
=(4/9)7\(0) and then rises to a value at 0x=7/2 
which is 7\(4/2)=$71(0). The experimental result is a 
monotonically decreasing function between the same 
two extremes at 6x =0 and w/2. As discussed previously, 
the correlation time r, is the only adjustable parameter 
in the theory. 

We have not completely ruled out the possibility that 
other mechanisms play some role in the phenomena we 
are discussing. It is known!® for example that protons 
in KH2PO, are relaxed by spin diffusion to paramag- 
netic impurity ions which are present in sufficient con- 
centration in all crystals studied so far to provide 
relatively short relaxation times. Assuming that our 
deuterated crystal possesses an impurity concentration 
equal to the lowest which has been observed in any of 
the nondeuterated crystals, we can easily obtain a 
lower limit to the magnitude of 7; for deuterons if 
relaxation is solely by diffusion to impurity ions. The 
spacing of like neighbors is equal for the protons and 
deuterons and the spin diffusion process involves prob- 
abilities of mutual spin flips and energy exchanges with 
the impurity ion which are proportional to the square 


of the gyromagnetic ratio. Consequently, for this 


16 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 
(1948). The application here is to relaxation via dipolar interac- 
tions. The translation of this theory to electric quadrupolar 
interactions requires only the substitution of the matrix elements 
of the quadrupolar interaction for the dipolar interaction. 

16 John L. Bjorkstam and Edwin A. Uehling, Bull. Am. Phys. 
Soc. Ser. IT, 3, 166 (1958). 
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SPECTRUM IN KD,PO, 
process 
Ti(D) T\(H)~ yu’, yp’'~ 45. 


For our purest crystals and at a frequency of 8 Mc/sec 
corresponding to the deuteron measurements, 7)(H) 
= 10 sec in KH2PO, and 28 sec in KH2AsO,. Using the 
value of 28 sec, we obtain an expected value for deu- 
terons of 7\(D)=1300 sec. This is only 3 times the 
value actually obtained at certain orientations. Further- 
more, it is at these very orientations where the relaxa- 
tion time in one of the two bonds would be very long 
if quadrupolar interactions alone were effective and if 
we had not incorporated the exchange mechanism 
between bonds. 

Somewhat similar uncertainties are 
respect to the role of lattice vibrations in the relaxation 
process. Instead of discrete jumps at random intervals 
described by a correlation time, we now consider an 
entire spectrum of small amplitude oscillations. If we 
knew the spectrum of these oscillations and the way in 
which the EFG components vary as a function of ion 
displacement, we could predict the value of 7). We 
have made some estimates of 7, for our particular case 
based on a theory developed by Chang!” and some 
additional estimates based on measured values of 7; 
in other crystals and the ratios of measured quadrupole 
coupling constants. In general we obtain values of 7; 
which are a factor of 10 and more too large. But we 
are undoubtedly underestimating the amplitude of 
motion of the hydrogen ion, and our model for the way 
in which the EFG components vary with displacement 
may be far from correct. For these reasons we cannot 
rule out the possibility that the motion associated with 
lattice vibrations is sufficient to provide the measured 


present. with 


relaxation. 

We are now using pulse methods in order to explore 
more fully the question of interdependence of Y and Y 
bonds in relaxation. These and other measurements 
should also be made as a function of temperature in 
order to obtain better evidence in regard to the relaxa- 
tion mechanism. 
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APPENDIX 


The results for the relaxation time quoted in Sec. IV 
of the text can be derived on the basis of a random 
fluctuation theory using a quadrupole interaction 
energy which is the mean square value of the two 
distinct bonds in the crystal. If J(v) is the associated 
spectral density, the transition probability due to the 
fluctuations is 


P=J(v)/h*, (5) 
where, under the assumption of a correlation time 7,, 


dr 


@re 


J(v)= | G(t)|? (6) 


1 +(2evr.)? 


and G(t) is the appropriate matrix element of the 
quadrupole interaction Hamiltonian. 
The matrix elements are 


eV) 


x 


(m+1| | m)= (2m+1) 


41(27—1) 
XC +m+1)(1m) }'¢.5, 


eV 
(m+2| | m) = [ (1m) (I=m—1) 


8/(27—1) 


xX (I+m—1)(l+m-+2) ides, 
where 
oF =or'2' FF lby'2’, 
QFF = b2'2'— by'y Flidbry’. 


If we take the absolute value square of Eq. (7) in order 
to obtain |G(t) * and insert the results into Eqs. (5) and 
(6), we obtain for the transitions probabilities 


e?0?(2m—1)?(1—m+1)(I+m) 
gee 
16/2(27—1)?h? 
Dr, 
X (dey? +oy'2”) » (8) 
1+ (27v7.)? 


ec’? (1+m)([+m—1)(1—m+1)(1—m+2) 
—— 
6477(2P—1)*h? 
27, 
XL (22: dy)? +4ory"] , (9) 


1+ (41p7,)? 


where v is the frequency corresponding to the transitions 
Am= +1 and where such quantities as ¢,',”, etc., are 
to be evaluated as arithmetic averages in the two 
distinct bonds. The primes indicate that the tensor 
components themselves are to be evaluated in the 
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laboratory system. Using the table 
Koyy 


— 85.2 kc/sec 
179.2 


Bond Koxy 


x 179.2 kc/sec 
Y —85.2 


—94.0 kc/sec 
—94.0 

for the tensor components in the crystal system 
(K =3eQ/2h), we transform to the laboratory system 
for two rotations, XY and Z, and obtain for the arithmetic 
averages 

(bre) wt (by 2) w= (a+b)? cos’6z sin’6z, 

\ (zz —Qy'y’ )? at (Adery)av 


}(a+6)"[ sin'@z+cos'8z |+(c—b)(c+a), (10) 


for the Z rotation, and 
(pz'2”” wt (dy 2?) Ay 
=[?+3(7+8)+c(a—b) | cos*6x sin*6x, 


\ (b2r2° —Dy'y')?) wt (bay) wv 
[< ae a 3 (a?+b?)+c(a—b) |[1+sin‘Ox |] 
—2[ce+c(a—b)—ab] sin*6x, (11) 
for the XY rotation, where 
179.2 85.2 94.0 


<10°, b=—xX108, c= 
K K 


«10°. 


From the differential equations which describe the 
approach to equilibrium in a three-level system, we can 
write 


1 y= 2P a_i t Ps: (12) 


Also, since it will be found that 7.-~10~ sec. we sim- 
plify our results by using the condition v7.>1. One 


then obtains from Eqs. (8), (9), (10), (11), and (12) 


1 e’—” 
[6(a+6)* cos’6z sin’6z 


+(a+c)?+(c—b)* ] 
ev? 


= (a+6)°[6 cos*@z sin*@z+1 ], 
32(hv)?r. 


T, 32(hyv)?r, 


(13) 


for the Z rotation, and 


1 e()* 
{[a+6)?+2(a+c)(b—c) } sin’6x 


T, 32(hv)2r, 
+[a2-+b2+2c(a—b-+c) ][1+3 cos@x sin’0x]} 


e()” 
= -(a+6)*[1+sin6x 
32(hyv)?r. 
+3 cos*@x sin*6x ], (14) 


for the Y rotation. 
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The Hall effect, resistivity, and magnetoresistivity of Th, U, Zr, Ti, and Nb have been studied at tem- 
peratures between ~1°K and room temperature and in magnetic fields up to 30 kilogauss. Strong tempera- 
ture and purity dependences were observed in the Hall coefficients of U, Ti, and Zr. In addition, the Hall 
coefficient of Zr was strongly dependent upon magnetic field strength at liquid helium temperatures. Com 
parisons with theory have been carried out, and it is concluded that existing theories are not sufficiently 
general to account quantitatively for the observed temperature and magnetic field dependences of the Hall 
effect and resistivity. Unusual behavior was observed in the magnetic-field-induced superconducting trans 


ition of Nb. 


I. INTRODUCTION 


HE results of measurements of the Hall effect and 
transverse magnetoresistivity on several samples 
of Th, U, Zr, Ti, and Nb are presented below for 
temperatures between ~1°K and 300°K and magnetic 
fields up to 30 kilogauss. It will be evident from the data 
that the relationship between electron transport proper- 
ties and electronic structure is more complicated than 
is generally appreciated. The semiclassical isotropic 
two-band theory! has been widely invoked? in attempts 
to explain the magnetic field dependence of the Hall 
effect and magnetoresistivity, and parameters derived 
from such studies have been cited as indications of the 
numbers and mobilities of electrons and holes present. 
This model (with modifications in some instances for 
ellipsoidal constant energy surfaces) has been moder- 
ately successful in describing the behavior of some 
semiconductors.! However, a critical review of similar 
work on metals reveals that it is in general not possible 
to account for both the Hall effect and magnetoresis- 
tivity data with a single set of parameters. This is not 
surprising in view of the simplifying assumptions of the 
theory that the charge carriers exist in two isotropic 
bands, and collisions can be described by a field- 
independent relaxation time. Through the introduction 
of additional bands (or pockets of electrons and holes) 
in the theory, additional parameters can be made 
available, and better fits to experimental data can be 
achieved. However, such a process probably represents 
curve fitting in most instances, rather than a realistic 
interpretation of electronic structure. 


t The research on actinide metals was supported by the U. S. 
Atomic Energy Commission, and the research on transition metals 
was supported by the U. S. Air Force Office of Scientific Research. 

! For a discussion of the isotropic two-band theory, see A. H. 
Wilson, Theory of Metals (Cambridge University Press, Cam- 
bridge, 1953), second edition, pp. 212-218. 

* For a review, see J.-P. Jan, in Solid State Physics edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1957), 
Vol. 5, p. 1. 

3 E. S. Borovik, Izvest. Akad. Nauk S.S.S.R. 19, 429 (1955) 
(translation: Columbia Technical Translations). 

4G. Fischer and D. K. C. MacDonald, Can. J. Phys. 36, 527 
(1958). See also B. Abeles and S. Meiboom, Phys. Rev. 95, 31 
(1954). 


A further criticism of the semiclassical theory is that 
the detailed quantum mechanical nature of the motion 
of the electron is ignored. A quantum mechanical 
treatment of the conductivity tensor has been carried 
out by Argyres® for the case of a single isotropic energy 
surface and scattering by phonons. Lifshitz,® on the 
other hand, considered the quantum mechanical case 
of equally spaced Landau levels, Fermi energy much 
greater than this spacing, elastic impurity scattering, 
and a closed Fermi surface. None of these theories is 
sufficiently general to account quantitatively for the 
temperature and magnetic field dependences of re- 
sistivity and Hall effect reported below. Nevertheless, 
a comparison between experiment and the semiclassical 
isotropic two-band theory is of interest as an illustra- 
tion of the difficulties. 

The two-band theory’ yields the following expressions 
for the Hall coefficient R and the change of resistivity 
Ap in a transverse magnetic field H divided by the 
resistivity po in zero field. 


= (5 1+A (1/Nec)?(H/po)?/B 


a NeclL1+ (n.— mp) A (1/ Nec)?(H/po)* 


Ap C(1 Nec)*(H pv)” 


po 1+(-—2n)A(1/Nec)*(H/po)? 


where 
A= p(1—p)?(n.—mp)/(nenn)?, 


B= p’/n.— (1— p)?/m, 
C=[p/n.+ (1—p)/n, Pp— p), (5) 


and n, and n, are the numbers per a/om of electrons and 
holes, .V is the number of atoms per unit volume, p is 
the fraction of the total current carried by the electrons 
in zero field, and e and c have their usual meanings. 
When n,.=n,, Ap/po is proportional to H? at all fields, 
R is field independent, and the ratio of the Hall electric 
field E, to the longitudinal electric field £, approaches 


5 P.N. Argyres, Phys. Rev. 109, 1115 (1958). 
6T. M. Lifshitz, J. Exptl. Theoret. Phys. U.S.S.R. 32, 
7 (1957 


(1957) [translation: Soviet Phys. JETP 5, 122 957) ]. 
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TaBLe I, Sample characteristics and purities. 


Source and 
p(273)/p(4.2) form 
11.0 Ames (iodide Th 

wire) 
18.2 
6.5 
12.0 


Unknown 

Argonne Nat. Lab. 
(rod) 

Argonne Nat. Lab. 
(single crystal) 


0.0005 0.006 0.002 
22.5 
to 
29.5 
170 
179 
176 
10.1 


0.001 
0.001 
0.001 


Westinghouse 
(crystal bar) 


0.01 
0.01 
0.01 
0.01 
0.001 


Heraeus (rolled 
sheet) 
Rem-Cru (rolled 
sheet) 
Mallory-Sharon 
(crystal bar) 
United Kingdom 
Atomic Energy 
Authority 
(1 mm sheet) 


0.013 


* Annealed 1 hour at 1200°C at 10°? mm Hg prior to cold rolling 

» Annealed 1 hour at 1200°C at 7 K10°-7 mm Hg. 

© Annealed 4 hour at 1600°C at 10° mm Hg. 

4 Annealed § hours with temperature increasing from 1500°C to 1800°C at 


0 at high fields. When n,#n,, Ap/po saturates at high 
fields, R is field dependent, approaching a saturation 
value at high fields, and £,/E, becomes linear in H at 
high fields. 

This model is in accord with Kohler’s rule’ in that R 
and Ap/p» are both functions only of H/po for fixed n,, 
n,, and p. Additional temperature dependence (beyond 
that arising from the temperature dependence of py») 
may arise from a variation with temperature of any 
or all of the parameters ,, m,, and p. As noted earlier,* 
the Hall coefficients of Cu, Ti, and U are all charac- 
terized by weak temperature dependence in the residual- 
resistivity temperature region, strong temperature 
dependence in the small-angle electron-phonon scat- 
tering region, and weak temperature dependence in the 
linear-resistivity region. Indeed, the form of the R 
versus temperature curves for these metals is quite 
similar to the form of lattice specific heat curves. Such 
behavior in Cu suggests that changes in scattering 
mechanisms, rather than changes in the numbers of 
charge carriers, are responsible for the observed tem- 
perature dependence. In metals like Ti and U it is 
possible that changes in the numbers of charge carriers 
are important as well. 


II. SAMPLES AND EXPERIMENTAL METHODS 


Because much of the cryogenic, magnetic, and 
electrical equipment and most of the procedures used 
in this investigation have been described elsewhere,’ 


7M. Kohler, Ann. Physik 32, 211 (1938). 
* T. G. Berlincourt, Bull. Am. Phys. Soc. Ser. IT, 2, 136 (1957). 
° T. G. Berlincourt, Phys. Rev. 112, 381 (1958). 
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this section will be devoted mainly to descriptions of 
the samples studied and the annealing treatments used. 

Th 1 was a wire 4.90 cm long and 0.0508 cm in 
diameter; U 3 consisted of a single crystal 0.239 cm 
X<0.490 cmX0.180 cm; and Nb 2 consisted of a wire 
1.25 cm long and 0.058 cm in diameter. The remaining 
samples were 2.3 cm long and 0.32 cm wide. Th 2 was 
cut from a 0.0183-cm thick strip fabricated from wire; 
U 1 was cut from 0.0244-cm thick rolled sheet; and 
Ti 1u, Ti 1a, Ti 2u, and Ti 2a were cut from 0.0127-cm 
thick rolled sheet. The remaining samples were ma- 
chined from bulk material to the following thicknesses: 
U 2, 0.0259 cm; Zr 1 and Zr 2, 0.0378 cm; Ti 3, 0.0361 
cm; and Nb 1, 0.0279 cm. It should be mentioned at 
this point that size effects of the type observed for Cu ® 
should have been negligible for these thicknesses and 
sample resistivities. Current leads were attached to the 
ends of the sample with copper clamps, and the sample 
holder was so constructed that the sample could expand 
or contract thermally without constraint. Copper 
potential leads were forced against the sample edges 
with spring clips. The three-probe geometry” was 
employed for the Hall measurements, the voltage 
divider consisting of a specially constructed, all-copper 
potentiometer. In all Hall effect determinations, data 
were obtained on the magnetic field dependence of the 
Hall voltage, measurements being made up to 30 kilo- 
gauss at intervals of 5 kilogauss or less. All measure- 
ments carried out at 4.2°K were repeated at ~1°K, and, 
except for the case of the superconductivity data, no 


See J. K. Logan and J. A. Marcus, Phys. Rev. 88, 1234 (1952). 
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changes beyond experimental error were observed in 
the liquid helium temperature region. 

Sample characteristics and impurity contents, as 
determined by spectrographic and vacuum fusion 
techniques, are listed in Table I. The best over-all 
indication of sample quality is p(273)/p(4.2), the ratio 
of the resistivity at the ice point, (273), to the residual 
resistivity, p(4.2), measured at the normal boiling point 
of liquid helium. On this basis, the Zr samples were of 
rather high quality for such a reactive metal. The large 
observed resistivity ratios (~175) cast doubt on the 
spectrographic analysis, which indicated Fe impurity 
in the amount of ~0.075% by weight. Although the 
resistivity ratios of 30.8 and 29.5 observed, respectively, 
for Ti 3 and U 3 are the largest yet reported for these 
metals, they are nonetheless indicative of rather poor 
sample quality. The resistivity ratio of 17.3 observed 
for Nb 2 is likewise indicative of poor sample quality, 
although it is not greatly different from the value of 31 
reported by White and Woods!" for Nb. Comparative 
data on Th are conflicting in that other investigators! 
have reported room temperature resistivity values for 
Th which are about 25% less than the values observed 
in the present investigation. In view of the resistivity 
ratio of 18.2 reported herein for Th 2, a rather large 
violation of Mathiessen’s rule’ would be required to 
explain the discrepancy. 

The annealing technique used in attempts to improve 
sample quality was originally developed by Meechan”® 
and is particularly applicable in the case of reactive 
metals. The sample is placed in a vacuum of 1077 to 
10-* mm Hg, and heating is accomplished by the 
passage of an electrical current through the sample. 
The walls of the vacuum chamber are maintained at 
liquid nitrogen temperature so that contamination from 
outgassing of the vacuum chamber walls is minimized, 
and volatile sample contaminants can condense on the 
walls. A further advantage of the method is that the 


TABLE II. Hall effect and resistivity data for Th samples. 


T RX10°5 
(°K) (cm/coulomb) 


p X108 
(ohm cm) 


1.59 
3.00 
18.9 
0.859 
4.29 
297 17.2 
Ames measurements" 300 
Measurements 
of Bodine» 300 
(two samples) 300 


Sample 


* Ames Laboratory Staff, ISC-283, Quarterly Summary Research Report 
in Physics, April-June 1952, (unpublished), p. 13. 
b J. H. Bodine, Jr., Phys. Rev. 102, 1459 (1956). 


"G. K. White and S. B. Woods, Can. J. Phys. 35, 892 (1957) 

"C.J. Meechan, Advances in Nuclear Engr. 2, 209 (1957). 

‘SW. Meissner and B. Voigt, Ann. Physik 399, 892 (1930). 

See H. Jones, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 19, p. 255, 
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Fic. 1. Kohler plot for the transverse magnetoresivity of Th 1 
(circles) and Th 2 (squares) at 4.2°K. The dashed line corresponds 
to data obtained by Kapitza!® at 88°K and 193°K. 


hot portion of the sample does not contact bodies with 
which it could react. All samples annealed by this 
technique exhibited more lustrous surfaces after treat- 
ment, and all samples except Ti 2a exhibited improved 
electrical characteristics. Because the surface of Ti 2a 
was quite dull before the annealing treatment, it is 
possible that a large amount of surface contaminant 
diffused into the interior of the sample causing dele- 
terious effects. The annealing temperatures listed in 
Table I are only approximate because sublimation took 
place in some instances, and the glass walls of the 
vacuum chamber were darkened to such an extent that 
accurate optical pyrometer temperature determinations 
could not be made. 


III. EXPERIMENTAL RESULTS 
A. Thorium 


The Hall voltage for Th 2 was a linear function of 
magnetic field strength from ~1°K to room tempera- 
ture. The corresponding Hall coefficient values are 
presented in Table II and indicate only weak tempera- 
ture dependence. Values reported by other investigators 
are included in Table II for comparison. 

The transverse magnetoresistivity was determined 
for Th 1 and Th 2 at liquid helium temperatures, and 
the results are in fair accord with the earlier higher 
temperature measurements of Kapitza!® as shown by 
the Kohler plot of Fig. 1. The magnetoresistance for 
both samples was proportional to H? to within 2%. 
Thus the data are consistent with the two-band theory 
for the case 7,=m,, and values for n,, m,, and p could 


'6 P, Kapitza, Proc. Roy. Soc. (London) A123, 292 (1929). 
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Fic. 2. Hall coefficient versus temperature for U 1 and U 2. 


be derived. However, because of the low effective fields 
(H/po) attained, there is little justification for attaching 
any physical significance to such values. 


B. Uranium 


The Hall voltage was a linear function of magnetic 
field strength for U 1 and U 2 for the temperature and 
field ranges investigated. The Hall coefficient proved 
to be impurity sensitive, and a strong dependence upon 
temperature was detected as illustrated in Fig. 2 and 
Table III. The rapid variation in the range 20°K to 
40°K is suggestive of a phase transformation. However, 
electrical resistivity measurements carried out on U 2 
revealed no evidence in support of this possibility (see 
Fig. 3). 

Transverse magnetoresistivity measurements were 
carried out at liquid helium temperature on U 2 and 
for several orientations of a single crystal U 3. A minia- 
ture sample holder was used for the latter studies, and 
the single crystal was trimmed with a dental-type 
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Fic. 3. Electrical resistivity versus temperature for U 2. Data 
points were too numerous to show on the graph. The scatter did 
not exceed the width of the line. 


sandblaster so that in all cases the current direction 
coincided with the largest dimension of the crystal. 
The results are presented in Fig. 4. In all cases the 
magnetoresistivity was approximately parabolic in H 
at low fields and approached linearity in H at high 
fields. For fixed magnetic field strength and current 
along a principal crystallographic direction, plots of 
magnetoresistivity versus orientation of the magnetic 
field in a plane perpendicular to the current direction 
proved to be approximately sinusoidal. In all cases the 
maxima and minima corresponded to principal crystal- 
lographic directions. Zero-field resistivities for the three 
principal axes are listed in Table IV. The large probable 
errors arose because of inaccuracies in dimensional 
determinations on the small crystal. 


C. Zirconium 


At room temperature and 77°K the Hall voltages for 
the Zr samples were linear functions of magnetic field 
strength. The corresponding Hall coefficients are sum- 
marized in Table V along with resistivity data and the 


TABLE III. Hall effect and resistivity data for U 1 and U 2. 


RX105 
(cm/coulomb) 
+1.45 4.8 
+3.9 11.9 
+4.1 34.0 
—0.31 2.43 
+4.75 10.0 
+ 3.93 29.7 


p X108 


Sample (ohm cm) 


Measurements 
of Boeschoten 


and Huiszoon* 293 to 573 +3.4410%, 


® F. Boeschoten and C. Huiszoon, Physica 23, 704 (1957). 


results of earlier measurements on high-purity Zr by 
Foner'® and on 97% pure Zr by Frank.” Marked 
differences are apparent in the Hall coefficients of Zr 1 
and Zr 2, which were machined, respectively, from 
transverse and longitudinal sections of the same crystal 
bar. The third and still different results listed after 
Zr 2’ correspond to a remounting of Zr 2 in such a 
position that all potential leads were shifted about 3 
mm along the length of the sample. Such behavior 
might be expected for a sample composed of a few large 
anisotropic grains. However, such an explanation does 
not appear to be applicable in this instance in view of 
(1) an almost negligible anisotropy in Ap/po (~1%) at 
liquid helium temperatures for rotation of the magnetic 
field in a plane perpendicular to the sample length, and 
(2) close agreement of the liquid helium temperature 
magnetoresistivity data for the three samples. The 
difficulty could stem from an inhomogeneous impurity 
content and an extreme sensitivity of the Hall coefficient 


16S. Foner, Atomic Energy Commission Report NYO-7257 
(unpublished), Suppl. 2. 
‘TV. Frank, Appl. Sci. Research B7, 41 (1957). 
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to impurity content, a sensitivity not shared by the 
resistivity and magnetoresistivity. As will be evident 
from the Ti studies to be described below, such sensi- 
tivity to impurity exists for Ti. 

Measurements carried out on the Zr samples at 
4.19°K revealed an interesting magnetic field de- 
pendence of the Hall coefficient as shown in Fig. 5. 
The transverse magnetoresistivity data for the same 
samples are presented on a Kohler plot in Fig. 6, and 
E,/E; is plotted against field in Fig. 7. Hall coefficient, 
resistivity, and magnetoresistivity data obtained on 
Zr 2 at 1.55°K were in agreement with the 4.19°K data 
to better than 0.3%. The transverse magnetoresistivity 
data are in fair general accord with Kohler’s rule in that 
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Fic. 4. Kohler plots for the transverse magnetoresistivity of 
polycrystalline sample U 2 and single crystal sample U 3 at 


4.2°K. 


the curves in Fig. 6 are nearly superposed for all three 
samples. On the other hand, the Hall coefficient data 
do not obey Kohler’s rule, the variation from sample 
to sample far exceeding what could be accounted for if 
R were plotted against Hp(273)/p(4.2). 

Despite this difficulty, a comparison with the two- 
band theory is of interest. Upon being casually in- 
spected, the curves of Figs. 5 through 7 appear to ap- 
proximate the curves to be expected for n.#m,. The 
case of m,=m, can be ruled out immediately because 
of the observed magnetic field dependence of R. The 
dashed line of Fig. 5 represents a reasonable fit of Eq. 
(1) to the Zr 2’ Hall data obtained for A= 102.0, 
B=1.034, and n.—n),= 3.494. These values yield a set 


OF 


Thy U42r, Tr, ANP NS 
TABLE IV. Electrical resistivity of a uranium 
single crystal U 3. 


p(273) K108 
Current direction (ohm cm) 
(100) 
(010) 
(O01) 


39.4+10°, 
25.54 5% 
26.2+10% 


TABLE V. Hall effect and resistivity data for Zr samples. 


RX10 


(cm3/coulomb) 


p X10° 
(ohm cm) 


Sample 
0.224 
6.11 

42.6 
0.213 
6.08 

42.6 
0.216 
6.08 

42.6 


Zr 1 
Zt 2 
1 dS a 


Measurements of Foner” 
Measurements of Frank‘ 


on impure Zr 40.5 


* In these cases R was dependent on magnetic field. 
» See reference 16. 
© See reference 17. 


of parameters n,=1.964X10™, n,=—3.492, and 
p=3.887X10~. The negative value for m, is not 
acceptable physically. However, if one considers the 
case of two bands of electrons instead of one band each 
of electrons and holes, Eqs. (1) through (5) are modified 
only in that m, is replaced by —n,’ where n,’ is the 
number of electrons per atom in the second band. For 
this case the Hall data for Zr 2’ can be characterized 


by the parameters A=102.0, B=1.034, n,=1.964 


Rx 10° (em /coulomb) 





105 
H (Kilogauss) 
Fic. 5. Hall coefficient versus magnetic field strength for Zr 
samples at 4.2°K. The dashed line represents a fit of the isotropic 
two-band theory to the Zr 2’ data 
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Fic. 6. Transverse magnetoresistivity versus magnetic field 
strength for Zr samples at 4.2°K. The dashed line was calculated 
using the isotropic two-band theory and the parameters used to 
fit the Hall effect data. 


10%, n,’=3.492, and p=3.887X10-. Although these 
parameters appear to be acceptable physically, a 
calculation of the transverse magnetoresistivity using 
these parameters in Eq. (2) yielded the dashed 
curve appearing in Fig. 6. A large discrepancy is ap- 
parent in both functional form and magnitude, the 
observed and calculated magnetoresistivities differing 
by a factor of 33 at the highest fields. The same diffi- 
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Fic. 7. E,/E, versus magnetic field strength for 
Zr samples at 4.2°K. 


culties arose in a comparison of the Zr 1 data with 
Eqs. (1) and (2). It is thus clear that the isotropic 
two-band theory is incapable of accounting for the 
observed behavior. 


D. Titanium 


The Hall voltage was a linear function of magnetic 
field strength from ~1°K to room temperature for all 
Ti samples studied. The corresponding Hall coefficients 
are presented, along with resistivity data, in Table VI 
and Fig. 8. Hall coefficient values obtained by other 
investigators'®!8 are also included in Table VI. As in 
the case of Zr, the data reveal a very great sensitivity 
of the Hall coefficient to impurity content. It is probable 
that preferred orientation also contributed to the broad 
spectrum of observed values, inasmuch as all Ti samples 


TABLE VI. Hall coefficient and resistivity data for Ti. 


p X108 
(ohm cm) 


4.43 
8.81 
48.7 
3.91 
8.07 
47.3 
5.83 
10.5 
48.8 
8.18 
12.5 
50.0 
1.46 
6.00 
49.2 


RX105 
(cm3/coulomb) 


—4.10 
—0.95 
—0.05 
—4.68 
—3.46 
—4.29 
—10.9 
— 6.48 


T 
(°K) 


Sample 


Ti lu 


’ 
a> 
te 


t 
o~ 
Rin 


Ti la 


nN 
Con 


Ti 2u 
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on 

Dn ee DH 
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Sam 


4. 
7 

5. 
4. 


to 


Ti 3 


Measurements 
of Foner® 

gi Bi 300 

Ti ll 291 

Ti Il 294 

Measurements 
of Scovil® 


—2.59 
+ 1.02 


40 to 175 


—2.0 to +3.3 


300 to 1100 


* See reference 18. 
>’ G. Scovil, J. Appl. Phys. 27, 1196 (1956). 


except Ti 3 were cut from rolled sheet. This view is 
supported by the fact that the resistivity curves in Fig. 
8 for the rolled samples are in fair accord with Ma- 
thiessen’s rule,“ but are crossed by the curve for Ti 3. 

The temperature dependence of R was determined 
in some detail for Ti 1u. The behavior for the other 
samples is probably of the same general form with weak 
temperature dependence in the residual- and linear- 
resistivity temperature regions and strong temperature 
dependence in the small-angle electron-phonon scat- 
tering region. 

The transverse magnetoresistivity was determined 
at 4.2°K for Ti 3 and can be represented to an accuracy 
of +5% by the expression Ap/py= 1.50 10-"'H?. It is 
worthy of mention that magnetoresistivity measure- 
ments carried out on a Ti single crystal containing 


8S, Foner, Phys. Rev. 107, 1513 (1957). 
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between 0.01% and 0.1% Mn impurity revealed a 
decrease of resistivity of ~10% in a field of 30 kilo- 
gauss at 4.2°K. The effect is similar to that occurring 
in Cu doped with small amounts of Mn,” and is 
attributed to a cooperative magnetic phenomenon. 


E. Niobium 


Because Nb becomes superconducting” below about 
9°K, the data in this section refer to measurements 
carried out either at temperatures above the transition 
temperature or in fields great enough to restore the 
normal state. The Hall voltage was a linear function of 
magnetic field strength from ~1°K to room tempera- 
ture for Nb 1 both before and after annealing. Further- 
more, as is evident from the tabulation of data in Table 
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Fic, 8. Resistivity and Hall coefficient versus 
temperature for Ti samples. 


VII, the Hall coefficient of Nb is only weakly tem- 
perature dependent and is nearly insensitive to the 
annealing treatment. Excellent agreement with Frank’s 
earlier measurements!" on Nb is also indicated. 

The observed magnetoresistivity at liquid helium 
temperatures was small, Ap/pp~10~ at 30 kilogauss, 
but the relatively large critical fields for the super- 
conducting transition made an accurate determination 
of the normal magnetoresistivity unfeasible. 

F. Superconductivity of Niobium 

Data were obtained on the superconducting transition 
of Nb in a magnetic field as determined by resistivity 

9 R, W. Schmitt and I. S. Jacobs, Can. J. Phys. 34, 1285 (1956). 


2% For a review, see J. Eisenstein, Revs. Modern Phys. 26, 277 
(1954). Also see reference 11. 
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TABLE VII. Hall coefficient and resistivity data for Nb. 


RX10° 
(cm*/coulomb) 


p X10° 
(ohm cm) 


1.43 
4.08 
16.3 
1.10 
3.74 
15.7 
0.817 
15.4 


7 
Sample (°K) 


Nb 1u +9.37 
+9.67 
+8.78 
+9.54 
+8.50 
+8.72 


Nb la 


Nb 2 


+92 
+8.7 
491 


Measurements of Frank* ‘ 
14.2 


® See reference 17. 


measurements. The results for Nb 1 before annealing 
are displayed in Fig. 9 for the case of the magnetic field 
perpendicular to the plane of the flat strip sample. The 
fields required to restore the normal resistivity were 
considerably greater than critical fields determined from 
earlier magnetic moment measurements.” Such an 
apparent discrepancy is common among “hard” super- 
conductors in which, because of physical and chemical 
inhomogeneities, fine threads of superconducting ma- 
terial can be present when the main bulk of the material 
is normal.”! Such superconducting threads provide a 
zero resistance path but make only a very small con- 
tribution to the magnetic moment. 

The effect of annealing on the superconducting 
properties of Nb 1 was quite marked, as is evident from 
Fig. 10. The fields required to restore the normal 
resistivity were about half as great as before annealing 
but were still more than twice as large as critical fields 
determined from magnetic moment measurements. 
Anomalous peaks can be seen at the knees of the 
transitions. Most of the data were taken in decreasing 
fields, but cycling over the 2.003°K curve revealed 
negligible hysteresis. A possible qualitative explanation 
for the observed behavior follows the argument” used 
to account for anomalous behavior in the thermal 











RESISTANCE (arbitrary units) 





a 
H (kilogauss) 


Fic. 9. Superconducting transitions (resistive) in a 
magnetic field for Nb 1. 


21 J. K. Hulm and B. B. Goodman, Phys. Rev. 106, 659 (1957). 
2 See D. Shoenberg, Superconductivity (Cambridge University 
Press, Cambridge, 1952), p. 86. 
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Fic. 10. Superconducting transitions (resistive) in a magnetic 
field for Nb 1 after anneal. Note anomalous peaks at knees of 
curves 


conductivity of superconductors in the intermediate 
state. As the magnetic field is decreased, portions of the 
sample become superconducting, decreasing the re- 
sistance. As the field is further decreased and more 
superconducting regions are created, scattering from 
the normal-superconducting boundaries dominates, and 
the resistance increases. As the field is still further 
decreased, the superconducting regions grow and merge 
to form continuous superconducting paths, and the 
resistance decreases to zero. Of course, it is also possible 
that the observed behavior was merely the consequence 
of a fortuitous combination of the geometry of the 
experiment, the magnitude of the measuring current, 
and the sample inhomogeneities. Subsequent measure- 
ments on the wire sample, Nb 2, in a transverse mag- 
netic field did not reveal such behavior. 


IV. DISCUSSION 


Many of the earlier investigations of the Hall 
coefficients of metals were confined to room temperature 
measurements on a single sample of a given metal. The 
present investigation, as well as other recent investi- 


3,16,17,28,24 strong temperature, 


gations, has revealed 
magnetic field, and purity dependences of the Hall 
coefficient. A satisfactory quantitative interpretation 
of the observed phenomena in terms of realistic elec- 
tronic parameters is beyond the scope of existing 
theories. 

The magnetic field dependences of R, Ap/po, and 


E, reported above for Zr are similar to the results 


* T. Fukuroi and T. Ikeda, Sci. Repts. Sendai Univ. A8, 205 
(1956). 

* Kevane, Legvold, and Spedding, Phys. Rev. 91, 1372 (1953). 

26 B. R. Coles and J. C. Taylor, J. Phys. Chem. Solids 1, 270 


(1957). 


of Coles and Taylor®* on Rh and the results of Borovik*® 
on Zn and Be. Furthermore, they share the difficulty 
that it is not possible to fit both the Hall effect and 
magnetoresistivity data with a single set of two-band 
theory parameters. Conclusions regarding electronic 
structure based upon parameters which fit only part 
of the conductivity tensor are without justification. 

Interesting trends have been noted by Foner,!® by 
Gelhoff, Justi, and Kohler”? and by Frank" in the 
dependence of the room temperature Hall coefficient 
upon atomic number for the first, second, and third 
transition series. Nevertheless, strong temperature and 
purity dependences of the type reported above for U, 
Zr, and Ti should temper conclusions drawn from such 
correlations It would be tempting to ascribe all such 
temperature and purity dependences to very sensitive 
band-overlap conditions which could exist in metals 
like U, Zr, and Ti. A small change in overlap, such as 
might be induced by a change of temperature or purity, 
could then greatly modify the Hall coefficient. However 
the form of the temperature dependence of R (i.e., the 
similarity of R versus temperature curves to lattice 
specific heat curves) and effects of alloying, as discussed 
by Coles,?> suggest that scattering is comparable in 
importance with charge carrier concentration in deter- 
mining R. In this connection, it is also of interest that 
Hall coefficient measurements by Kevane, Legvold, 
and Spedding™ on several of the rare earth metals 
between 20°K and room temperature revealed strong 
temperature dependences in the small angle electron- 
phonon scattering region. A magnetic effect such as 
accompanies the approach to a Curie point was pro- 
posed as a possible explanation for some of the strong 
temperature dependences. Although such a mechanism 
might very well apply in instances where strong 
magnetism is known to occur, it is not unlikely that in 
cases such as that of Pr continuation of the data to 
liquid helium temperature might reveal behavior 
similar to that reported herein for U and Ti rather than 
a continuing strong temperature dependence as required 
for the approach to a Curie point. 

An ideal theory for the conductivity tensor would 
probably have to take into account the anisotropy of 
the Fermi surface, the anisotropy of the scattering, a 
magnetic field dependence of the relaxation time, and 
quantum mechanical effects. It appears doubtful, even 
if such a theory were available, that the shape of the 
energy surface could be determined from comparisons 
with data of the type described herein. The use of single 
crystals would be necessary so that the anisotropy 
could be taken into account. However, because reliable 
means for determining the shapes of energy surfaces 


*6E. S. Borovik, J. Exptl. Theoret. Phys. U. S. S. R. 23, 83 
(1952). (Translation: Naval Research Laboratory Report NRL- 
462 (unpublished) ]. 

27 Gelhoff, Justi, and Kohler, Z. Naturforsch. 5a, 16 (1950). 

°° B. R. Coles, Phys. Rev. 101, 1254 (1956). 
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already exist in the use of de Haas-van Alphen*®* and 
cyclotron resonance” techniques, transport property 
measurements might better be used for tests of trans- 
port theories for cases in which the shapes of the energy 
surfaces are already known. 


** For a review, see D. Shoenberg, in Progress in Low-Tempera- 
ture Physics, edited by J. C. Gorter (North Holland Publishing 
Company, Amsterdam, 1957), Vol. 2, p. 226. 

% For a review, see B. Lax, Revs. Modern Phys. 30, 122 (1958). 
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Impurity Scattering in Superconductors 
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With the Bardeen-Cooper-Schriefier theory as a starting point, perturbation theory is used to determine 
the reduction in superconducting transition temperature due to scattering by impurities dissolved in the 
superconductor. Two cases are discussed: scattering due to a localized exchange interaction between the 
spins of the conduction electrons and impurity spins, and purely orbital scattering by nonmagnetic im 
purities. In the former case good quantitative agreement with observations is obtained. In the latter case 
numerical agreement is less good, but the qualitative feature, that the initial reduction in 7, is a universal 
function of residual resistivity is made evident. It is further shown that indiscriminate application of per 
turbation theory of B.C.S. states leads to the wrong result in predicting the transition temperature, if the 


transition is of second order. 


1. INTRODUCTION 


T has been known for some time that the addition of 
impurities to a superconductor can have a major 
effect on its transition temperature.’ The difficulty in 
the interpretation of most such results is that the im- 
purities will change several characteristics of the ma- 
terial at the same time, and it is not always clear which 
change is the most important. Thus, if host and solute 
atoms have different numbers of valence electrons, 
there may be a modification in the electron concentra- 
tion upon which, according to the current theory,’ the 
criterion for superconductivity sensitively depends. 
Alternatively, there might be a change in the effective 
electron-electron interaction due to the solute, and this 
interaction enters current theory in a similarly critical 
way. Finally at the larger concentrations, there might 
be some upset in the phonon spectrum. 

To overcome such objections, and at the same time 
to investigate relationships between superconductivity 
and ferromagnetism, Matthias and co-workers‘ studied 
solutions of the various rare earths in lanthanum. The 
rare earths differ from lanthanum only in the number 
of inner-shell, /, electrons. Hence changes in the con- 


1 Lynton, Serin, and Zucker, J. Phys. Chem. Solids 3, 165 (1957). 

2B. Serin, International Conference on Electronic Properties 
of Metals at Low Temperatures, Geneva, 1958 (unpublished). 

3 Bardeen, Cooper, and Schrietfer, Phys. Rev. 108, 1175 (1957). 
Hereafter referred to as B.C.S. 

‘ Matthias, Suhl, and Corenzwit, Phys. Rev. Letters 1, 93 (1958). 


duction-electron density should be minimal in this 
case. Also the field near an impurity should not be too 
different from that near a lanthanum atom. No very 
large, purely orbital, scattering effects are therefore to 
be expected. 

Yet it turned out that the reduction in transition 
temperature was surprisingly large: just over one atomic 
percent of gadolinium reduced it almost to zero. Further- 
more the reduction depended more nearly on the spin, 
rather than on the magnetic moment, of the solute, 
being largest by far for gadolinium, which has the largest 
spin (S= 3) and much smaller for holmium and dys- 
prosium whose ions have the largest magnetic moments. 
(We assume here that the rare earths are present in 
their trivalent form, the outer electrons having joined 
the sea of conduction electrons.) This led Herring® to 
suggest that an exchange interaction between the con- 
duction electrons and the f-shell spins is responsible for 
the reduction in transition temperature, and his rough 
estimate showed that with an exchange constant of 
about 0.2 volt one would indeed obtain the observed 
reduction in 7. Part of this paper is concerned with a 
calculation of this effect. That the magnetic dipole 
fields of the solute ions are too weak to account for the 
observations is demonstrated in Appendix I. 


°C, Herring, Kamerlingh Onnes Memorial Conference on Low- 
Temperature Physics, Leiden, Holland, 1958 [Suppl. Physica 24, 
(September, 1958) ]. 





978 H. SUHL AND 

Other experiments, by Lynton, Serin, and Zucker' 
and by Serin, Lynton, and Chanin,? using nonmagnetic 
impurities, yielded results amenable to a similar in- 
terpretation for sufficiently small impurity concentra- 
tions. They found that their initial reduction in 7, 
seemed to be a universal function of the residual re- 
sistance of the specimen, rather than of the particular 
impurity introduced. However, as the concentration 
increased, other effects rapidly became dominant. The 
critical concentration above which this occurred was 
extremely small (<0.1%). Thus this case is not as 
unequivocally related to scattering as the spin exchange 
mechanism. In either case a reduction of the transition 
temperature can come about in the manner already 
outlined by Herring.’ In second-order perturbation 
theory, the free energies of both the normal and the 
superconducting state are depressed ; however, the de- 
crease is slightly greater for the normal than for the 
superconducting state. Consequently the transition 
from the superconducting to the normal state will occur 
at a lower temperature than in the absence of impuri- 
ties. The perturbation causes an electron to be scattered 
from one plane-wave state to another (with or without 
possible spin reversal according to whether the inter- 
action is spin dependent or not). In second order each 
such scattering contributes to the lowering of the free 
energy an amount depending on the reciprocal differ- 
ence between the energies of the final and initial mo- 
mentum states. For electrons whose initial and final 
energies are remote from the Fermi energy, this con- 
tribution is about the same in the normal and super- 
conducting states; but when both initial and final 
states are within a neighborhood eo of the Fermi surface 
(where ¢ is the energy gap of the B.C.S. theory) the 
reduction of the free energy is greater for the normal 
state. The reason is that in the normal condition, the 
energy denominator can go to zero; in the supercon- 
ducting state it cannot become smaller than 2¢). When 
only one or other of the initial or final states falls within 
the gap region no simple estimate of this kind is possible ; 
and a detailed analysis becomes necessary. 

Though such a procedure seems perfectly straight- 
forward, it is subject to a serious weakness. Let &=.V7/N 
be the impurity concentration. One might suppose that, 
in order to relate the value of £ required to reduce the 
transition temperature from 7, to T.*, one may simply 
calculate the free energies, F,(7.*)—£6F,(T.*) of the 
normal, and F,(7,*) — g6F,(T.*) of the superconducting 
state, and equate the two,® giving 

F,(T.*)—F,(T.*) 
5F,,(T.*)—6F ,(T.*) 


t= 
s 


If to evaluate 6F,(7) in this formula one uses a set of 
states appropriate to the unperturbed sample, featuring 
® That the shift in the free energies is linear in the concentration 


for small concentration will become apparent later, but is in any 
case obvious on general grounds. 
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the energy gap at temperature 7.* of the pure sample; 
that is to say, if one follows the perturbation theory of 
the B.C.S. paper to the letter, this formula fails to pre- 
dict the linear behavior observed for the initial decline 
of T, versus ~ in the case of nonmagnetic scattering. In 
fact for both exchange and nonmagnetic scattering it 
predicts dT7/d§—0 as 0, contrary to reference 
1. The reason for this difficulty could be the 
following: If we take the view that the impure super- 
conductor behaves in essentially the same way as a 
pure superconductor, then its energy gap must go to 
zero at T.*. Thus, arbitrarily close to T.*, the actual 
state of the medium is one with an arbitrarily small 
energy gap. To reach this state from the unperturbed 
state of the pure sample, which at 7.* has a finite 
energy gap, would require carrying perturbation theory 
to extremely high order, certainly higher than second. 
There are two ways out of this dilemma. One is to re- 
vert to a very much earlier point in superconductivity 
theory, and to determine what effect the impurities 
have on the electron-phonon interaction which, in 
turn, leads to a modification in the effective electron- 
electron interaction.’ Thereby one will arrive at the 
correctly modified energy gap, and hence at the new 
transition temperature. This approach will form the 
subject of a later communication. The other way out is 
that taken by Herring in his original calculation. The 
essence of this view is to calculate the change in transi- 
tion temperature “from a safe distance,”’ assuming the 
impure substance to obey the law of corresponding 
states. This law gives a universal proportionality be- 
tween the energy gap a/ absolute zero, and the transition 
temperature. Let us assume that é is not sufficient to 
reduce T, to zero. Then we may calculate the difference 
in the free energy shifts af absolute zero for the impure 
and pure sample on the one hand by perturbation 
theory (which at T=0 should now be more reliable), and 
on the other hand by a rigorous theory. This would 
give [see B.C.S. Eq. (2.42) ] 


— t(6F,,(0) —6F, (0) ]= 3 [07 (E,0) — €:?(0,0) 1.V (0), 


where .V (0) is the number of states per unit energy range 
near the Fermi surface, and eo(¢,0) the energy gap 
which a rigorous theory would predict at concentration 
& and temperature zero. More generally, we may im- 
agine that we start with a sample at concentration &, 


7 This modification is not to be confused with the additional 
effective electron-electron interaction via virtual excited states of 
the scatterers. For scatterers that are assumed structureless such 
virtual states do not exist at all, and so no extra electron inter- 
action can arise. This is presumably the case for nonmagnetic 
scattering. In the case of exchange scattering it is true that the 
ionic spins have different states; however, a further requirement 
for electron interaction via these is that they be nondegenerate in 
energy. For gadolinium in lanthanum, different spin states differ 
only very slightly in energy as the result of weak spin-orbit plus 
crystal field effects, and the extra electron interaction is therefore 
quite negligible. For other rare earths, with nonzero orbital angu- 
lar momentum, it may be slightly greater ; however, the continuity 
of the data with those for gadolinium suggest that there, too, the 
effect can be neglected. 
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with energy gap €o(¢,0) and add a small concentration 
dé, Then the analog of the last equation is 


— dé dF, (£,0) —5F ,(E,0) ]= €0(€,0).N (0)deo, 


deo OF, (§,0) —6F , (E,0) 


dé N (0) e0(€,0) 

which is a differential equation for ¢o(¢,0), and thus, by 
the law of corresponding states, for T.*(é). Since 6F,, on 
the right-hand side is not explicitly dependent on con- 
centration, while 6¥, depends on it only through ¢, 
this equation is readily integrated. For exchange scat- 
tering, the right-hand side is independent of €o, so that 
a linear relation between 7,* and € is obtained. For the 
nonmagnetic case, too, 7.* versus é is initially linear, but 
T.* approaches zero with steadily diminishing slope. 

Tio summarize, if the perturbation is of a kind that 
brings about a first-order phase change, with the energy 
gap remaining finite at the transition, the perturbation 
theory as given by B.C.S. may safely be applied right 
up to T=T,*. But when the perturbation changes T, 
without changing the order of the transition, that is to 
say when eo goes to zero at T,*, one cannot apply it 
directly near T,*. Then one must either recalculate the 
interaction in the presence of the perturbation or use a 
special artifice like the above. In this paper we shall 
first calculate the various F’s at arbitrary temperature 
T (since this is no harder than at T=0) and demonstrate 
in a little more detail why this leads the trouble near 
T.*. Finally we set T=0, and use the law of correspond- 
ing states to determine 7,* on the assumption that 
€o(T.*) =0. 

Present evidence, in reference 4 and in another paper 
being submitted for publication, somewhat favors the 
view that the gap is finite at T.* in the magnetic case. 
dT*/dé seems to increase as T— 0, and by and large 
the 7* versus — curves have a tandency to convexity. 
Evidence in the nonmagnetic case! favors the view that 
the gap vanishes at 7.*. 

2. THE UNPERTURBED HAMILTONIAN 

In calculating the free energies to second order in 
the impurity perturbation, we make the assumption 
that the scatterer does not upset either the normal or 
superconducting states in any qualitative way. This 
assumption is reasonable if the concentration of im- 
purities is not too high, and if the scatterers are 
“structureless,” that is to say if they are not capable of 
changing to states of different energy by interaction 
with the electrons. If they can change state, a more de- 
tailed treatment than the one presented here is required. 

Although the second-order calculation just indicated 
could be carried out using the prescription for the forma- 
tion of matrix elements given in the paper® of Bardeen, 
Cooper, and Schrieffer, we shall find it more convenient 
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to use the formalism developed by Bogoliubov® and 
Valatin.® In the language of these authors the reduced 
B.C.S. Hamiltonian [B.C.S., Eq. (2.14) ], which in the 
notation of B.C.S. reads 


=) €x (Cut *Cut+Cuy *Cxy) 
—> V ice Curg *C—'y *C_ ey Cut, 


(1) 


(with e, measured from the Fermi surface), is ‘“di- 
agonalized” as follows: The c* and ¢ are replaced by 
new fermion creation and destruction operators d* and 
d through the transformations 


Cup = COS(Ox/2)di¢+sin (Ox/2)d_xy*, 
Cky = COS (Ox/2)duy — sin (Ox/2)d_x}*. 


The 6,’s are disposable constants which are determined 
by substituting (2) into (1), and equating to zero the 
coefficient of the term (dx+*d_x,*+d_xydxy). The re- 
maining terms then have a form diagonal in d;,+*d,+ etc. 
The kinetic energy part of 3¢° will make a purely nu- 
merical contribution to the coefficient of (dxs*d_x,* 
+d_\,dx+); on the other hand the interaction energy 
will also make contributions of the form d,*d,, which 
must be replaced by their average values at the tem- 
perature in question. The equation for 4, finally ob- 
tained is 


€k tand,= 4 > Vere sinO,: (1 — dy t*dir4— dry *dury). 


? 


A comparison with B.C.S. [Eqs. (3.22) through (3.25) ] 
shows that the Ay, of that paper correspond to the 
sin?(0,/2), and that 2/, corresponds to the thermal 
average of dut*dxyt+duy*dxy. Taking Vxx=V to be 
constant in the interval | ex! <fw, | ex! <Aw and zero 
elsewhere, one obtains the solution 


€(k) 
Cen?t eo2(k) J? 


sin6, = €x| <tw 


=() (elsewhere), 


where the energy gap ¢o(k) is constant, =€, when 
€x| <#tw, and zero elsewhere. [In these inequalities hw 
stands for some typical phonon energy (see B.C.S.). | 
€o is the solution of the equation 
V 1—2fx 
1= 


L —. 
2 «| <hw [ ex? eo?(k) ]? 


The transformed Hamiltonian now takes the form 


5° = zero-point terms+)) Ex(dur*dutt+duy*dy) 


+terms of fourth order in the d’s, (4) 


where 
(35) 


Ex = [ ex? + €0?( k) }'. 


Here, we need not concern ourselves with the zero-point 
8 N. N. Bogoliubov, J. Exptl. Theoret. Phys. U.S.S.R. 34, 65 


(1958). 
9 J. G. Valatin, Nuovo cimento 7, 843 (1958). 
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terms, since they are involved only in the evaluation of 
the unperturbed state of the medium. The fourth-order 
terms are neglected since they only cause zero-point 
motions about states of the quadratic part of the 
Hamiltonian, which lead to a negligible correction of 
their energies. 

Thus, for our purposes, we may take the unper- 
turbed Hamiltonian in the form 


H= >> Ex(dig*duyt+diy*dxy), (0) 


and the mean value of the occupation number ny = d\*d 
at temperature T is given by the Fermi function 


1 
ae i . 
eFx/AT4 4} 


3. CALCULATION OF THE FREE ENERGIES IN THE 
PRESENCE OF EXCHANGE SCATTERING 


The Hamiltonian (6) must now be supplemented by 
a perturbation appropriate to exchange scattering. If it 
is assumed that the exchange interaction between con- 
duction electrons and impurity spins is strictly localized 
to a very small region around the impurity, the per- 
turbing Hamiltonian takes the form 


He'= JF f(r R,)S,-s(r)dz, (7) 


where Q% is the volume occupied by the ionic spin S,, 
and s(r) the conduction-electron spin density at r. In 
second quantized form this becomes 


J1 
~ LLSp—a* eps *eqt+Sp_q Cat *eps 
2 \ pa z 
+S, a? (Cot Cat — Cpa Cah) i 
with 
S,t= Site-?® ete. (8) 


It has been supposed, in deriving (8) from (7) that 
the basis functions are plane-wave states (normalized 
to the total volume Q), (1/Q!)e‘®*', and that Q/Q)=.V 
the total number of atoms in the sample. 

The transformation (2) changes this into 


J 
> (S_—e*[aped ps “det 


~ 


“2N 
+3Bpq(dpy*d_q4*+d_ptdq)t ]+-comp. conj. 
+S, a Lapa (dpt*dat—dpi*dqy) 


+Boq(dpt*d *—d pidqt) |}, (9) 
where 


@pq=COSL(0,—95)/2] Bpq=sin[(0,—0,)/2]J. (10) 


Our object is to determine the temperature at which the 
free energy of the normal state becomes equal to that of 
the superconducting state, in the face of perturbation 
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(9). This could, of course, be accomplished by expanding 
the free energy, F= —kT In Tr exp[— (K°+3')/kT] in 
a power series in 3¢!, taking note of the noncommuta- 
tivity of 3° and 3’, and using a representation in which 
the d*d are diagonal for evaluating the trace. However, 
this denies one the possibility of examining the reasons 
for the qualitative failure of such a procedure as men- 
tioned in the introduction. An alternative procedure, 
which leaves this possibility open, is to find a canonical 
transformation of 32°+', which eliminates 3! to the 
first order. The new Hamiltonian then consists of 3° 
plus a second-order correction. The nonrandom part of 
this correction, which arises from excitation of an elec- 
tron by a given spin and de-excitation of the electron 
by the same spin makes a nonvanishing contribution to 
the free energy. The part involving excitation by a 
given spin and de-excitation by another spin leaves one 
with an effective spin-spin interaction of the type ex- 
amined by many investigators!’—” for the normal metal, 
which, of course, has its analog in the superconductor. 
Following this procedure, we seek a transformation 

function such that the new Hamiltonian 
Knew = exp(—18) (H°+KH!) exp(7S) (11) 


no longer contains terms of first order in J. The new 
eigenfunctions will be related to the original ones by 


Vnew eas exp ( in iS) oldy 


S itself will be small, of the same order as 3C!. Expanding 
the exponentials to second order, we obtain 


Knew =KH°+5H!+ i1H°,S ]+ {i[5C',S ]—3[[50°,8 ],8]}. 
If S is determined in such a way that 

5'= —1(H,S), (1 

then the new Hamiltonian, correct to second order, is 

Knew = H°+3 (518). (13) 


It is readily verified that, with 5C! of the form (9), 


J 
S=1 - tS, a Lfpad ps *dqt 
N pa 


+38 pq(dp*yd_qy*—d_ptdqt) ]—comp. con). 
+S, a'Lfpq(dqt*dgt—dps*dqy) 


+8 pq(dp*td_qi*+d_ pidqt) |}, (14) 


provided the unperturbed Hamiltonian contains no 
spin-dependent terms whatever. Here 


Soa=pq/(Ep—E,), 8pa=Bpq/ (Ep + £,). 


(We note at this point that it will not be necessary to 
0H. Frohlich and F. R. N. Nabarro, Proc. Roy. Soc. (London) 
A175, 382 (1940). 


'''M. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954). 
2K. Yosida, Phys. Rev. 106, 893 (1957). 
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derive separate formulas for the normal and _ super- 
conducting states. Those for the normal state follow 
from those for the superconducting state by writing 
é9=0.) The new Hamiltonian (13) will contain a great 
variety of terms. We assume here that the spin-other 
spin terms contained in it are of insufficient magnitude 
relative to the temperature to cause spontaneous order- 
ing. Then the spin-spin terms contribute nothing to the 
partition sum in order J*. Likewise terms of the form 
(S;*+)?, (Si)? or any linear functions of the S; that will 
occur in the evaluation of (5',S) contribute nothing. 
The only terms that do make themselves felt are the 
“ot” terms ont of Sy-9* “Sy, Spe Sg", Sy’ 
-Sp-q’, that is terms involving the same spin twice. 
Bearing these facts in mind, we find after some tedious 
but straightforward evaluations of commutators that! 


Knew =ICO— S(S+1) 


Fa “ls ( Ope? 7 Boa? ) 

4 Nis \E,—E, £,+E, 

X (dqt*dgtt+daqi*dqi) +>. Apqhpq 
Pq 


lara qi +d. qtdqt) 


1 1 
E,+E, E,—E, 


9 


B 2 
rT Eis 


Jese0- a (15) 
E,+Eq 


The first of the correction terms in the bracket is a 
shift in the kinetic energy of the new fermions. It is 
important only insofar as a finite temperature permits 
excitation of such fermions. The last term in the 
bracket is a “‘zero point” shift,’ and, as we shall see, it 
gives the most important contribution to the lowering 
of T.. The middle term, involving d*d* and dd does not 
affect the calculation of the free energy to second order 
in J, since (with B=1/kT), 


Tr expl —B(H°+ Knew!) ]= Tr exp(—Bi") 


8 
—1yf exp — ane") f exp (X5C)FRnew! Exp! sae), 


0 


and in a representation in which d*d is diagonal the 
contribution to the second trace on the right from the 
middle term in Kaew! is zero. However it is clear that in 
a situation in which the true energy gap is very small, 
the middle term enters the gap condition in a vital way, 
and the simple expansion procedure for the free energy 
is not satisfactory as indicated in the introduction. One 
should really return to the full Hamiltonian, not deter- 


18 Actually, for obvious symmetry reasons, only the S* part of 
the interaction need have been retained, if in the final result for 
Krew, (Si7)? is replaced by (S;7)?+ (S,;¥)?+ (Si7)?=S(S+1). 

144 The name “zero point” is meant to imply independence of 
excitation of the d’s. The term still depends on temperature 
through €. 
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mine ¢€) from the unperturbed Hamiltonian alone, but 
include perturbation terms in the coefficient of 
(d*d*+-dd) before equating it to zero. Then the “true 
gap”’ (to second order) can be evaluated. Disregarding 
this problem, we omit the middle term, retaining only 
the diagonal portions of iCnew!, including the zero-point 
term. We then have 


F=— (1/8) In Tr exp[ —B8(H°+Riew!) ] 
= °— t6F, 


where £=V,/N is the impurity concentration, F° the 
unperturbed free energy and 


1 Tr3Cnew! exp(—BIC°) 
6F =- —— ——— 
g Tr exp(—*) 


J? Gino fs 
=—§$(S+1)¥ ( bs sale 4 ) se) 
2N Fy—Eq EgtEq 


q 


9 


J? Bog 
+—S(S+1) 5 
4N E,+E, 


(16) 


As outlined in the introduction, in the case of a first- 
order transition, the temperature 7 at which the free 
energies of normal and superconducting states become 
equal for a given concentration &, so that the specimen 
becomes normal, is given by the equation 


F, (T)—&F,(T) =F, (T) — 6F,(T), 


which may be written 


(1/89)H2(T) 
- ; (17) 

6F,(T)—6F,(T) 
where 2 is the sample volume, and H,(T) the critical 
field at temperature 7. As already noted, we derive 6F, 
as a special case from (16) by setting e€o(p), eo(q) equal 
to zero everywhere, not just outside the interval 
—hu<€p<hw. 

Utilizing the expressions for sin@,, sin#, from (3), and 
using the definitions (10), we obtain from (16) 


2+ eo(p)eo(q) 


Ba 
6F,=S(S+1)- E } ® f( Eq) 
4N €p >0,€q >0 


E,(E,2— E,?) 


EE = €0( P)€o( q) 
: a | (18a) 
€p.€q >0 (E+E D)EpEs 


€qf(€q) 


1 
> +2 > | (18b) 
> 0,€q >0 és — €q° €p.€q >0 Ep t Eq 


[8 
£p 
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ea 
/ 
[ho 
1. Division of the €p-¢q plane for evaluation of 
the free energy shifts 


Il 








fe) €p 


Fic. 


It will turn out that the f-dependent terms make a 
negligible contribution to 6f,,—6F,. Therefore we begin 
with a discussion of the f-independent ‘zero point” 
terms. We divide the €», €, plane into three regions 
(Fig. 1). Region I, is the square 0<¢,<hw; 0<€q<hw. 
Region II is ¢,>%w, €g>hw. Region III consists of two 
parts: (€,>fw,0<eg<hw) and (0<e,<hw, eg>hw). 
Over Region I, the number of states per unit energy 
range hardly varies, and is almost equal to (0), the 
density of states near the Fermi level. In Region I we 
have therefore . 


1 ho (thw 1 
+ 2 =e f f depde, 
0 <p, eq <hw €pt €q 0 ( Ep t €q 


=[.V (0) Phw2 In2. (19) 
On the other hand, writing €,= sinh@, etc., we have 
E,E,— 


€" 


> arene 
0 <ep.€q <hw EF, E+ Eq) 


* 7* coshé, coshé,—1 
[A (Q) ro f f d6,d6.4, 
0 %»  coshé,+coshé, 


where g=sinh~'(#w/e). The integral may obviously 
be written 


; ere sinh@, 
| yg sinhg -f f ——- to, | 
o % coshé,+coshé, 
d6 ,d6, 


oa ¢ 
af att 
«o 4% coshé,+coshé, 


We have 


f 


d@ 
1 
cosh6,+cosh@, 


1 O.+¢ 6.—¢ 
2 Inf cosh /° »sh F 
sinh, 2 2 


For the purpose of evaluating the last integral in 


(21) 


(20), 


B. 
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we express the logarithm in (21) as 


y+ In(1-pe (9H /1 +e). (22) 


Bearing in mind that ¢ in practice should be a large 
number, at least in the weak coupling approximation, 
we may expand the logarithm as a power series. Then 
we find that the integrals in the series all have the form 
e~"#f"*(sinhn@/sinhé)d6@, and thus tend to zero as e-*. 
Hence the last integral in (20) is effectively 


neglecting terms of order (€o/fw). The integral in the 
square bracket can be evaluated without approxima- 
tion, using (21) and integrating by parts. The fina! 
result is 
E,Ey— €° 

0 <ep,eq <hw E,E(E,+£,) 

id hw €0 
=[N(0) }*eo) ——+—2 In2— 
? 


2 €) 


hw €0 
In +0 - )| 
€0 ho 


Hence the f-independent contribution to 6F,,—4F, from 


Region I is 
J? rT 6 fw €0 
~ LV (0) Fel —+— In +0( )I (23) 
N 2 8 hw 


4 c Xu) €0 


ho 


2S(S+1) 


In Region II, 5F,, and 6F, are equal so that 6F,—6F,=0. 
In Region III, since we have to integrate over a large 
energy range with respect to one of the two variables it 
is necessary to make some assumption about the varia- 
tion of the state density. We assume a simple parabolic 
energy dependence. If we pick the region ¢€,>fw, 
O<€q<’w of the two regions of type III (for the other 
the f-independent contribution is the same) we then 
have 
NV (€p) = N (0) (1+ €p/e,)', 

where e, is the Fermi energy. 

From the two regions of type III we thus get a total 
f-independent contribution 


1 1 
os 
Wl épteq Wl ent, 
Ey € 
5 
IIT (€p+-€q) (€p+ 4) 


hw a 
atv? f def 
0 w /ef 


Writing 1+2=2’, one can easily evaluate this integral, 


(1+)! 
(x+ €q/€;)(x+Eq/€,) 
X (Eq—)dx. 
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bearing in mind that, in (0,/w), €, is much less than e,. 
After integration with respect to €,, one is left with 


Now (Eq—€q)/fw is of order €o/fw which is much less 
than one. Hence the integral is 


40.V (0)? ke 


— 9 
0 hu+ €4 


: * e~* coshédé 
= LO Fe? f LS s 
0 ho + €0 sinhé 


To lowest order in €o/fw it finally becomes 


€0 hw €0 
ILV (0) Fe — In- +0 ) | 
2hw = € ho 


Thus from the f-independent terms the contribution to 
6F,,—4F, from all regions is 


2J? 1 €0 hw €y 
S(S+1)— [V(0) al +2 In+0( )I (24) 
4N 2 


lw €0 ho 


In estimating the /-dependent contribution, we first 
note that there is no difficulty with vanishing de- 
nominators, since 


. qf €q) fs 
€p°— €q” 4 
etc., and all the summands are well-behaved near 
€p=€q. Therefore the sum on the left, when converted 
to an integral, is equal to its principal value at any 
point, in particular at ¢p=€,. This is also the reason 
why it was not necessary to raise the question if the 
principal part sign should or should not precede the 

transformation 8. 
In Region I we have 
€qf(€q) Et ky’ re 
oS ee 
ef—ee E,(E—E,*) 


hw fe 
-Lvo>| f [ie fits) 
) “q ‘ 


ho dé€y he €9° 
|e f Jivt2 f f( E,) 
0 € 2 €q° 0 E 


P _ 


hw 

|r f 

hw de 1 
p{” ——-—1 
0 € 2 3 Lee 


p €q 


flep)+f( vy 


fle) —f( “| 


ep t €q €p— €q 


dep 


Je. (25) 


€p°— €q 


hu — €q 
i a 


ed, €q 
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and both f(e,) and f(£,) are appreciable only for 
€q<hw. Hence the logarithm may be expanded so that 
for the present purpose 


dey 


hw 
P a 
9 P 
0 €p oo? 


Thus the last integral in (25) is 


€o° f(E ) 
— 2. (0) }- [- ony 


ho! E, 
€0° 4 
= —2[ V(0) f f(€o coshO,)d6,. (26) 
hu 


Bearing in mind the definition of /, we see that this 
integral is less than 


fe (eo/kT) cosh0gg = K o(€9 kT), 


one of the modified Bessel functions. For large €o/kT 
this varies as exp[—(€0/k7) |, for small values it be- 
haves as In(kT/eo). That is to say the contribution 
made by (26) is at most of order (¢€?/Aw) In(kT/€0), 
which is an order |In(Rk7/¢€o)/In(#w/eo)| lower than the 
second term in (24). In Region III (only one of the 
two Regions ITI is now effective), the last integral in (25) 
does not exist at all. The first integral, extended over 
Regions I and III is likewise of order (€?/hw) InkT/e0. 
Thus we conclude that the f-dependent terms con- 
tribute negligibly to the free energy. Our result to 
lowest order, from (24) and (17), becomes 


(1/8) H2(T)2 
72/4N) DN (0) Pxe(T)S(S+1) 


for the concentration required to depress the transition 
temperature to T. 

When T is near 7,, the transition temperature of the 
pure sample, we may show from the B.C.S. paper that 
[a P —— T)f 
H(0) 1.75 Le(0) | 
which shows that, for JT near 7., varies as €o(7). Since 
€o(T) varies as [1—(7/T7,) ]! near that point we see that 
the 7* versus & curve has zero slope near £=0, demon- 
strating the point made in the introduction. On the 
other hand, near T7=0, €o is essentially constant and, 
from B.C.S. [Eq. (3.43) ] dH 2(T)/dT — 0. Thus the 

—é curve should have a vertical tangent at T=0. 
Exactly at T=O neither the prediction of the present 
theory nor that based on the law of corresponding 
states is necessarily reliable. For less extreme concen- 
trations, using Herrings differential equation method 
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gives, from (24), 


deo(0) 6F (0) —6F,(0) — 
2 ———— os — — (eS (S+1), 
dé N(0)€0(0) 4 


(28) 


where v(es)=.V(0)/.N is the number of states per atom 
per unit energy range near the Fermi surface. Since 
€o= 1.75kT.*, we finally obtain 

J? v(es)réS(S+1) 


Pe (29) 
4 1.75 


aT” 


The extrapolated curve of reference 8 gave 7.*=0 at 
=0.01. Taking v(e,)=0.2 (ev), S= 3 for gado- 
linium, and k7..~ 4X 10~ ev we then get 


J =0.165 ev, 


an entirely reasonable estimate. 


4. SPIN-ORBIT COUPLING 


For the rare earths other than gadolinium there may 
well be an important spin-orbit coupling even in the 
lanthanum surroundings. In general, the introduction 
of an L-S term in 3° complicates the calculation con- 
siderably. Some of the energy denominators now have 
added to them, others subtracted from them, energies 
corresponding to the interval between adjacent multi- 
plet levels. A specially simple calculation may be made, 
however, in the case of very strong spin-orbit coupling. 
Then we may neglect the matrix elements of S between 
levels of different multiplicity, and by the rules of angu- 
lar momentum algebra we may make the replacement 


(Wa,A- Sw.)  innluiehbei ti dt all 


—> tf ’ 


A(A+1) 2A(A+1) 


where A=L-+S is the total angular momentum. Hence 
in our final formulas we make the substitution 


S(S+1)— 
[A(A41)4+5(S+1)—L(L4+1) 2/44 (A41). 


For the elements to the left of gadolinium, 4 = 1—S in 
the lowest state, and then 


S(S+1) > S*/(14+1/A). 


For the elements to the right of (and including) gado- 
lintium A= +S, and 


S(S+1) > S2(1+1/4A). 


Figure 2 shows three sets of points, giving the depres- 
sion of 7. as a function of atomic number, relative to 
the depression for gadolinium. The circles are the ob- 
servations, the crosses assume zero spin-orbit coupling ; 
the squares infinite spin-orbit coupling. For most points 
the squares come closer to the observations than the 
crosses. The most notable exception is europium, for 
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which A=0, But since europium has a finite magnetic 
moment, in spite of the fact that A=0, one cannot 
expect agreement. 


5. CHANGES IN THE FREE ENERGY DUE TO 
NONMAGNETIC IMPURITIES'* 


Lynton, Serin, and Zucker!” have observed that very 
small additions of diamagnetic impurities to a super- 
conductor lower JT, by an amount that is a universal 
function of the residual resistance of the sample, rather 
than of the impurity concentration. This result becomes 
plausible in the light of the present theory. 

Let v(r—R,;) be the difference in energies of an elec- 
tron at r in the field of an impurity at lattice site R,, 
and the field of a normal atom at R,;. We assume the 
electrons to be in plane wave states, and suppose that 
2(r—R,) is appreciable only over regions small com- 
pared with all electron wavelengths involved. Thus in 
terms of the c’s the perturbing Hamiltonian is 


(30) 


w 
K'=— +, Casale tur, 
N pao 


where w= (1/Q) fr(n)dz, Up_g=L exp[—i(p—q)- Ri], 
Q is the atomic volume, and ¢ denotes spin orientation. 


=4( 


In terms of the d-operators 


K'=(w/N)>[l  p—qipg’ (dpe *datt+dpy*dqy) 
+ U p-qBpq*d—pydqt + U p—q*Bpq*dgr*d- os”, (31) 
with 
Opt, _ +O, 
Qpq* = COS — Bpq’ =sin ~ 
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Fic. 2. The reduction of 7, due to exchange scattering of con- 
duction electrons by rare-earth impurities. The exchange integral 
has been assumed constant over the whole range. 


‘8 Note added in proof. Since this paper was submitted, a similar 
calculation on nonmagnetic scattering has been published [K. 
Nakamura, Prog. Theoret. Phys. (Kyoto) 21, 435 (1959)]. 
Nakamura’s results for the reduction in the free energy difference 
between normal and superconducting states are essentially the 
same as those given here. His interpretation is that it arises from 
a changed electron interaction, so that the impure superconductor 
obeys the same relation of transition temperature to energy gap 
as the pure superconductor. [See Sec. 7, and also H. Suhl and B. 
T. Matthias, Phys. Rev. Letters 2, 5 (1959).] 
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The canonical transformation now has the form 


iw + 
(dpy*dqy +d pt*dgt) 


E,— Eq 


N pa 


, * 4 
oe Bpq 


PEP B, l 

p—qY pq 

stone d_pydqt-+— aytd_p*| 
E +E, to tL 

In evaluating the commutator (5',S) required in the 
establishment of the new Hamiltonian there occur 
terms of the form 


TS g-ilp'—a’) Rit R; 
a 


The sum over 7 and 7 may be split up: 


» Ray > 


=) i~) 


Neglecting the effect of the very slight correlation in- 
troduced by the requirement 7 j in the second sum, we 
see that it will be negligible, unless p’=q’ and p=q. 
Such terms, however, could have been included in the 
kinetic energy from the beginning and would only lead 
to a slight shift in the zero of energy. Henceforth we 
assume that this has been done and that p#¥q through- 
out. Then only the part i= 7 produces a major effect ; 
the remainder just leading to second-order scattering 
terms. But when 7=j, the sum is still small, unless we 
also have 


p’—q’'+p—q=0, 


in which case it equals .V;, the number of impurities in 
the specimen. Bearing these points in mind we finally 
obtain a new Hamiltonian 


w Qa +2 B rs 
Knew =HO— [=( A ) 
N E,—Ey Est, 


X (dqu*dqu tdgt*dqt) Hapa’ Bpq* ( 
— 


=) 
E+E, 
B +2 
oe | (32) 
Eyt+Eq 


x (dat*d qt* +d qidqt) +>. 


The calculation proceeds just as for the spin case. 


we have, for the concentration ~ that causes the transi- 


tion temperature to decline to 7, 
(1/8m)H2(T)Q 
6F,(T)—-6F,(T) 


and again the f-dependent terms make a negligible 
contribution to the shift. This leaves the “zero point” 
terms which are 
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(Gar) -w 
rows On 
E,+E, 2 


1—cos(0,+6,) 
(E,+E,) 
Ey q+ €o(p)€o(q) 


- , (33) 
0 (Ep +E, EpEg 


= 2w* oe 
€q- 


tp 


1 

bF,=2w? > ; 
tta>0 Ep t Eq 

Again the e,, €, quadrant is divided into three regions. 
The contribution to 6f,,—6F,, from Region II is again 
zero. That from either Region III is just the same as in 
the previous case, since €o(p)€o(q) is zero throughout 
III, and it is only in the sign of that term that 6F, 
differs from the 6F’, of the spin-dependent case. How- 
ever, in Region I the result is quite different. There 


EpEqte* 
1 EpEq(Ep+Eq) 


: * r¢* coshé, coshé,+1 
=LN(0)Peo f f —— d0,d0, 
o % cosh@,+coshé, 


ere sinh*@, 
= Evo} sinhg -f f -— - - do,| 
q 0 coshé,-+cosh6, 


0 


6F,~ 


This is just the same as the integral (20), except that the 
last term of (20) is missing. But that is precisely the one 
which gave a contribution of order ¢€9 to 6F,—4F,. Thus 
for the spin-independent scattering we get just the 
same result (except, of course, for the coefficient) as in 
the spin case, but with the €) term missing: 


4w? eo tw 
6F,—6F,=—L.V (0) }*— In 
N 


hu €y 


(34) 


to lowest order in €9/fw. Thus we finally have, from the 
viewpoint appropriate to a first-order transition, 


(1/8m)H2(T)Q 
(35) 


¥en .2 
-W-= 


~ (4/N)LN (0) Peo(T)Ceo(T) /fe] In[ftar/eo(T)] 


For T close to T. H2(T) varies as €o(T)*, hence dT/dé 
is again zero near 7, as in the previous case. Likewise, 
near T=0, dT/di= =. 
On the other hand, the differential equation method 
gives 
€0 hw 
= 4w*y(er)— In—, 
hy €\) 


dé 
a (36) 
dé 


which integrates to yield 


€)(pure) exp[4wv(es)t/hw ] 
ey=hw . 
hu 
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Fic. 3. Predicted course of the transition temperature versus 
residual resistance ratio of the impure metal. (The experimental 
curves show such universal dependence only for extremely small 
values Of Presid/Proom-) 
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6. RELATION TO THE RESIDUAL RESISTANCE 


In the Born approximation, the residual resistivity 
due to the impurities also involves w*é, in the same way 
as Eq. (35). All other quantities appearing in (35) and 
in the expression for the residual resistivity are prop- 
erties of the host metal. A standard expression for this 
resistivity may be found in Wilson’s book on metals: 

p= (m*/le’hno)v(e,) we. 
Hence we have 
4wtv(e,) /hw= 8pe*no/m*w. 


But m*w/e’ny is of the order of the room-temperature 
resistivity due to lattice scattering, which we denote 
by p:. Thus we may rewrite (37) as 
hw 
kT * = 


1.75 


€o(pure) exp (8p/ pi) 
| (38) 


hu 


2, 
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The relation (38) is shown in Fig. 3.!°6 The curve de- 
clines much faster, initially, than any of the curves in 
reference 1. There might be several reasons for this. We 
have assumed a 6-function scattering potential. In 
calculating 6/,,—6F, we therefore had to integrate over 
all momenta, while for a scatterer with finite range, 
there would be much less contribution for large values 
of |p—q| in the sums (33). (Such large values actually 
occur in all three regions of Fig. 1.) This could lead to a 
substantial reduction in the exponent of Eq. (38). 
Further, in estimating the contribution of Region III, 
we assumed a state density appropriate to a parabolic 
band extending to infinity. In cases in which the Fermi 
level is close to the zone boundary, this would be a very 
poor approximation, the contribution from region III 
being negligible in that case. Thus it is quite possible 
that the predicted slope is too large by a factor ten. In 
that case theory and experiment would agree better. 


7. CONCLUSIONS 


We have shown that for calculating a transition tem- 
perature in the presence of perturbations, the perturba- 
tion theory of B.C.S. can safely be applied only if the 
transition becomes first order as the result of the per- 
turbation. When it does not, one should revert to an 
earlier stage in the theory and recalculate the effective 
electron interaction, excitation spectrum, etc., ab initio 
in the presence of the perturbation. An easier way out 
is to assume that the impure superconductor behaves 
much like the pure superconductor, in that it obeys the 
same relation of transition temperature to energy gap 
at absolute zero. This gives good qualitative agreement 
with the facts, for nonmagnetic scattering, suggesting 
that the impurities leave the order of the transition un- 
changed. The more rigorous viewpoint, beginning with 
the full electron-phonon Hamiltonian, will be presented 
in a later paper. A few final remarks will indicate how 
such a theory would develop: As for nonmagnetic im- 
purities, general arguments due to Anderson,’ based on 
time reversal, and due to Abrahams and Weiss,!* based 
on specific models, indicate that superconductors with 
nonmagnetic impurities should behave just like the 
pure substance, but with changed constants, particu- 
larly with a changed effective “V” of the B.C.S. theory. 
This viewpoint is consistent with our result 


67 ./bE~ €o In(Aw/€), 


which is of the same form as one would deduce from 
the relation T,~expl[—1/N(0)V] when V suffers an 
incremental change. For the spin-dependent case, time 
reversal cannot be invoked directly ; however, since our 
calculations are all quadratic in the impurity spins, 
time reversal should hold on the average. Yet in that 
case 67./d&~constant, a result which cannot be de- 

16 For obvious reasons, Eq. (38) is to be trusted only for small 
values of p/pi. 

17P. W. Anderson (private communication). 

18 E. Abrahams and P. R. Weiss (to be published). 
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duced from a changed interaction constant alone. The 
reason for this apparent contradiction lies in the 
peculiar nature of the B.C.S. pair states. One may show 
that if Wo is some state of the system, and the two 
operations Cpt*Cqt, Cpy*Cqy generate two orthogonal 
states from Wo, then the spin-dependent case to any 
even order in the impurity spins must give the same 
result as the spin-independent case. However, if Wo is 
a B.C.S. state, the two new states are not in general 
orthogonal, and this leads to coherence effects that are 
different in the two cases, as already pointed out in 
B.C.S. At the level at which one treats the full electron- 
phonon Hamiltonian this difference becomes particu- 
larly apparent. 
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APPENDIX I. ESTIMATE OF THE EFFECT OF A 
RANDOM DIPOLAR FIELD ON THE SUPER- 
CONDUCTING TRANSITION TEMPERATURE 


To obtain a rough estimate of the effect on the free 
energy of the random dipole field, we restrict ourselves 
to the absolute zero of temperature. In principle, the 
calculation should proceed as follows: Each dipole 
gives rise to a field that can be represented as a vector 
potential whose divergence vanishes. In vacuo, dipoles 
of magnetic moment y; placed at R; set up a vector 
potential whose spatial Fourier transform may _ be 
written 
4ri D wiXq 


Avac(q)= 9 é 
(29)? ¢ 


7, (i) 


When the dipoles are immersed in the conductor, in 
either state, A has to be recalculated, account being 
taken of the current distribution set up in the medium. 
A is then deduced from Poisson’s equation 


dor, : 
— @A(q) = ——[e(4)+In(4) J, 


( 


(ii) 


where 
, 
gq Avac( q) 
T 


jn(q) = (iii) 


is the driving current, and where j,(q) is the conduction 
electron current due to A, calculated to first order in A 
by a perturbation expansion, such as that given by 
B.C.S. The result of this calculation has the form 


P 
j-(q) = ——x«(q)A(q) 
4a 


(iv) 
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where «(q) is a function of g which falls off as 1/g when 
g exceeds about 10‘ cm™. The result of solving (ii) 
and (iv) is now 

4dr jm(q) 


A(q) : 
c g+x(q) 


(v) 


Having found A we may calculate the energy in the 
field : 


1 
—— [ A(a) i" ada, (vi) 
2c 


where j(q)=jm+J. Using (v), this may be written 


(vii) 


dar "jm (Q) jm*(Q) 
oe 
Lq?+«(q) }? 


2c? 

When (vii) is averaged over all R; and all orientations 
of u;, there obviously remain only the Nz equal self- 
energy terms of the individual dipoles, and these di- 
verge, since the integrand varies as gq’ for large gq. 
However, we are interested only in the difference in the 
shift of the energies, and this converges. 

To continue the calculation rigorously would require 
an exact knowledge of x, and x,, which are only known 
implicitly, as complicated integrals. However, we may 
safely restrict the integral (vii) to values of g>10*cm™'. 
Most of the energy resides within this range, in either 
state. For g<10* cm~', the magnetic fields in the normal 
state are minuscule, and in the superconducting state 
they become negligible since x(q) — const. as g > 0. In 
computing the difference in normal and superconducting 
energies, we may use (vii), neglecting x except where it 
occurs in the form x,—x«,. Thus we have, to lowest order 
in x, and using the previous notation 


— t(6F,,—6F,) 


2r Jm(Q) jm*(q) 
= f [x.(q)—Kn(q) dq 
c? q' 


1 
=—— J Aeve(a) Avi a) Ee) 10g) Ma (vill) 
Sar 


The “paramagnetic” contribution to the two x’s are 
equal and therefore need not be considered. Then if we 
denote by j,” the diamagnetic current in a potential 
Ayac, We have 


1 
t(6F,,—6F,) = J Aee(a)Line?(@)—ine(a) a (ix) 
2c 


The diamagnetic currents are related to A by formula 
(5.19) of B.C.S. At absolute zero, this formula and Eq. 
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(ix) give (if random phase terms are equated to zero) 
on 62 dpdq 
&(6F,—6F,)= NE f- [(uXq)-p 
4m*c* (2r)' Jog 
| 1—Lepigepteo(poeo(pt+q) |/Epk y+ 
Ent Eps, 


—same expression with «=| 
en 2 dpdq 
arr 
dmc? (2x)? p—q* 
—— E,E, | 
X4- —_— : ome B, 
E+E, 


=N [u-(pXq) } 


Here wu is some one typical magnetic moment. As- 
suming the energies to depend only on the magnitude 
of the wave vector, we may perform the angular in- 
tegrations, to obtain 


t(6F,—6F,) 

eh? Sic git. || 
n 

me (On) g 4p \pt+q 


1—[e,€gt+€0(p)eo(q) ] =) 


= NE 
1—sgne, Sgneéq 
x = —_ 
Ent eq E,tE, 
p’qrde nde, | 
x 


~ 
(h? 2m*)? | 


Obviously the integral may be converted into one over 
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the positive €), €, quadrant alone, just as in the main 
text. As before, the integrand vanishes in region II of 
Fig. 1. In region I it is well behaved, for at p=q, 
where the logarithm goes to infinity, the remainder of 
the integrand goes to zero more strongly. For an order 
of magnitude estimate it will therefore be permissible 
to ascribe some typical value which the explicitly p- 
and g-dependent part of the integrand takes in region I, 
that is to say, close to the Fermi surface, and to move it 
outside the integrand. This typical value is 


k?/(#?/2m*)?=k,®/e?. 


The remaining integral is then exactly the same as that 
or the case of spin exchange discussed in the main text. 
Finally, the contribution to (x) from region ITI is again 
smaller by an order (€/Aw) In(fw/eo) than that from 
region I. Using, then, the value of the integral already 
calculated, (i.e., egr?) we obtain an estimate of 


feqr? 
4mc*e;" 


for the reduction in F,—F, due to the magnetic fields. 
This must be compared with Eq. (24) for the reduction 
due to exchange. The condition that the magnetic 
lowering be less thus becomes 


(eu/hc) (mes)! <4arv(e,)JLS(S+1) }}. 


The left-hand side, with u~10 Bohr magnetons, is of 
order 10~‘, while the right-hand side, with /~0.15 ev 
and v(ez)~0.2 (ev)! ranges from about 0.04 for gado- 
linium down to 0.002 near the edge of the rare-earth 
series. Hence the magnetic fields of the dipoles cannot 
be responsible for the observed effect. 
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The ground-state energy of the system of impurities and conduction electrons in a metal has been obtained 
in the high electron density limit. The procedure used is an extension of the Wentzel method applied to a 
reduced Hamiltonian which includes an electron-impurity interaction. It is reduced in the sense that the 
Coulomb interaction between electrons and the electron-impurity interaction are only effective in raising 
an electron in a state below the Fermi level to one above and vice versa. The ground-state energy is then 
obtained by a canonical transformation. The shift in energy of the ground state of the electron gas, due to 
the introduction of the impurities, is quadratic in the electron-impurity matrix element. Higher order 
processes in this matrix element do not contribute since they are represented by unlinked diagrams. Con 
sidering this shift in the ground-state energy expandable in powers of r,, a measure of the average inter- 
electronic distance, we show the leading or lowest order term in this parameter to go as (/n,)r, +, where n is 
the impurity density and n, the eleccron density. Impurity locations are assumed random. All processes 
omitted in the reduction of the Hamiltonian are shown to contribute to higher powers in 7,. The role of 


exchange is indicated. 


I. INTRODUCTION 


E consider the shift in the ground-state energy 

of a metal due to the polarization of the free 
electrons by substitutional impurities. For this purpose 
we use a highly simplified model of a metal in which 
the positively charged ions are smeared out and thereby 
eliminate complications due to band structure. The 
impurities are represented by point charges whose 
magnitude is determined by the valence of the impurity 
with respect to that of the host atom. In this model the 
impurity charges destroy the uniformity of the electron 
density distribution causing a local bunching of the 
electrons in their neighborhood. This change from a 
uniform distribution is what we have labeled the 
polarization of the electrons. This local bunching serves 
to shield the impurities and also to change the energy 
of the system. 

In Sec. II the ground-state energy of the system is 
obtained by performing a canonical transformation on 
a reduced Hamiltonian. The Hamiltonian is reduced in 
the sense that electron-electron and electron-impurity 
interaction matrix elements connecting only states 
below the Fermi level with those above are included. 
There are two contributions to the ground-state energy 
of the system. One is just that calculated by Wentzel! 
for the electron gas proper without impurities. The 
second contribution is the shift in the ground-state 
energy of the electron gas due to the introduction of the 
impurities. This energy shift we find to be quadratic in 
the electron-impurity matrix element. With the restric- 
tions in the matrix elements noted above, no higher 
order terms appear. This means that only when matrix 
elements of the electron-impurity interaction which 


* Supported in part by the Rutgers Research Council and the 
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t Now at the Research Division, Raytheon Mfg. Company, 
Waltham, Massachusetts. 
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ment for the Ph.D. at Rutgers University. 

'G. Wentzel, Phys. Rev. 108, 1593 (1957). 


connect states above the Fermi level are included will 
terms of higher order in this interaction appear in the 
ground-state energy. We do not include such terms 
since in Sec. VI we show that such terms are negligible 
in the high electron density limit. 

In Sec. III we show the shift in energy as calculated 
by a self-consistent Hartree field procedure is the same 
as that given by the canonical transformation. This 
shift in energy arises from three sources. One is the 
change in kinetic energy of the electrons. The second is 
the interaction of the impurities with the electron 
bunching. Lastly there is the change in electron-electron 
interaction energy due to the bunching. We emphasize 
that the Hartree method does not yield the correct 
energy in the absence of the impurities. 

In Sec. IV we discuss the calculation of the shift in 
the ground-state energy to second order in the electron- 
electron interaction matrix element in terms of a formal 
perturbation expansion and compare this with the result 
of the canonical transformation. The two approaches 
agree to the order calculated. Terms in the perturbation 
expansion which include more than two powers of the 
above to below (or vice versa) electron-impurity inter- 
action lead to unlinked diagrams and so do not con- 
tribute to the energy.” 

In Sec. V we evaluate the change in energy. We find 
the shift in energy per electron to vary as (n/n,)r,“, 
where is the number density of impurities, ”, the 
number density of electrons and r, is a measure of the 
interelectronic spacing. In Sec. VI we show the shift in 
energy to be exact in the high electron density limit by 
an examination of the equations of motion for the 
electron density fluctuations. Since the Wentzel result 
for the electron gas proper is also a high electron density 
calculation, the total result for the ground-state energy 
inclusive of impurities is also exact in the limit of high 
density. In conclusion we indicate the role played by 


exchange. 


2 J. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957). 
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II. CANONICAL TRANSFORMATION 


Gell-Mann and Brueckner* develop the energy of the 
ground state of an electron gas in a perturbation series 
expansion. The kinetic energy of the electrons is con- 
sidered to be the unperturbed part of the Hamiltonian 
and the Coulomb interaction energy between electrons 
is considered the perturbation. The unperturbed energy 
is just that for a system of NV noninteracting electrons. 
The first-order correction is due to exchange. The 
nonexchange first-order contribution to the energy is 
canceled against the contribution to the energy from 
the smeared-out lattice. The second- and higher-order 
contributions diverge. Gell-Mann and Brueckner meet 
this difficulty by summing all order processes in which 
electrons hand the same momentum on successively to 
others before falling back into the Fermi sea. It is 
only these processes which contribute to the ground- 
state energy in the high density limit. Other processes 
such as the scattering of electrons above the Fermi 
level become important at lower densities; that is to 
say, they contribute to terms in the energy of higher 
order in r,. 


(2.1) 


$arro® 


where dy is the Bohr radius and is the normalization 
volume. 

The energy of the system is written in powers of r,. 
The Gell-Mann—Brueckner procedure is an exact calcu- 
lation of the constant term in this series. The unper- 
turbed energy or kinetic energy of the electrons goes as 
r,* and the exchange contribution as 7,~!. 

Sawada‘ writes a Hamiltonian in the language of 
second quantization which includes a reduced Coulomb 
interaction between electrons. This reduced interaction 
includes no exchange interaction of excited electrons, 
no exchange interactions of holes and no interactions 
with an odd number of creation operators. The ground- 
state energy is then obtained by a procedure similar to 
that introduced by Wentzel.® The result is the same as 
that obtained by Gell-Mann and Brueckner. In a 
subsequent paper Wentzel' shows how an effective 
kinetic energy operator may be defined for the electrons 
so that the ground-state energy may be solved for in 
a manner formally equivalent to that described in his 
earlier paper. This is a simplification of the Sawada 
procedure. 

We will add the interaction between the impurities 
and electrons to the Sawada Hamiltonian. This inter- 
action will be reduced in a manner we will describe. 
The Hamiltonian will then be written in the Wentzel 
coordinates and transformed to normal form by a 
canonical transformation. 

3M. Gell-Mann and K. Brueckner, Phys. Rev. 106, 364 (1957). 


4K. Sawada, Phys. Rev. 106, 372 (1957). 
5G. Wentzel, Helv. Phys. Acta 15, 111 (1942). 
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Sawada writes the Hamiltonian 


i= Aot+HA.= > E,A w*A kt } Exi¢A k+ g A k+q 
k 


k+q 


+3 me Ng(Aneqg*AutAn*Ac- ») 


k,k’,q 


X (Ag qg*Au tA *Anyq), (2-2) 
where |k+q|>ker; | k| <kr, \,=4e?/Qg*. The Ay and 
A,* are the usual destruction and creation operators. 
The electron-impurity interaction is written 


Hi=}3 XO VaiAn*Aneqt} D V—qiA-n*A-s-q, (2.3) 
k,q k,q 


where V,,‘ is the gth Fourier component of the electron- 
impurity potential. 

The above sums are over all k and q. To be able to 
make the transition to Wentzel’s notation we must 
restrict the interaction to give rise to those virtual 
processes in which electrons below the Fermi level are 
raised above and those above are returned below. 
Imposing this restriction we may write 


H;=} . [Vgi{An*Any gt (A- a. nq) *}+c.c. ]. (2.4) 
k.q 


The total Hamiltonian of the system may be written 


H=H,+H;,. (2.5) 


At this step the effective kinetic energy operator of 
Wentzel is introduced and the Hamiltonian is written in 
the Wentzel coordinates 


1 
q= aa —(Cx, gt k Phy 


(Qu, 4)? 
[ena\! 
*=i( oe ‘) (Cy, .*°—-C k, a) (2.6) 
2 


, = * : = aes . 
Cy, g=Ax Ain; We, = Extq— Ex, 


where 


ai x 9 x 
H=3 >> (ax, q*t x, tw, q2¢k, ok, g— Wk, a) 
k.q 


HD Ag(L we, gen, a*) (QE wu gen’ a) 
q k 


+3 ¥ (Lun, q)!(Vaign tec). (2.7) 


k.q 


This Hamiltonian may be diagonalized by transforming 
to a new set of coordinates, the origins of which are 
displaced with respect to those of the old coordinates. 
The new coordinates Q, P are related to the old coordi- 
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nates g, m by the relations 


Ge=D dex Qi +x, 


k’ 


—_ * 
m=), dx’ Py, 


k’ 


(2.8) 


where the dx and the 5, are constants and satisfy the 
relations 


Gee = DL dewrdune*; LY arid. 
k’’ - 
IV Dok 1 Wk, q 
= —-—_____——. (2.9) 
1+2\.do« 1/wr, q 


The 6, are determined in this way in order to eliminate 
terms linear in Q. After the transformation the Hamil- 
tonian is written as 


H=3 D (Pr, q* Px, gtQx, o?Qx, o* Ox, q—k, g) 
k.q 
|Vqi|?7 


pig = 
a (1+2\,7) 


= (2.10) 
where T=) |k/<kp 1/wx, g- 

The second term on the right, is the shift in the 
ground-state energy due to the introduction of the im- 
purities. The same result can be obtained by the 
self-consistent Hartree field or a Nakajima type pro- 
cedure. The first term on the right gives the high 
density ground-state energy of the electron gas without 
impurities. The exchange term ¢€,” must be added to 
this result (see Gell-Mann and Brueckner®). The Qy, q 
satisfy the dispersion relation as derived by Wentzel. 
We again make note of the fact that the shift in the 
ground-state energy is quadratic in the electron-im- 
purity matrix element. It should also be remarked that 
the change in electron density due to the introduction 
of the impurities as calculated by this method is the 
same as that derived from the self-consistent field 
calculation. 


III. SELF-CONSISTENT HARTREE FIELD‘ 


We perform a one-electron perturbation calculation 
with the Hamiltonian 


where Ho is the kinetic energy operator for a given 
electron and V is the potential experienced by the elec- 
tron. V will be treated as a perturbation. In the absence 
of the potential V, the wave function for an electron 
of momentum hk is just 


1 
exp(ik-r), 
2? 


vx = (3.2) 


6 P. R. Weiss, Lectures in Theoretical Solid State, 1957 (unpub 
lished) ; J. Quinn and R. Ferrell, Bull. Am. Phys. Soc. Ser. II, 3, 
53 (1958); J. Bardeen, Phys. Rev. 52, 688 (1937). 


ELECTRON GAS 


IN METALS 991 


where 22 is the normalization volume and y;,’ satisfies 
Hy = Eiyy’. (3.3) 


The first order correction to the wave function may be 
written 


c=Vx' + (V—Ey)yx'; 


(Lo— Ho 


(3.4) 


ky -{ v* Vy,°dr, 


and expanding Vy,’ in plane waves we may write 


y 

4 ‘i 
vu=he' +2. ———V a’ (3.5) 
a (Ex— Ens.) 
We now impose the self-consistency requirement that 
the potential an electron experiences is determined by 
the charge density through Poisson’s equation 


V°V'=—4mep; V=V'+V', (3.6) 


where V° is the potential an electron experiences due to 
the other electrons and V‘ that due to the test charges. 
The change in electron density at any point due to 
introduction of the impurities R; may be written 
p= e€ Sm (Wi tau Yr") 
k\<ky 
V exp(iq:r) 
q ‘ ina 
CT incase: eonememnngss GN 
k 


q Exu— Ens Q 


R; is any impurity location. Expanding V° in plane 
waves and using (3.6) we get 
tire” 1 
gv ¢=—V>—~.L— et (3.8) 
Q) k Ex— Exyc 
From the Fourier transform of (3.6) and the use of 
(3.8) we get 


1 
V «= vei / (142, > ) (3.9) 
ki<ky Ey, g— Ex 


Note that the impurity potential is screened; this is 
the meaning of the second term in the denominator. 

We now calculate the change in energy of the system 
from the energy of the system before the point charges 
are added. There are three contributions to this change 
in energy. One arises from the change in kinetic energy 
of the electrons. Another results from the interaction 
of the impurities with the electron bunching. The third 
is the change in the electron-electron interaction energy 
of the system due to the bunching. 
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Fic. 1. (a) Processes contributing to the energy from the zeroth 
order electron-electron interaction. (b) Process contributing to 
the energy from the first-order electron-electron interaction. 


*-- 


These may be written 
f Vi.*HwWidr— f Vi *H wy odr 
Se 


ki <kp 
f Vu*Widr 


i —, 
qa (1+2),7)? 


AEx _ 


Vei(27 


V.(27 


cr. zep(r) 
ak=-¥ f dr=—2>. ; 
i ir—R, a (1+2A,7) 


o(r)p(r’) ho|Veil?7? 
AEy=3 ff —drdr'=2 > — . , 
r—r'| qa (1+2A,7)? 


where z is the impurity charge above that 
host ion. 


For the total change we obtain 


AE=AEK+AE;+AE, 
=—Dia Vq' oe; (1+2d,7). (3.13) 


‘IV. PERTURBATION EXPANSION 


An alternative procedure is to consider the electron- 
electron and electron-impurity interactions as perturba- 
tions and to use a formal perturbation theory. The ath 
order correction to the energy may be written’ as 


P |" 1 
(A+ Hi) | Yo), (4.1) 


E, = (v0 (H.+4H;) | 
(Ho— Eo) 
where P designates the taking of a principal value and 
only contributions from linked diagrams are included. 
We have to go from ground state to ground state by way 
of intermediate states. Three kinds of terms appear in 
the perturbation expansion. There are terms which in- 
clude only processes by way of H,, terms which include 
only processes by way of H;, and terms which include 
processes due to a mixture of both H, and H,. A certain 
subset of those terms containing only powers of H, give 


7W. Kohn, Phys. Rev. 110, 857 (1958). 
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rise to the first term in Eq. (2.10). This is just the 
Wentzel result. There are no terms containing only a 
single power of H;. This is so since the ground state 
could not be reached again. Terms in the second power 
of H; are of two types; in the first each H; connects 
states below the Fermi level with those above. The 
second type includes other possibilities. We have calcu- 
lated the contributions of the first type out to the 
second power in H,. 

We expand the energy shift from Eq. (2.10) to 
second power in H,. 


Vi/27 
nee os Ve 
aq (1+2d,T) q 


T+2DA,|Vqil27? 
q 


—4DA2|Vqil27*+---. (4.2) 
q 


The contribution from the zeroth order Coulomb 
interaction may be written down immediately 


1 | 
-(v D | Vg |? *A es gp@———A ng *A ue Wo 
k q (Ho- E) 
=-L|V,'/27. 


q 


(4.3) 


This is illustrated diagrammatically in Fig. 1(a). 
Processes contributing to the first order in the Coulomb 
interaction matrix element are illustrated in Fig. 1(b). 
A cross at the end of a dashed line represents the 
scattering of an electron from below the Fermi level to 
above or vice versa via the electron-impurity inter- 
action. A dashed line without a cross represents the 
Coulomb scattering of two electrons from below the 
Fermi level to above or vice versa. Those processes 
contributing to the energy to second order in the 
electron-electron Coulomb interaction matrix element 
are not illustrated in Fig. 1. There are eighteen such 
terms and we have summed them all. The result is 
precisely the third term on the right of Eq. (4.2). The 
higher order terms in H, have not been evaluated but 
we feel confident that they also will agree with the 
corresponding terms in Eq. (4.2). 

Goldstone” has shown in general that all order con- 
tributions to the energy arising from unlinked diagrams 
are zero. The reason that the shift in energy is quadratic 
in the electron-impurity matrix element is that all 
higher order processes in this matrix element considered 
in the treatment of Sec. II are unlinked. A few of these 
processes are illustrated in Fig. 2. 


V. CHANGE IN THE GROUND-STATE ENERGY 


We will evaluate 


sE=-> — _ 
a (1424.7) 8? 
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where 


dk 


(k+q)?—F? 


4m Q |qo—Rr| 
sae cies [or Cee — 494’) inf "|| (5.2) 
h? 160%q lgotke| 


: —— 


k wg hf? 82° 


This integration (5.2) can be performed most easily by 
making use of cylindrical coordinates. 

We consider impurity locations distributed randomly 
and average over them in a suitable manner.’ The 
result of this averaging yields 


167?27e1n 
ly ij2— 
[V .{|*=——, 


Qq4 


(5.3) 


where m is the number density of impurities. Using 
(5.3) in (5.1) one can calculate the energy density. 
An examination of the integral shows that as the elec- 
tron density is increased, the major contribution to 
this energy shift comes from smaller and smaller q 
values (with respect to kv). That is, in the high- 
density limit only the long-range response of the system 
is important. 

We have integrated Eq. (5.1) by an expansion of the 
logarithm and find in the high-density limit 


in 
anon” 
rain, 


AE=-— (5.4) 


’ 


where a= (4/97)!. Equation (5.4) is the energy shift 
per particle in Rydberg units. The screened impurity 
potential is obtained by considering 


F -¢ 


Vq 
V —»<=—————_. 
(1+2A,7) 
We again expand the logarithm and take the Fourier 


transform of V, to obtain the screened one-electron 
impurity potential. The result is 


2e° 
-> is € ksir Rj| 
j r—R,| 


where k,?= 4k p/mdo. 


VI. HIGH ELECTRON DENSITY LIMIT—EXCHANGE 


First we show that the behavior of the system in the 
limit of high electron density is completely described by 
virtual processes connecting only states below the Fermi 
level with those above. 

From the Hamiltonian 


P? 
H=> oe +3’ NghaP-q— 2 Agh—a%q, (6.1) 
q 


i 2m q 


8 W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957). 
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pe A Gee 


Fic. 2. Unlinked diagrams. 


where 
Pe=d,507°*4 ee rq=20_j;€ iq Rj 


we get for the equation of motion for the gth density 
fluctuation 


> 


d’p q hq\)? 
iter -> {=-(P+—)| en iat 
dt? i tm 2 


U 


q:q 
~Z hey | ese 
q’ m 7 


q:q’ 
+¥! Ng —re £ ee’, (6,2) 
. 


m 7 


Primes indicate that the q’=0 term is excluded from 
the summation. The first term on the right is the elec- 
tron thermal motion contribution to d’p,/dt®. The 
second and third terms arise, respectively, from the 
electron-electron and electron-impurity interaction. 
From these two terms we separate out the terms for 
which q’=q and transpose them to the left side of the 
equation. We get 


d’pq q hq\ |" 
+w(pq—py’)=—-L | (pt ) ial 
dl? > Im 2 


qq 
at om Pq Pq-a’ 
q’#q m 
q-q’ . 
+> AXg—T aha’, (6.3) 
q’#q m 
where 


In the high electron density limit an analysis similar 
to that by Bohm and Pines’ shows the terms on the 
right of Eq. (6.3) small compared with those on the 
left. We see that the impurities just shift the zero of 
each density fluctuation by the amount rq. Evaluating 
changes in the electron density by the procedure in 
Sec. IT yields in the high electron density limit 


gth Fourier component of A(y*~)=rq. — (6.4) 


The shift in the zero of the density fluctuation shows up 
as a change in electron density. Fluctuations about the 
shift average out. We therefore see that the high 
electron density response of the system to the impurities 


9D. Bohm and D. Pines, Phys. Rev. 85, 338 (1952) 





994 B. D. SILVERMAN 
is determined solely by processes included in the treat- 
ment of Sec. II. Processes connecting states above the 
Fermi level therefore contribute to higher powers in r, 
than ¢,' in the expansion of the ground-state energy 
shift. 

Gell-Mann and Brueckner consider the ground-state 
energy of the electron gas as expanded in powers of the 
dimensionless parameter r,. The expansion of the 
ground-state energy of the electron gas with impurities 
must be considered to contain another dimensionless 
parameter, i.e., the ratio of the impurity density to 
electron density. We define this ratio as 

R=n/n,. 


(6.5) 
In Sec. V we showed the leading term of the energy 
shift to go as Rr,-. We are able to establish from an 
analysis of terms in the perturbation expansion dis- 
cussed in Sec. IV that all higher order terms not 
explicitly evaluated there make contributions to this 
same order in r,. This is proved as follows. Each term 
in the perturbation expansion included in the treatment 
of Sec. II is considered written as a constant multiplied 
by an integration over dimensionless vectors. The 
constant involves R multiplied by some power of r,. In 
the Gell-Mann and Brueckner calculation the second 
order electron-electron interaction contribution to the 
ground-state energy is written as r,° multiplied by an 
integral over dimensionless vectors. The third order 
contribution is written as 7, multiplied by an integral 
over dimensionless vectors and so on. It is easily verified 
that the second order contribution to the shift in ground 
state energy can be written as Rr,’ multiplied by an 
integral over dimensionless vectors. The integration 
over the dimensionless vectors gives rise to the diver- 
gence lim,.o(1/qg). For the higher orders we have 


3rd order Rr,— divergence, 
3 


q' 


4th order Rr,’?— divergence, 
5 
q 
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1 
Rr,'— divergence, 
q' 


5th order 


We see that the sum of such terms will contribute at 
most to the Rr, dependence as calculated in Sec. V if 
the electron-impurity and electron-electron interactions 
are cut off at g.~r,'. This is just the electron-electron 
interaction momentum transfer cutoff as calculated by 
Bohm and Pines.” 

An exchange interaction in any order reduces the 
divergence by a factor of g®. Therefore one exchange 
interaction in third order gives rise to a divergent term 
Rr,(1/q) and therefore contributes at most to the Rr,* 
dependence in the series expansion. The same may be 
said for all other higher order processes involving one 
exchange interaction. We see that as for contributions 
from diagrams not including an electron-impurity inter- 
action, exchange contributions increase in importance 
as the density of the electron gas is decreased."! 

We should also remark that AE as calculated by the 
collective method?? is 

IV i[2T 
AE=— ~ = 


Qi > a 


+ ape egee 
ai<ae (1+2A,7) 


where g, is the collective momentum transfer cutoff. In 
the high-density limit this result is the same as we 
calculate since g, >. 

Note: g- (dimensionless) = g./Rr~r.'; Re~ 1/1. 
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A theory of the scattering of phonons by static elastic strain 
fields is presented. It is found that the Fourier component of the 
strain field plays a role similar to that of the potential in the 
external field approximation. All quantities (except the strain 
field) in the formulas obtained refer to specifically atomic charac- 
teristics, allowing in principle the examination of the influence or 
crystal structure, interatomic potentials, etc., and also scattering 
between different polarization modes. A Boltzmann equation is 
found. 

The results of the theory are used to estimate the low tem- 
perature thermal resistance (in nonconductors) due to disloca- 
tions. This is done by finding a relaxation time 7; with some sim- 


INTRODUCTION 


HE extreme sensitivity of low-temperature ther- 
mal conductivity to the presence of crystalline 
imperfections has led to a revival of interest in thermal 
conductivity as a means of investigating these imper- 
fections. Klemens!“ has carried out an extensive anal- 
ysis of the many factors involved. In particular he has 
calculated the magnitude and temperature dependence 
of the lattice resistivity due to a number of different 
imperfections. In general Klemens’ results account for 
the experiments in a satisfactory way. For a survey of 
the experimental situation and further references the 
reader may consult the review articles of Klemens* and 
Berman’ and also the work of Slack.® 
However, recent work by Sproull, Moss, and Wein- 
stock’ has indicated that the thermal resistivity in 
lithium fluoride is roughly 10° as great as predicted by 
Klemens’ theory.** This observation motivated the 
present investigation, which is devoted to a general 
formulation of the problem of phonon scattering by 
arbitrary static elastic strain fields; application is made 
to the strain fields of dislocations and an approximate 
value of the thermal conductivity coefficient «(T) is 
found. 


* National Science Foundation Predoctoral Fellow. 
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plifying assumptions one finds for an edge dislocation 717! 
= Ao[In(nb-o-+) ’y. In this equation o is the density of disloca- 
tions, m is the average number in a slip plane, 6 is the Burgers 
vector, g is the wave vector of the phonon, A is a constant. This 
result differs from that obtained previously by Klemens by 
essentially the presence of the logarithm. This latter factor seems 
to be essential in explaining the experimental observations of 
Sproull et al. that the thermal resistance due to dislocations in 
LiF is three orders of maguitude greater than predicted by 
Klemens. For a screw dislocation r~ lacks the logarithm term so 
that the scattering is much smaller than for an edge dislocation. 


The present calculation differs from that of Klemens? 
in the following respects. The present theory is similar 
to the usual results for scattering in an external field in 
that the Fourier component of the strain field displace- 
ment enters into the scattering matrix elements. In 
Klemens’ theory the corresponding quantity is the 
Fourier component of the dilatation (or rotation). In 
arriving at this result Klemens made an approximation 
which is in fact invalid for the logarithmic variation of 
the strain field of an edge dislocation.” 

Another difference is that all physical quantities 
(except of course the strain field, which is computed 
from elastic theory) of the present calculation refer to 
atomic quantities, e.g., interatomic force constants. 
Further one can examine the effect of crystal sym- 
metries on the scattering. On the other hand, Klemens 
uses a Griineisen-type anharmonic potential from the 
beginning. Since the anharmonic forces in most ma- 
terials are rather poorly known, and because of the 
difficulty of taking into account the anharmonic coupling 
of distant atoms, the more rigorous atomic approach 
has at present only the slight advantage of deferring the 
necessary approximations to the end of the calculation. 
However, in the present formulation one may examine 
the scattering between different modes of polarization. 
Furthermore, in the theory presented here, all phase 
information is retained, so that the interference effects 
of competing scattering processes may be evaluated, 
although that is not done in this paper. In Appendix 1 
the effect of an arbitrary array of identical scatterers 
is found to be given by essentially a form factor in the 
appropriate matrix elements. Such interference effects 
are known to exist at low temperatures. 

Finally, if the atomic anharmonicities are related to 
Griineisen’s y as described by Klemens,‘ the essential 
difference between the two theories applied to scattering 
by edge dislocations (aside from a numerical factor) is 


See Eq. (30) of reference 2. 
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the presence of the factor [In(R/ro)f in the expression 
for r(q)~ in the present theory." R is the range of the 
strain field of the disloaction, ro is the radius of the dis- 
location core, and r(g) is the relaxation time for a 
phonon of wave number g. For screw dislocations and 
other imperfections the two approaches should agree 
to an order of magnitude. It should be noted that the 
present approach predicts a vastly greater scattering 
by edge dislocations in comparison with screw dislo- 
cations [roughly the factor [In(R/ro) P], while Klemens’ 
results show that the scattering is roughly equal (to 
~ 10%) for the two cases. 

It should be pointed out that the results obtained 
here will need modification if the temperature is so 
high that collective modes (due to the imperfections) 
can be easily excited, leading to appreciable inelastic 
scattering. The thermal oscillations of dislocations are 
well known and, for example, seem to be the essential 
feature in understanding the temperature dependence 
of the yield strength of iron.’ However the calculations 
of Granato™ for mobile dislocations yield a temperature 
dependence «x « T®, while T? is roughly what is observed 
in dielectric solids. 

The present paper is concerned with crystalline solids 
in which the conduction of heat by electrons is neg- 
ligible, so that it is not necessary to consider electron- 
phonon interactions. All statements concerning thermal 
conductivity refer to low temperatures, 1.e., tempera- 
tures appreciably below the Debye temperature. 


I. GENERAL FORMULATION 


The potential energy of a crystal can be written as a 
Taylor series in the relative displacements of the atoms. 
In the case of scattering by static strain fields the 
phonon energy is conserved, so that the lowest order 
term in the expansion that contributes is cubic in the 
displacements. Higher order terms are neglected as 
small. 

The anharmonic potential is chosen to be 


Ve= (3!) Donn Ban'’* (thm'— Un‘) 

X (tm?— Un?) (tm*— Un"). (1) 
The summation convention is used for the indices 
i,j,k=x,y,2. The sum m,n proceeds over all pairs of 
atoms in the crystal. The coefficients Bmn'* depend on 
the difference of the position vectors m—n. This form 
explicitly emphasizes the dependence of the potential 
on the relative displacements of the atoms, which fact 
must be considered when a nonuniform strain field is 
present. This potential was also used by Pomeranchuk." 


4 See Eq. (50) and (51). 

A. Cottrell and B. A. Bilby, Proc. Phys. Soc. (London) A62, 
49 (1949). 

48 A. Granato, Phys. Rev. 111, 740 (1958). 

‘JT. Pomeranchuk, J. Phys. U.S.S.R. 4, 259 (1941); 6, 237 
(1942). 
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The total displacement of an atom from its equi- 
librium site in the unstrained lattice is the sum of the 
static strain field displacement vm (as computed from 
elastic theory) and the running-wave phonon displace- 
ment Um’. For the latter it is supposed that there is 
only one atom per unit cell since only the general 
features of the problem are of interest.!° Then we have 


h } 
2pQargr 


X Lag, exp(7q-m)+a,,* exp(—iq-m) Jeg. (2) 


Here p is the density, 2 is the volume of the crystal, 
q the wave vector of the phonon, X its polarization 
index, wa, the frequency, e,, the (unit) polarization 
vector. dq,*(d@q,) creates (destroys) a phonon of wave 
vector q and polarization A. In the following the 
polarization index \ will often be omitted, with the 
understanding that the sum over g (without the vector 
symbol) includes the sum over A, etc. The operators 
@q,*, dq are characterized by 


a,*¥ (nq) = (ngt-1)*¥(n,+1), 
a¥ (n,)= (n,)*¥(n,—1), 


(3a) 
(3b) 
where ¥(n,) is the phonon wave function. 

Expanding the elastic strain field in Fourier series we 


have 


Vm =) oq Vq €xp(7q-m), (4) 


v= [ve exp(—7q-m)d*m. (5) 


Note that the expansion of Eq. (1) involves a sum 
over four types of terms. The first is a sum over cubic 
terms in Vv, i.e., a constant shift in the energy which we 
ignore. Secondly there are terms linear in a, and a,*. 
Such terms cannot conserve energy and give zero 
contribution. The terms quadratic in the creation and 
annihilation operators contain the scattering processes 
of primary interest. Finally, the terms cubic in a,, a,* 
are present in the unstrained crystal and are responsible 
for ordinary 3-phonon processes (important in estab- 
lishing thermal equilibrium) and Umklapp processes.’ 
Therefore the effective perturbstion due to the presence 
of the strain field is (omitting 2 terms not conserving 
energy): 


h 
— a 
4pQ a 
X {a,aq* = Ban'*F y'F oF y* 
+4,*dg Dimn Bun'*FyFy*Fy}, (6) 


15TIn more complicated crystals (2) will be adequate at low 
temperatures since only the lowest branch of the phonon spectrum 
is excited. 

16R. E. Peierls, Quantum Theory of Solids (Oxford University 
Press, Oxford, 1954), Chap. 2 
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where 
F, =exp(iq:m)—exp(iq-n). (7) 
Consider the functions ); ;.(q,q’,q’’) defined by 
bi 5x af Re Oe, ik F qrilf ql’g’ 


Dijx® ») =) eB aa’ F saat 


(8a) 
(8b) 


Let a be some arbitrary lattice vector. From the 
equalities 
Bing tgs ce Bint (9) 


Py PF Fy *=expli(q’+q—q’')-a}Fy Fgh 


where 


(10) 


F (m,n) =F ,(m+a, n+a), (10’) 


one finds the relations 
)e a ]bijxe, 
; a |b, jk wl 


(11a) 
(11b) 


by x =expli(q’+q—q’ 
bc =exp[i(q’’+q’—q) 
Thus it follows that 
bi ix? (q,q’,q”) = Aq’ + q—q’)bi jx (q,q',0” 
A(q) is defined by* 


A(q)=0, q#G 

=< ad (12) 
The processes 
16 


where G is a reciprocal lattice vector. 
with G0 correspond to the usual Umklapp processes. 
Since wave vector is already not conserved for G=0 
(in contrast to the normal 3-phonon processes) and 
since q’s large enough for Umklapp-type processes 
decrease exponentially at low temperatures'® (and also 
for most strain fields V, decreases with increasing q) 
we consider only the case G=0 for the present, re- 
membering that one can always include the terms G40 
if necessary, by inserting the appropriate factors in 
bi j«(q,q’,q’’) and summing over G. Summing over q” 
Eq. (6) becomes 


h 
aie 4 k 
ix. oe D aa’ (Wqrg’) *€q7€q’ 
4pQ 
X {a gaq/*1 
+a,*a 


a —q'dijx"(q,q',q'—q) 


(q,q’, q—q’)}. (13) 


a’tq—q’ bij” 
We observe that 


bi? (q,q’, a—Q’) = 5, ."*(q, gq’, Q’—q), (14) 


Vg=V_at. (15) 


It is then found that the perturbation takes the form 


h 
\ a 
Daa’ (@yry’) *€47€q" Vq'—q 
pQ 
(16) 


Xi jx(q, q’, q’—q)a,a,*+H.c. 
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This equation has a very simple meaning; for ex- 
ample the first term in Eq. (16) may be read as follows: 
a phonon of wave number q interacts (a,) with the 
Fourier component vq’, of the strain field displacement 
and is scattered (a,'*) to a state with wave vector q’, 
giving up an amount of wave vector q’—q to the 
strain field. 

This physical result shows that, once having chosen 
running wave phonons, the most natural way to 
represent the transfer of wave vector to the lattice is 
indeed to expand vm in a Fourier series, since this gives 
directly the “conservation” laws represented by Eq. 
(12). 

The matrix elements corresponding to the change in 
the number of phonons due to scattering by the strain 
field are, using Eq. (3), 


hh ry 


pS WW’ 


(ee) 
40 Wy Wa’ 


Coq? = DLiik Uq’ q €y7€q’ ‘bi 34" 


a 


(17b) 


‘(q, q’, q’—q). (18) 


One can now write down the rate of change of the 
number of phonons in state q due to the scattering by 
the strain field. For the moment other scattering proc- 
esses are ignored. It should be noted that the equations 
are valid even when there are different types of imper- 
fections present in the crystal, since the displacements 
are additive. Using the standard formula of time- 
dependent perturbation theory'’® it is found that 


ONgr 1 6( 
- fev - 
Ot 7 collision 6427p?Q 


x Cau’ “(Ny 


—W,') 


—%,). (19) 


Equation (19) is easily converted to a Boltzmann 


equation.'~'® The problem is then reduced to that of 
the solution of an integral equation of m,. One can also 
easily write Eq. (19) in the form of a surface integral 


in qg’ space owing to the delta function. 


II. SCATTERING BY DISLOCATIONS 


Using the results of the preceding sections we inves- 
tigate the scattering of phonons by dislocations, and 
derive an approximate expression for the thermal con- 
ductivity. For screw and edge dislocations the strain 
field displacements in elastically isotropic crystals are 
given by” 

'TW. T. Read, Jr., Dislocation in Crystals (McGraw-Hill Book 
Pi New York, 1953), Chap. 8. 
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edge dislocation: 


b ( sin20 ) 
v,= - ‘ 
2r 


b s(1—2y) cos26 
. jae (—— In(r i wai ), (21) 
2n \2(1—y) 4(1—y) 


(20) 


1,=0 (22) 


screw dislocation: 
v,= 0/2, 
v2=1,=0. 
In these expressions 7,6 are plane polar coordinates, 
b is the Burgers vector, v is Poisson’s ration and fp is 
the radius of the core of the dislocation ( ~6). 
The required Fourier components are given by 
(In(r/r0))g= (24/x*){ xJ (x) In(R/ro) 


+Jo(x)—1}A(q:), (25) 


(cos26), = (cosp/x*){ xJ 1 (x) 
+2[Jo(1)—1]}A(q.), 


(sin20),= (sing/x*){xJ1(x) 
+2[Jo(x)—1]}A(q:), (27) 


0,2 (29? /x*){xJi(x)}A(q:). 8) 


(26) 


x+@ is the angle made by q with the x axis. The x and 
y axis are perpendicular to the dislocation line, The x 
axis lies in the direction of the Burgers vector; the 
origin is chosen in the center of the dislocation. J» and 
J, are the zeroth and first order Bessel functions; 
x=gR, R=). In Eq. (25) note the presence of the 
factor In(R/ro). When applying the theory to a real 
crystal, one must take for R a distance representing 
the range of the strain field; for example R will be the 
order of the diameter of a single slip band. Thus in 
most cases of practical interest Eq. (25) is very much 
larger than Eqs. (26), (27), or (28). Equation (25) 
arises from the y component of the displacement in the 
strain field of an edge dislocation. Observing that the 
coefficients in Eq. (20) to (23) are all roughly equal, 
one concludes that: (1) edge dislocations are much 
better scatterers than screw dislocations; (2) the scat- 
tering by an edge dislocation proceeds almost entirely 
by the y-component of the displacement. Both results 
are plausible from consideration of the nature of the 
distortion of a crystal due to the presence of edge or 
screw dislocations. (Actually conclusion (1) is rein- 
forced by consideration of the factor C,,, for the two 
cases.) It seems unlikely that a more detailed model of 
the atomic arrangement in the core of the dislocation 
would change these conclusions, since most of the scat- 
tering occurs at long distances from the core, where the 
elastic theory results are quite good. We ignore com- 
pletely the scattering of the core.’ 
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In order to make further progress one must make an 
estimate of the term C,,. This is difficult primarily 
because the anharmonic forces in crystals are rather 
poorly known. (For example, a measure of the anhar- 
monicity such as Griineisen’s y is not necessarily an 
accurate reflection of the coefficients Bma'*, except in 
an average sort of way.) 

In view of this situation we adopt the simplest pos- 
sible model consistent with reality: a central force, 
nearest neighbor interactions only. For such forces 


0°o( r) 
- (29) 


ijk 


Arjdr Ory. 


where ¢(r) is the interatomic potential and the right- 
hand side of Eq. (29) is evaluated at the equilibrium 
position. Then it is found that'® 


B; jx= (g' —3f/a)a;a;a,/a° 


+ (f/ a’) (6; ;@4 +6 4.0; +6 ja: s 


where g’=¢'"(a), f="(a); a is the interatomic 
spacing, @,, etc. being the appropriate Cartesian com- 
ponents. g’a/f is small'* so that only the first term is 
retained: g=g’—3f/a~g’, 


(30) 


B; jx =ga a ja,/ a’. (31) 
Comparing Eqs. (31), (A-5), and (18) one finds 


Can qn’ = (Nig/2a*)>° (Vqr—q: a) (qn: A) (€q7n" a) 


X (q-a)(q’-a)(q’—q)-a. (32) 


where the sum is taken over nearest neighbors; .V is 
the number of atoms in the crystal. a represents the 
position vectors of the neighbor atoms with respect to 
the chosen atom. 

In order to evaluate Eq. (32) for an edge dislocation 
a further simplification is made; it is supposed that 
the lattice is simple cubic. It is then seen that the pre- 
dominance of Eq. (25) greatly simplifies the evaluation 
of Eq. (32). Further, take the Z axis of the edge dis- 
location to lie along a cube edge. For the time being 
also suppose that the phonons are incident perpen- 
dicularly in the dislocation. Note from the calculation 
of the Fourier components [Eqs. (20)—(23)] that the 
component of wave vector along the dislocation (q,) is 
conserved. From this one can conclude that there is 
no scattering of phonons incident in the z direction 
along the dislocation line between the same polarization 
modes. However scattering between different modes may 
be allowed. For instance, energy and g. are conserved 
as in the transition (long. — transverse). [In the Debye 
approximation the perpendicular component of the 
scattered (transverse) phonon is g1’= ((Ci/C1)?—1)}q. ]. 
Similarly a transverse phonon incident along the z 
direction cannot be scattered by the dislocation, except 
in Umklapp type processes [see Eqs. (25)-(28) ]. 

'8G. Leibfried, Handbuch der Physik (Springer-Verlag, Berlin, 
1955), second edition, Vol. 7, Part I, p. 299. 
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Maximum scattering is expected for phonons incident 
perpendicular to the dislocation, since all possible 
scattering processes can occur and also because of the 
angular dependence of the geometrical factor C,,’. 

The rest of the calculation is made assuming the 
phonons to be incident perpendicular to the dislocation, 
both to simplify the calculation and to make comparison 
with Klemens results? more direct. (Klemens makes 
the same assumption.) 

Equation (32) is now evaluated for an edge disloca- 
tion, under the stated assumptions. As discussed 
previously only the large term (Eq. (25)) is considered, 
keeping only the part containing In(R/ro). Thus 


Vq—-q=ab In(R/ro)[Ji(x)/x ]j, 


(33) 
a= (1—2v)/2(1—p), 


with x=R|q’—q| ;j is a unit vector in the y direction. 
6+7 is defined as that angle which q makes with the 
positive y axis, similarly for 6’. The polarization vectors 
are chosen to be ¢q:= q/ | q| for longitudinal phonons and 
&qc=E& q/|q|, where & is some unit vector perpendicular 
to q. €qr, in general, lies out of the plane of x and y. The 
projection in the y direction contains a factor sind sing, 
where ¢ is some azimuthal angle about q. When C,,- 
is squared there appears a factor of sin*’g for each 
transverse phonon under consideration. Av eraging over 
¢, one can uplace each sin’¢ by a factor of 4. Table I 
for |C qx, q’x’ |? is found in this way. 


A(q,q') = (Nga*g'vq_4’)?. (34) 


n, ¢ are equal to q’/q for their respective cases. g’ and 
q are related by wq,=wq’x’ in all calculations. Thus for 
instance in the Debye approximation n= ¢"'=c)/c,. 

We now assume the validity of the Debye approxi- 
mation, and also put c;=c;=c=velocity of sound, so 
that »={=1. In view of the approximations made in 
evaluating C,,’ there is nothing to be gained by keeping 
the more general expressions. In order to calculate the 
thermal current rigorously one should first solve the 
Boltzmann integral equation [resulting from Eq. (19) ] 
for m,. We shall only do this assuming a relaxation time 
approximation. The thermal conductivity then follows 
from knowledge of'~4 7(q). This will also allow a more 
direct comparison with the results of Klemens.?~‘ It 
must be pointed out that the following calculation 
assumes the scattering by dislocations to be the domi- 
nant scattering mechanism, so that further considera- 
tions are necessary when there are competing mechan- 
isms. The observations of Sproull ef al.’ of the great 
decrease of thermal conductivity due to the introduction 
of dislocations into LiF indicate that this approximation 
may be quite realistic. It is assumed that other processes 
(especially ordinary 3-phonon processes which in them- 
selves cause no resistivity)'® act only to maintain the 
steady state conditions.‘ 

Following Klemens,‘ the deviation from equilibrium 
of the phonon distribution in the presence of a heat 
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TABLE I. Dependence of the structure factor |Cqa, qx’ |? 


on the polarization indices \,)’. 


ICayarn’l? 


4 ‘) cos‘@ cos‘6’ (cosé — cos6’)? 

q,q’)n? cos@ sin’8’ cos*6’ (cosé —n cosé’ * 
q, q’) 3? sin*é cos’@ cos‘0’ (cos@— ¢ cos6’) 
q,q’) sin@ cos*@ sin®6’ cos*6’ (cos@ — cosé’)* 


A(q 
( 
( 
( 


( 
rv 
1A 
14 


current is of the form 
Biss q exp( (hew/ kT) 
kT [exp( (hw RT) —1} 


(35) 


where 2 is a vector in the direction of the heat current 
and k is Boltzmann’s constant. We suppose 2 to be 
essentially independent of polarization; if it were not 
there would be some process to erase the difference in 
anisotropy. 

From Eq. (19) one can write the rate of change of the 
number of phonons of wave number q for each polari- 
zation J in detail. Then 


(36) 
(37) 


Nig=Naqit 2Naqt; 

7(q)'= —tg/Ng. 
For economy of writing it is now stated that the 
processes of Table I (A,\’)= (Jt), (tf) are negligible. 
This is found by numerical integration of integrals 
similar to (40). Then, noting that the 2 associated with 


the transverse modes cancels the } arising from the 


average, transforming Eq. (19) yields 
7(q)'= D@' cos61 (2gR,9) ; (38) 
p= [ gba In(R ry) |? (96mp*c’), (39) 


or 


. 6’—80 
ixo)= f ww sin( )| 
? 
0’+80 
< cos!’ sint( ) (cos0—cosé) (40) 
2 


In deriving Eq. (38) Eqs. (33)—(37) have been used, 


and also the relations 

(41) 
(42) 
(43) 


| q’—q| = 2g sin} (6’—8), 


cosé— cos’ = 2 sin} (6’+8) sin} (6’—8), 


Q= Na’, 


Equations (38)—(40) represent the special case in which 
the phonon current parameter % is in the y direction. 
Later a factor of the order of unity will be introduced 
to account for a random orientation of the dislocation 
with respect to 4. Note that with regard to the phonon 
current, the dependence of the integrand of /(X,) on a 
is contained in the factor (cos@—cos6’), which removes 
the contribution for 6~6’. This factor is largest for 
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backwards scattering of the phonons. The factor cos‘#’ 
enhances the peaking about the backwards direction. 

The integral (40) was evaluated numerically, for 
6=0°, 30° and 60°. It was found that J(%,@) does not 
vary rapidly with 6. A good average value of /(x,8) is 
I(x)=I(x,0). In the region of interest x>2 (i.e., 
g>R™'; the minimum g that corresponds to a phonon 
is =R“) a good approximation is /(x)=2/x°. This 
variation really arises from the Bessel function, which 
for large x gives x cos*Lx sin} (6’—0)—32/4]. The 
oscillations (as well as the angular dependence of the 
rest of the integrand) cut this down to approximately 
x*, The exact J(x) periodically decreases to zero; 
however this is due to the idealized model employed. 
The collision frequency 7! is never equal to zero. 
Other processes, the fact that dislocations will never be 
perfectly straight, etc. all combine to smooth out the 
curve near its minima. Thus we take 


(44) 


I(x)=2/x2. 
Then Eq. (38) becomes 


7(q) '=Gq cos6 | ; (45) 


G =[ gba In(R/ro) P/ (p?R°48mc°). (46) 
It is worthwhile to consider the meaning of the quan- 
tities entering into Eq. (46). First consider the loga- 
rithmic dependence on the size of the domain.'"® (We 
set the core radius equal to 6.) This term arises from 
the Fourier transform of the strain field displacement. 
Next note the factor of R~ in the denominator. This is 
just the area of the cross section perpendicular to the 
dislocation.” That is, the frequency 7~' of scattering 
decreases as the area increases. This is understandable 
from the following considerations. 

Equation (46) was calculated with the assumption 
that somewhere in the volume 2 there was a phonon 
incident perpendicular to the dislocation.” Thus the 
z direction will not enter. 

R~ is just proportional to the probability of finding 
a (localized) wave packet,” in some given region. If the 
scattering field were localized, the probability of scat- 
tering would thus vary like R-®. The factor [In(R/b) P 
counterbalancing the R~ just reflects the long range 
nature of the strain field. It is evident from the trans- 
lational invariance of the Hamiltonian in the z direction 
that the argument also holds for dislocations not in- 
cident perpendicular to the dislocation. 

The appearance of R~* is made even more perspicuous 
by considering the modification of Eq. (46) when there 
are n parallel dislocations in the crystal. This is made 
a reasonable picture of reality: for instance, consider a 


'® Note that the elastic strain energy in a crystal due to a dis- 
location is proportional to In(R/ro). 

*” Recall the integration over g, in obtaining (38). 

1 p,=const, Ac R. 

2See reference 16 for a justification of substituting wave 
packets for plane wave phonons. 
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series of concentric loops from a Frank-Read source; 
we have seen that the screw components of the loops 
do not scatter much, so that effectively the scattering 
is done by a line of roughly parallel edge dislocations. 
Further suppose that » is small enough so that the 
effective phonon wave length is less than the inter-dis- 
location spacing.?* Then the scattering probability is 
just proportional to ”. (Cf. the previous discussion.) 
R is given by nR~’=o=dislocation density ; we have**: 


G(n)=o[ gba In(R/b) P/ (48mp*c*). (47) 


Now it is necessary to make some estimate of the 
anharmonicity term g. In order to compare expression 
Eq. (47) directly with that of Klemens? it is necessary 
to relate g to Griineisen’s y, using the results of 
Klemens’ analysis.‘ Examining Eq. (35) and trans- 
forming Klemens’ expression (5.20) in reference 4 to 
our notation (putting the lattice constant a= 6), we find 


gb? 24M y2/N, (48) 


g =24pyc°. (49) 


In finding this approximate®® result each angular 
factor in (32) has been replaced by 1/v2; the sum over 
nearest neighbors is replaced by a typical number, 8. 
[If this should overestimate Eq. (32), as is possible, 
then the anharmonicity g will in fact be underestimated ; 
Eq. (48) is a rough lower bound on g.] Further, in 
Eq. (47), replace the factors (2a)?= (1—2v)?/(1—y)? by 
the typical value 3. For the present argument we 
replace cos@ by 1/v2. Then 


r(q)'Xtob-y2c{In(R/b) Pg. (50) 


It must be emphasized that the present crude argu- 
ments are necessary only to compare our formula Eq. 
(47) more directly with that of Klemens.? Formula (47) 
already includes the effect of the angular factors, etc. 
which were averaged over in deriving Eq. (49). Modi- 
fying Eq. 5.25 of reference (4) to describe an edge dis- 
location (a factor of about 1.1) and multiplying by a 
factor of +15 as indicated in reference 9, Klemens’ 
theory gives the result” 

TK(q) I >Sob'y"*cq. (51) 
The ratio B of (50) to (51) is 
B= 4[In(R/b) P. 


This equation says that the present theory predicts the 


(52) 


23 See Appendix 1. 

* This R is essentially a geometrical factor; the R in the 
logarithm represents the range of the strain field and must be 
estimated separately [see Eqs. (53) and (54) ]. 

26 Tt should be evident that (59) is only valid as to order of 
magnitude. 

26 Both (50) and (51) have assumed the temperature gradient 
to be perpendicular to the dislocation line. Klemens! has shown 
the effect of randomness in orientation may be accounted for by 
a factor of about } in (51). It is easily seen that essentially the 
same factor is correct in (47). 
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thermal resistivity of edge dislocations to be greater 
than that of Klemens by the factor 8. 

In estimating R two cases must be considered. How- 
ever, due to the slow variation of the logarithm there 
is little numerical ‘difference between the two cases. For 
a random array of dislocations 


So}, (53) 
a being the dislocation density. If dislocations are 
lying in the same slip plane, the appropriate choice is?’ 


no“, (54) 
Since o*<<6 in general, and since n is typically 30 to 
1000, the order of magnitude of 8 is usually given by 
Eq. (53). [However, systematic experiments might be 
able to check Eq. (54). ] 

The factor Eq. (52) is sufficient to explain the ob- 
servations of Sproull ef a/.7 mentioned in the intro- 
duction. In these experiments ¢ ~ 10" cm™; for LiF 
b=4A. For random dislocations this gives @=28. If 
there are n=50 (500) dislocations in an average slip 
plane then the resistivity is doubled (quadrupled): 
8=60 (120). Recalling that the experiments were 
compared to Eq. (51) before it had been multiplied by 
15, we see that indeed the factor of 10* is accounted for, 
if it is assumed that the dislocations lie in slip planes 
in groups of about 50 or more. This number is reasonable 
from the results of the careful investigation of Gilman 
and Johnston.** 

For screw dislocations it is evident that the present 
theory gives roughly the same resistivity as Klemens 
formula.? This follows from comparison of Eq. (25) 
and Eq. (28) and the final result, Eq. (50). The angular 
factors in C,q will probably make the numerical coef- 
ficient slightly different. 
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APPENDIX 1. EFFECT OF A VOLUME 
DISTRIBUTION OF SCATTERERS 


The displacement of the point m is the sum of the 
displacements due to the various imperfections at 
positions n,: 


v(m) = >i ng Va(m—n,). (A-1) 


27 Note added in proof.—A better value of R is probably 
R=(n,n/o)4, where n, is the number of slip planes per cm. 

28 J. J. Gilman and W. C. Johnston, in Dislocations and M echan- 
ical Properties of Crystals (John Wiley and Sons, Inc., New York, 
1957), p. 116. 
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The index @ in v, indicates that v.(m—m,) may depend 
on the orientation of a. Expanding (20) in Fourier 


series : 
Dig Va’ exp(iq:m) 


= afd neVa(q) exp(7q:na)} exp(tq:m). (A-2) 


In the latter expression one must be careful in defining 
v(m) as a periodic function of R= (Q)*, since a change 
of variable has occurred in evaluating the right-hand 
side. On the other hand, if the strain field is short-range 
(e.g., as for point defects but mot for dislocations) then 
this restriction may be neglected. For the important 
special cases of isotropic strain fields, and parallel 
straight dislocations with Burgers’ vectors in the same 
direction (21) reduces to 


Vq =Vq 22a Cxp(iq: Na), (A-2’) 


so that (19) is changed by the insertion of a factor 


h(q’—q)= | Xing expli(q’—q)-ma]|* — (A-3) 
under the integral sign in (19). 

In particular, for an array of straight parallel equi- 
distant dislocations lying in the same slip plane (a 
crude model of the distribution of dislocations in many 
crystals) then one has a diffraction grating for phonons, 
which will be effective for phonons of wavelength com- 
parable with the distance between dislocations. If the 
density of dislocations in a substance is such that the 
average spacing between dislocations in a slip plane is 
less than the effective wavelength of the phonons 
involved in heat transport, then one can expect such 
effects to be important. Thus the longest wavelength 
phonons see essentially the total Burgers vector of the 
array. The importance of such effects must be evaluated 
separately for each experimental situation. 


APPENDIX 2. FORM OF THE COEFFICEINTS 
bie (9,9'; q'—-q) 
Using the definition (7) one finds that (8a) can be 
written as 


bi (q, q’, Q’— 4) 
= 21D ma Ban'”*{sin[q’- (m—n)] 


—sin[q:(m—n)]—sin[(q’—q)-(m—n)]}. (A-4) 


Ban'* will be large only for |m—n| ~a, where a is 
the lattice constant. For the temperatures of interest 
ga<1 so that it is a very good approximation to expand 
the sines. The terms linear in g cancel; collecting terms 
in the next higher order gives 


bisx (q, q’, q’—q)=i Lime Ban‘*q: (m—n) 
Xq’:-(m—n)(q’—q):(m—n). (A-5) 


This is accurate to terms of order (ga)°. 
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The question of paramagnetic relaxation at low temperatures and the “phonon bottleneck”’ is discussed 
in terms of the analogy with Holstein’s theory of trapping of resonance radiation in gases. It is observed that 
the diffusion of phonon energy to the wings of the line is the limiting process, and a new mechanism for this 
in dilute cases is proposed. Since this mechanism involves the spin-spin interactions as well as phonons, it 
provides a reason for the observed increase of relaxation rate with concentration. 


T is clear that the difficulty of equilibration of the 
phonons with the temperature bath may be an im- 
portant and often dominant feature in paramagnetic 
spin-lattice relaxation at low temperatures, especially 
for those paramagnetic salts which have a fairly fast 
intrinsic relaxation rate between spins and phonons. 
Townes ef al.' have called attention to this fact and have 
performed a number of experiments which suggest that 
some salts do have their relaxation limited in this 
manner. They have also presented a theory of the 
process. 
The purposes of this note are threefold: 


(1) to point out that there is a close analogy even as 
to orders of magnitude of constants between this process 
and the trapping of resonance radiation in gases’; 

(2) to observe that the theory of Holstein* for reso- 
nance radiation trapping uses an approach quite different 
from the Townes! way of calculating the spin-lattice 
relaxation, and that on this question the Holstein 
scheme is correct ; 

(3) to add to the Holstein scheme a new concept, 
diffusion of energy through the spectrum by a specific 
new process involving the combined effects of spin- 
lattice relaxation and spin-spin interaction, which leads 
to better qualitative agreement with experiment than 
the Townes theory or the Holstein scheme transferred 
bodily to the spin case. 


First let us make the analogy quite clear. In the spin- 
lattice problem the situation described in reference 1 is 
the following: 


A crystal contains a number n~10"**°/cc of 
paramagnetic ions, which have a paramagnetic reso- 
nance line of center frequency wo and width Aw~108 
sec"! typically. An individual ion absorbs and re-emits 
phonons of frequency near wo at a rate r! which may be 
~10*/sec. These phonons are reabsorbed at a consid- 
erably faster rate because the number of ions is larger 
than the total number of phonons in the band of width 


1 Giordmaine, Alsop, Nash, and Townes, Phys. Rev. 109, 302 
(1958). See also earlier suggestions of Gorter, Van der Marel, and 
Bélger, Physica 21, 103 (1955); J. H. Van Vleck, Phys. Rev. 59, 
724 (1959). 

? Alpert, McCoubrey, and Holstein, Phys. Rev. 76, 1257 (1949) ; 
85, 985 (1952). 

° T. Holstein, Phys. Rev. 72, 1212 (1947); 83, 1159 (1951). 


Aw, which is 


dNph oS Te 
~(hAw) = 41rwy?Awe~*~ 10-10", (1) 


Noh = 
¢ 


(We assume &T so low that k7/fw is not large enough 
to affect orders of magnitude.) Thus the phonons are 
absorbed in a time 


T ph = T(Np,/n)~10-'7~ 10-9 sec. (2) 


and a distance ~10~ cm. If they are to leave the crystal 
and equilibrate with the bath, it can only be by a kind 
of diffusion through successive re-emissions and absorp- 
tions, which may take a time 7, of many (perhaps 10?) 
7; this is the observed spin-lattice time. 

The resonance radiation trapping situation is in 
principle exactly the same except that certain numbers 
are scaled and we must think in terms of photons, not 
phonons, and of excited atoms, not reversed spins. The 
gas contains a number n~10!® of atoms, a few of which 
are excited in a resonance state of frequency wo~10"* 
and width Aw~10". These will radiate spontaneously 
at a natural rate 7 of the order of 10~*/sec (several 
orders slower than Aw, as in the spin-lattice case). How- 
ever, these photons can travel only a short time and 
distance before being reabsorbed, the time again being 
determined by the number of photon states in the band 
Aw 

Nyn= 4rwrAwe?*~ 10", (3) 


and thus the photon is reabsorbed in 
Tph= T(Mpn/n)~10-® sec, (4) 


and goes only ~10~? cm. Again the process of de- 
excitation can only go on through successive re-emis- 
sions and reabsorptions. The nearly exact analogy is 
obvious. 

On point (2): Recently Townes ef al.! have proposed 
a theory of the spin-lattice system discussed above in 
which the phonons are assumed to have an energy width 
given approximately by h/7),>>h/r. If this is so, their 
widths may often extend beyond the wings of the reso- 
nance line, which leads to their actually being less ab- 
sorbed on the average; the diffusion rate is then a com- 
promise involving this effect and the dimensions of the 
sample, etc. A major consequence is the transfer of 
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excitation between lines, an observed effect which is 
claimed as experimental proof. 

The Holstein resonance trapping theory, on the other 
hand, proceeds throughout with photons of perfectly 
sharp frequencies. It is assumed (justifiably in the gas 
problem, as Holstein proves in his Appendix) that on 
each re-emission the photon appears with a distribution 
of frequency given by the actual line shape (that which 
would be observed in an infinitesimal sample). Then the 
kinetics are controlled by the fact that the wings of the 
line are far more transparent than the center, so that 
excitation persists essentially until by chance the photon 
is emitted on the wing, where its free path is larger than 
the sample size, and can fly out through the transparent 
gas. Correspondingly the phenomenon of self-reversal 
typically accompanies trapping. Holstein’s theory has 
had detailed experimental confirmation.? 

Except for slowly varying factors, in fact, the Holstein 
results can be simply computed in the following way. 
Choose a », such that k(v.)L-~1 (where k is the ab- 
sorption coefficient, L the sample size). The trapping 
time 7; in units of emission time 7 will then be the ratio 
of the whole line intensity to the intensity beyond », 
i.e., of the probabilities of being emitted in the center 
and on the wing. For Gaussian lines, Tj~koLt « nLT® 
where ko is the absorption coefficient in the center. For 
Lorentzian lines, T)~(koL)'r«< n°T-3L}, more nearly 
the Townes result. 

A simple uncertainty principle argument will show 
why the phonons have a sharp frequency and not a 
breadth h/r pn, aside from whatever external broadening 
influences act on the spins independently of the phonons. 
Consider a single reversed spin in the absence of other 
interactions. It emits a phonon only after a time 7, and 
thus its energy can be defined at least as well as h/r. 
This phonon is immediately abso:bed after 7pn. If 
Townes is right, it had an energy breadth hr,,~! and 
so it may be reabsorbed at any energy in a band of this 
width. The reabsorbing spin holds the energy, however, 
for a time 7 and so has an energy again defined to 
h/r<&Kh/7r ny; energy conservation requires that this be 
the same as the original spin’s energy, which limits the 
phonon breadth also to the natural breadth #/7. The 
interactions have the effect of limiting the spatial ex- 
tension of the phonon without necessarily broadening 
it. A phonon artifically constrained to exist throughout 
a large volume, that is to have a sharp momentum dis- 
tribution, would have a broad frequency spectrum, but 
that is not the question here.‘ 

Now we come to point (3). In the Holstein type of 


4C. Kittel, Proceedings of the Kamerlingh-Onnes Memorial 
Conference on Low-Temperature Physics, Leyden, June, 1958 
(Suppl. Physica 24, 588 (1958) ], has pointed out that actually the 
re-emitted frequency does not even have the natural breadth 1/7, 
just as in resonance fluorescence [W. Heitler, Quantum Theory of 
Radiation (Oxford University Press, Oxford, 1944)]. Thus the 
excitation transfer effects cannot even be ascribed to the extreme 
Lorentzian wings of the natural line. I am _ indebted to 
C. H. Townes for telling me of this result. 
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theory a vital part is played by the spectrum of the re- 
emitted radiation: How rapidly can the energy diffuse 
to the wings of the line, where it can radiate out of the 
system directly? In the case of truly homogeneous lines 
the answer would be immediate. In a time short com- 
pared to 7 spin-spin or other interactions would homog- 
enize the frequency of a reversed spin, the reradiated 
spectrum would be the full line shape, and the whole 
Holstein theory would be valid. This predicts a rather 
weak temperature dependence, and a concentration de- 
pendence from n°-n', Concentrated salts, for which we 
expect homogeneous lines, show neither; there is ob- 
served a rather strong temperature dependence, and a 
concentration dependence of the wrong sign. This may 
indicate either that our ideas about spectral diffusion 
are valid in concentrated salts too or that this case 
requires still more examination. 

Dilution of the paramagnetic salt (or increasing in- 
homogeneous sources of line broadening) may lead to a 
phenomenon new to the Holstein theory. The re-emitted 
phonon is not homogenized, but must have a frequency 
more or less near to the frequency which was absorbed. 
This is because under inhomogeneous conditions the 
spectral diffusion caused by spin-spin interactions alone 
slows down severely or comes to a complete stop.® 
Qualitatively we expect that now the phonons experi- 
ence much greater difficulty in getting out to trans- 
parent regions of the spectrum, so that there will be a 
very pronounced slowing of the relaxation process, 
which is exactly what is observed.® 

To understand what is happening we have to find the 
mechanism which does change the frequency of the 
excitations. This cannot be spin-spin interactions alone 
(except at an extremely slow rate)® and as we have seen 
phonon interactions are not a good candidate either.‘ 
Therefore, we look at the simplest combination of these 
two, which is the following: Surrounding any spin there 
is a group of neighbors having various interaction 
energies /(r;;) with it. If this spin has just absorbed a 
phonon, during the course of the time this spin is up 
one or more of the neighbors will almost certainly them- 
selves absorb or emit phonons. Thus the phonon will 
effectively change frequency by various combinations 
of I(r;;)’s. (One should note that all of these considera- 
tions change when the frequencies become much larger 
than kT, since then the general flip rate is much slower 
than the absorption and emission time.) A simple way 
of expressing it is the following: At each re-emission the 
phonon has a frequency distribution which is very 
nearly that of the emitting spin caused by its spin-spin 
interactions alone. The breadth of this distribution is 
roughly (for dipolar interactions) y?/r’ in energy, so 
that every + seconds the phonon may change by this 
frequency. Then we may very qualitatively expect that 


5 P. W. Anderson, Phys. Rev. 109, 1492 (1958). 
6 See for instance Gorter, Van der Marel, and Bélger, Physica 
21, 103 (1955) and references therein. 





1004 Pow. 


since NhAwr'y~ is the number of steps of this size to 
the transparent regions at the sides of the line, the time 
taken and thus the observed 7; will go as N?« n~, not 
inconsistent with the observations in some cases. Note 
that there is approximate independence of sample size 
in this region. 

In the Appendix we discuss these processes in detail, 
and also show how phonons may, with a reduced prob- 
ability, even exchange energies considerably greater 
than the individual spin-spin interactions, thus ex- 
plaining transfer of excitation over fairly large gaps in 
the spectrum.! 

At great dilutions the extreme, Lorentzian wings of 
the dipolar interaction line may take over, in which case 
one can argue that the density dependence may be 
slower, even as slow as n. We should emphasize that 
here as in the Holstein theory the extreme wings of the 
lines, and thus close pairs or triplets of spins, play an 
important role; they alone may often be enough to 
transfer excitation from one apparently distinct hyper- 
fine line to another. 

At great dilutions or large inhomogeneities various 
new mechanisms will appear. Ideally, eventually the 
diffusion time to the extreme wing will become longer 
than the time to go directly without change of frequency 
to the surface, which goes as (L/m.f.p.)?« n?, and there 
will be a region 7,«n® decreasing to the true spin- 
lattice time r. More likely in many cases is that some 
paramagnetic impurity of short relaxation time (and 
thus of large phonon capture cross section), will capture 
the phonons before they diffuse out of the line and trans- 
form their frequency very quickly to a transparent 
region. The likelihood of this increases as 1/n so the 
relaxation time may slowly curve over and enter a size- 
independent 7, « m region.’ Even in such density regions, 
however, there may be observed a relatively rapid 
transfer of excitation by the spin-spin mechanism from 
one region of the line to another with a time constant 
« 2~* or less, as is seen in the Ni fluosilicate experiments 
of Mims and Bowers.*® 

One final comment, related to the explanation of still 
another experiment : One may expect many rather com- 
plex phenomena, like the “quenching” phenomena of 
gas problems, related to the effects of impurities, espe- 
cially when these have fast intrinsic relaxation times. 
As an example, one might interpret the experiments of 
Feher and Scovil® on the Gd-Ce ethyl sulfate system as 
follows: Suppose that both the Gd and Ce lines are 
hindered in their relaxations by phonon diffusion effects, 
this hindrance being slight for the Gd but rather larger 
for Ce. At the higher temperature, however, Ce relaxes 
freely because of an extremely fast intrinsic relaxation 
rate or a Raman process, so that the rate of the Gd is 

7G. Feher suggests that indirect, Raman phonon processes may 
take over in the low concentration region, leading to a concentra- 
tion-independent, highly temperature-dependent region. 

8’ W. B. Mims and K. D. Bowers (private communication). 

® G. Feher and H. E. D. Scovil, Phys. Rev. 105, 760 (1957), and 
private communication. 
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controlled simply (when the lines coincide) by the time 
Taga required to emit a phonon. The Ce absorbs phonons 
so readily that its full effect is felt far out on the wing 
where only a few Ce are available to absorb. 

At the lower temperature, the Ce relaxation rate is 
much slower, but still sufficiently faster than Gd that 
the Gd relaxation rate increases practically to tgaq7. 
The reason why the relaxation time decreases to less 
than that of Ce may be that under normal circumstances 
the Gd represents a purely inhomogeneous broadening 
mechanism as far as Ce is concerned. When the lines 
coincide, however, coupling between the two allows the 
Gd spins to flip faster thus also increasing the rate of 
spectral diffusion for Ce; alternatively, the Ce may be in 
the 7,«<n* region, and an effective broadening then 
makes the medium more transparent. 

The above is an attempt not at a general explanation 
of all low-temperature spin-lattice relaxation phe- 
nomena but of some fraction of them, those which are 
limited by the “spin-resonance trapping of phonons.” 
The concepts here presented, if not the whole story, 
must play an important role in such phenomena. On 
the other hand, undoubtedly there are cases, especially 
those with long spin-lattice times, which do not involve 
trapping ; perhaps also there are cases of direct spin-spin 
interaction effects. 
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APPENDIX. DETAILED DISCUSSION OF THE 
SPECTRAL DIFFUSION PROCESS 


One can think of the processes by which the spin 
interactions change the phonons’ energies as inelastic 
scatterings of pairs of phonons against each other 
through the spin interactions. The requirement of the 
phonon pair as well as of the spin interaction may most 
easily be seen by considering a two-spin system for 
which we choose a Hamiltonian with a specially simple 
interaction 


H=0151-+ 2502+ V 19512592. (5) 


The energy-level diagram is shown in Fig. 1. Suppose 


2 By Fic. 1. Energy levels of a 
simple two-spin system. 
Arrows show scheme dis- 
cussed in text. 
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we start in the state B(1)a(2). Then spin 1 can absorb a 
phonon of energy w:+V 1, and after a time 7 this may 
be re-emitted by spin 2 at w.+Vi2: Apparently our 
phonon has changed by w;—w». This is, however, falla- 
cious because the system is in the state ai82 now and 
still can re-emit w:—V 2. with unchanged probability ; 
i.e., it still contains the first phonon. Clearly the only 
safe way to consider the system is in terms of a cyclic 
process by which we start (say) in 8182, absorb w:— V2 
and wotVy., then re-emit w:+Vi2 and w—V to 
return, thereby effectively scattering these two phonons 
against each other and interchanging the interaction 
energy Vi. It is only because such a collision will 
probably occur during a phonon’s stay on a spin that 
the process appears to involve simply the spin inter- 
actions and a single phonon. 

An anomalous situation where only single phonons 
are involved has been noted by Mims’: Inhomogeneous 
broadening when single spins have two randomly placed 
possible final states. This three-level system is much 
more complex. However, experimentally it will act 
quite differently from spin interactions. Suppose we 
saturate it with a frequency w;. There will be a series of 
w»’s at which the spins excited by w; can also emit. After 
the initial pulse these w2’s have decreased susceptibility 
also: They are partly saturated and represent a breadth 
of the initially saturated packet. Emission of phonons 
at either w; or we leads at first to recovery of the line. 
That is, this three-level width acts like a true homo- 
geneous width of the initial spin packets, which does 
not seem to explain Mims’ observations. 

In the three-interacting-spin case comes our first en- 
counter with a new phenomenon: True shifts in fre- 


quency by much more than the spin interaction (at 


correspondingly reduced rates). A typical system in 
which this might occur involves three spins of equally 
spaced frequencies wo— Aw, wo, wo+ Aw, with the follow- 


ing interactions: 


H = (wo— Aw) 51. + w522+ (wo + Aw) 53; 


+ V 1251452 +51524) + V03502532. (6) 


An example of the kind of process which might occur is 
the following: If Vy2 is small compared to Aw we can 
approximately label the states according to the separate 
spins, and we start with the state labeled ‘Bia283.’’ We 
absorb phonons at wo+Aw and wo—Aw by the usual 
process, arriving at a;a.a;. Again by the usual process 
we emit wo, arriving at ‘a 8.03.” 

Because of the interaction V2, this state is not pure 
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—B, A.B; 


Energy levels of a three-spin system and a possible 
Dotted line is forbidden in the absence of 


Fic. 2. 
transition scheme. 
interaction 
but is approximately 

“a Boa; = (aiBo— eB ia2)a3, 


¢€= V 2 ‘Aw. 


(7) 
(8) 


Unfortunately, this is nearly orthogonal to the 1-2 com- 
bination occurring in ‘“B,a83’’, which will be 


Bi a083” = (Bia2+ €'a182)B3. 


But in the presence of the V3 interaction, e¢’ differs 
from e by an amount V»2;/Aw because of the different 
energy denominator. Thus there is a matrix element for 
returning to “Ba083” of order Vi2V23/(Aw)*, and a 
probability . 


(9) 


P (a+ Aw,wo— Aw — wo,wo)YV 12?V2x7Aw. = (10) 


Figure 2 shows an energy-level diagram and the cycle 
we describe. Since in many physical cases Vi2 or V2; or 
both may be quite large relative to Aw, this may be a 
perfectly valid way of explaining transfer of excitation 
over fairly large energy ranges. For instance, in the Cu 
salt reported by Townes ef al.,! his estimate of r~10 
sec means that in the one second before observation, 
excitation could be transferred to the order of several 
times the nearest neighbor Vj. or ~10 gauss, or easily 
over the observed distances, especially considering that 
it need go only by successive jumps from one line to its 
neighbor. 
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Lifetimes and Capture Cross Sections in Gold-Doped Silicon 
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The free lifetimes of electrons and holes in gold-doped silicon were determined by applying an electric field 
and measuring the amplitude of the pulses produced by a-particles. Knowing the impurity concentrations 
and assuming that the lifetime is determined primarily by capture at the gold-sites, the cross sections for 
capture were calculated. The value for either electrons or holes at neutral gold sites is 2X 10~'5 cm? and at 


oppositely-charged sites, 110" cm’. 


I. INTRODUCTION 


HE free lifetimes of carriers in semiconductors 

have been determined by numerous methods.! To 
relate these measured lifetimes to the capture cross 
sections of known impurity sites, the density and charge 
state of these sites must be accurately known and the 
lifetime must depend primarily upon capture at these 
sites. At the present state“of the art, this implies a 
doping level greater than 10" atoms/cm‘, and hence, 
lifetimes considerably less than a microsecond. Life- 
times of this order of magnitude are difficult to measure 
by conventional methods. 

In this investigation, lifetimes of both holes and 
electrons were determined by employing the semicon- 
ductor as a crystal counter and measuring the amplitude 
of the pulses produced by bombardment with alpha 
particles. Holes and electrons in equal numbers are 
produced along a path of about 25 microns by an alpha 
particle penetrating the surface. By applying a field of 
the correct polarity perpendicular to this surface, volt- 
age pulses are induced in the electrodes by the motion 
of either the holes or the electrons. The density of 
equilibrium carriers must of course not be so great as to 
mask the effect of the approximately 10° carriers pro- 
duced by the alpha particle. This limits the method to 
materials having a resistivity greater than about 10’ 
ohm-cm. The same method has been employed by others 
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Fic. 1. Arrangement used for determination of lifetimes 
in silicon using a particles. 


* Operated by the General Electric Company for the U. 5 


Atomic Energy Commision. 
! G. Bemski, Proc. Inst. Radio Engrs. 46, 996 (1958). 


using either alpha particles, light or electron beams, as 
the source of ionization.?~ 

The magnitude of the pulse, A, for a crystal thickness, 
d, (which is large compared to the range of the alpha 
particle) is given by the equation®: 


A=A,(urE/d) (1—e—4/#7£), (1) 


where A,,, the maximum pulse height, corresponds to 
collection of all the charge. Thus, by measuring A as a 
function of the electric field, E, the value of ur may be 
determined. The mobility u, can be either estimated or 
determined by other measurements. 


II. EXPERIMENTAL METHOD AND RESULTS 

The samples of gold-doped silicon were grown from a 
doped melt in quartz crucibles.* Details of their prepa- 
ration and properties of these materials have been 
reported.” The impurity concentrations were deter- 
mined from Hall measurements or from the segregation 
coefficients and impurity concentrations of the melt 
during crystal growth. 

Most of the samples were prepared by cutting wafers 
of 5-10 mm? area and thicknesses varying from a few 
tenths of a mm to several mm. They were etched in 
CP-4 and thin gold electrodes evaporated on the two 
large faces. Electroplated contacts were difficult to 
apply because of the high resistance of this material, 
but appeared to give equivalent results. 

A thorough study of the effect of unetched surfaces 
was not made, but in the few cases that this was tried, 
no significant variation was observed. 

Another geometry that can be used is that obtained 
by placing a strip of material across the face of the 
etched crystal and evaporating gold onto this face. By 
applying voltage across the resulting surface gap and 
restricting the alpha radiation to only one side of the 
gap, measurements may be obtained which correspond 
closely to those obtained by the normal procedure. 
However, unless the carrier being studied can be made 

2 W. Lehfeldt, Nachr. Ges. Wiss. Gottingen 2, 171 (1935). 

3K. G. McKay, Phys. Rev. 74, 1606 (1948). 

4P. J. Van Heerden, Phys. Rev. 106, 468 (1957). 

5K. Hecht, Z. Physik 77, 235 (1932). 

6 The crystals, together with their impurity concentrations, 
were supplied by C. B. Collins and R. O. Carlson of the General 


Electric Research Laboratory. Pe 
7 Collins, Carlson, and Gallagher, Phys. Rev. 105, 1168 (1957) | 
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CAPT I 


to drift a much greater distance than the other carrier, 
it becomes difficult to separate the contribution of each 
to the pulse amplitude. Also, for gaps as large as 4 mm, 
the recombination introduced by unetched surfaces 
becomes appreciable. 

The sample was cemented to a sapphire slab soldered 
to the end of a metal Dewar as in Fig. 1. A piece of gold 
leaf was inserted between the sapphire and silicon to 
make contact with the under surface electrode. In many 
cases, gold was evaporated only onto the surface ex- 
posed to alpha radiation and the gold leaf itself used as 
the other electrode. This seemed to have no effect on the 
behavior of the crystal except to perhaps increase the 
polarization of the crystal due to trapped charges at the 
boundary. 

The radiation used was 5.14-Mev alpha particles from 
a thin film of sputtered Pu. The intensity was about 
150 alpha/mm? sec. Both the samples and alpha source 
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Fic, 2. The amplitude of the integrated current pulses produced 
by @ particles, plotted as a function of the voltage across the 
crystal Ingot No. 315-3, thickness d=0.083 cm; n-type. 


were enclosed in a chamber evacuated to about 10~° 
mm Hg. The integrated current pulses were amplified 
by a conventional low-noise preamplifier and the ampli- 
tude measured on an oscilloscope. For pulse heights 
approaching the saturation value, very uniform pulses 
were usually obtained and the pulse height could be 
estimated to about 2%. For low fields or low lifetimes, 
in which case the pulse height is only a sma'] fraction of 
the saturation value, the pulse heights were not as uni- 
form and the average amplitude was estimated to 
within 10-20%. At liquid nitrogen temperature and low 
voltages, polarization effects were usually observed 
which gradually reduced the uniformity and amplitude 
of the pulses after application of a steady de field. By 
raising the temperature to increase the conductivity, 
this effect usually could be eliminated without greatly 
increasing the noise level, but equivalent results were 
obtained by simply measuring the initial pulse heights 
after application of the field. For properly prepared 
samples and fields below about 10* volts/cm, the noise 
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Fic. 3. The value of urE/d derived from the pulse-height data of 
Fig. 2, plotted as a function of the voltage across the crystal. 


level of about 20 microvolts was due to the amplifier 
alone. 

Figure 2 shows a typical plot of pulse height as a 
function of applied voltage showing the close approach 
to saturation that can be obtained for ur values of the 
order of 10-4 cm?/volt. 

For obtaining the value of ur from these data, values 
of A/A,, are evaluated using either the measured value 
of A, or if not attainable, that calculated using 3.60 
ev/pair,® and the system calibration for known amounts 
of charge. From Eq. (1), the corresponding values of 
utE/d are obtained and plotted as a function of the 
applied voltage. The slope of the straight line through 
these points is u7/d®. Figure 3 shows the data of Fig. 2 
plotted in this fashion. As urE/d is very sensitive to 
small changes in the pulse height near the saturation 
level, too much weight cannot be given to values of 
utk/d above about 1 or 2. 

It is to be expected that for fields above 10° volts/cm, 
the decrease in mobility at high fields would become 
evident in the pulse-height data. For the longer lifetime 
carriers, however, the pulse height is insensitive to 
changes in mobility by the time these high fields are 
reached. For the low-lifetime carriers, the measured 
values of urE/d in the 10° to 104 volts/cm range fall 
increasingly below the values obtained by extrapolating 
the low-field values. Although the lack of precision in 
these measurements together with differences in doping 
and temperature make difficult any comparison with 
the available data on high-field mobilities in silicon,’ 
the deviations noted were approximately those to be 
expected. 

Table I lists the significant properties of the four 
samples of gold-doped silicon that were studied. The 
mobility values that are not in parentheses were ob- 
tained by measuring the rise time of the nearly-saturated 
pulses on a wide-band-width oscilloscope. As this results 
in a rise time of the order of 10~* sec, the accuracy of 
these measurements is low—-about +20%. The values, 
however, showed good agreement with the calculated 

8’ W. D. Davis, J. Appl. Phys. 29, 231 (1958). 

9E. J. Ryder, Phys. Rev. 90, 776 (1953). 
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TABLE I. Properties of gold-doped silicon at 77°K. 


Capture 
site and 
density 
(cm~4) 


Ingot 
number Mobility 
and (cm?/volt 
section Type sec) 


Cross 
section 
(cm?) 


Mean life 


Electrons 

309 (5.5 K 108) Au®, 15 K104 
309 6x10 Au’, 5 X104 
315 10 K108 Au®, 4X10" 
308 (6 X10*) Au’, 2X10" 

Holes 
5 X10'4 
2x10" 
<10 
6x10" 


2x10" 


0.6 X10 


1.5 X10 
0.7 X10" 
>vU.4 X10™ 


1.3 X10 

7X10 
2.4 X10 
6.0 X10 


309.7 2xK10° Au’, 
309 (2 K 108) Au’, 
315 2.5 K108 Au’, 
308 * 2108 Au®, 


mobilities based on the density of charged impurity 
centers.’° The values in parentheses were not measured, 
but are estimated values based on a comparison of the 
calculated and observed values for the other samples. 

Table II lists the measured values of ur for different 
thicknesses. Except for ingot 309-3, good agreement was 
obtained for duplicate samples of different thicknesses. 
The reason for the poor results from 309-3 is not known, 
but it appears to lie in the crystal itself rather than in 
any error in measurement. The pulses exhibited un- 
usual changes in amplitude with time and rate of alpha 
bombardment which were not observed in the other 
crystals. (Gold-doped and nickel-doped germanium 
show similar effects and give ur values which increase 
with crystal thickness.) For this reason, the values of 
ur for 309-3 can be considered only approximate and 
may differ from the true value by as much as a factor 
of z 

No detailed study was made of the variation of ur 
with temperature because the temperature may be in- 
creased to only about 170°K before the increased noise 
makes even rough measurements impossible. In the few 
cases studied, however, no great variation was noticed. 
For holes in p-type material or electrons in n-type 
(capture at neutral sites), the uz values decreased about 
a factor of 2-4 as the temperature increased from 77°K 
to 170°K. As this is the expected decrease in mobility, 
the lifetime must be approximately constant in this tem- 
perature range. Holes in n-type material exhibited a 
similar behavior, but for electrons in the p-type crystal, 
the value for ur increased about a factor of two. 

The lifetimes shown in Table I were obtained from 
the average value of ur and the measured or estimated 
value for the mobility. 

For calculating the cross section, it was assumed that 
capture was due solely to the added deep-level impuri- 
ties and that once captured, the carrier made no further 
contribution to the pulse of conductivity. It was also 
assumed that the capture cross section associated with 
carriers and sites of unlike charge was much greater 


1 EF. M. Conwell, Proc. Inst. Radio Engrs. 40, 1330 (1952). 


210°" 
3x10°'® 


3X10°'5 


DAVIS 


TABLE II. Measured values of mobility X lifetime in 
gold-doped silicon. 


(ur) 


MT)p 
(cm?/volt) 


Thickness (ur)n 
(cm) (cm?/volt) 


0.41 1.4 10-4 
0.087 1.6X10~ 
0.041 
0.035 
0.117 
0.058 
0.083 
0.041 
0.124 


Ingot number 
and section 


309-7 
309-7 
309-7 
309-3 
309-3 
309-3 
315-3 
308-4 
308-4 


2.6X 10~* 
2.6X 10-6 
0.8X 1075 
1.9 1075 


S2xX10-* 
6.6X 10™4 
3.1 1074 
7.3% 10-4 6.0K 10" 
P 1.3104 
. 141X<10"* 


3.4XK 10 
3.7X10 


than that for neutral sites; and the cross section for 
neutral sites was greater than that for carriers and sites 
with charge of the same sign. This last assumption is 
based not only on the repulsion of like charges, but also 
on the fact that no stable doubly-charged states for gold 
in silicon are known.’ 

At liquid nitrogen temperature, essentially all the free 
carriers which, in the absence of the gold, would nor- 
mally be present are “frozen out.”’ Thus, the density of 
charged gold sites is taken to be equal to the density of 
net shallow donors or acceptors, as the case may be. 
The density of neutral gold sites is then simply the 
excess of gold over that needed for compensation. These 
values are listed in Table I. 

The average thermal velocity of electrons and holes 
used in calculating the cross section was 1.3 X 107 cm/sec 
and 1.0107 cm/sec, respectively. 


III. CONCLUSIONS 

The cross sections so obtained show reasonably good 
agreement between samples. There is no apparent dif- 
ference between holes and electrons at either neutral 
sites or oppositely-charged sites, the cross sections being 
approximately 2 10-'® cm? and 1X10~" cm, respec- 
tively, for the two types of sites. 

For charged sites, Bemski!-" obtained cross sections 
near room temperature which, when extrapolated to 
77°K, give a value of 2X 10—" cm? for holes at Au~ and 
1X10-" cm? for electrons at Au*. These values agree 
quite well with those obtained in this study. For neutral 
sites, Bemski obtained values of 5X10-'® cm? and 
>10~'* cm? for electrons and holes, respectively. No 
dependence on temperature was observed, but his meas- 
urements do not preclude a small temperature depend- 
ence of the order of 7~?. 
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1G. Bemski, Phys. Rev. 111, 1515 (1958). 
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Crystal Structure of Helium Isotopes* 


JERRY DONOHUE 
Department of Chemistry, University of Southern California, Los Angeles, California 
(Received December 29, 1958) 


The neutron difiraction data of Henshaw for crystalline He have been treated by the method of least 
squares to obtain revised values of the lattice constants and their standard errors. The values so obtained, 
together with the pressure-volume-temperature data of Dugdale and Simon, are used to make a direct 
comparison with the interatomic distances and molar volume for 8-He’, which is also hexagonal close-packed. 


ENSHAW’ has recently reported the results of his 

neutron diffraction study of solid helium (He’‘) 
at 1.15°K and 66 atmos. The structure is hexagonal 
close-packed. Six powder lines were observed, but the 
stated lattice constants of a=3.53+0.03 A and c=5.76 
+0.05 A (c/a=1.631) do not lead exactly to the 
calculated spacings given in the paper; in fact when the 
above lattice constants are used to recalculate the 
spacings, all are found to be too large. The observed 
spacings were therefore used to obtain new values for 
the lattice constants by the method of least squares. 
The quantity minimized was }° (qois—Yeate)”, all obser- 
vations being given unit weight (g=4sin*@/\"). The 
lattice constants thus obtained are a=3.531+0.006 A 
and c=5.693+0.010 A (c/a=1.612+0.004), where the 
quoted uncertainties are the standard deviations, and 
are considerably smaller than the uncertainties given by 
Henshaw. Henshaw’s errors were obtained ‘“‘by inspec- 
tion of the data,” so their exact meaning is not clear. 
The good internal consistency of the data suggests that 
the precision to be attached to the lattice constants is 
higher than Henshaw estimated, although of course the 
standard deviations as obtained from the least squares 
treatment in the usual way do not include any sys- 
tematic errors which may have occurred. The agreement 
between observed and calculated quantities is presented 
in Table I. Schuch? has recently reported a preliminary 
value of 1.594 for’the axial ratio of He* at 175 atmos 
and about 1.7°K, as obtained by the Laue x-ray 
method. 

The calculated density is 0.216 g/cm*, and the molar 
volume is 18.51+0.23 cm*, this latter value being in 
excellent agreement with the value 18.55 cm* inter- 
polated for 66 atmos and 0°K from the data of Dugdale 
and Simon.’ The thermal expansion between 0°K and 
1.15°K is of course very small. Dugdale and Simon’s 
data for the molar volume at 177 atmos and 0°K 
interpolate to a value of 16.34 cm’. 

The structure of B-He* at 3.3°K and 177 atmos was 


* This work was supported by a grant from the National Science 
Foundation. 

1D. G. Henshaw, Phys. Rev. 109, 328 (1958). 

2 A. F. Schuch, in Proceedings of the Fifth International Confer 
ence on Low-Temperature Physics and Chemistry, edited by 
J. R. Dillinger (University of Wisconsin Press, Madison, 1958), 
». 79. 
Py J. S. Dugdale and F. Simon, Proc. Roy. Soc. (London) A218, 
291 (1953). 


recently shown by Schuch, Grilly, and Mills' to be 
hexagonal close-packed, with a=3.46+0.03 A and 
c=5.60+0.03 A (c/a=1.618+0.016). It is interesting 
to note that the axial ratios for He’ and He’ are the 
same within experimental error, and that they are 
both smaller than the ideal value of (8/3)!=1.633. 
(Many elements which crystallize with the hexagonal 
close-packed structure show axial ratios which are a 
percent or more smaller than the ideal value.) 

It is now possible to make a direct comparison 
between the interatomic distances in He! (at 1.15°K, 
calculated for 177 atmos on the assumption that the 
axial ratio is unchanged from the value found at 66 
atmos) and He? (at 3.3°K and 177 atmos). The values, 
for the twelve nearest neighbors in each, are: for He’, 
six at 3.38, A and six at 3.359 A, average 3.374 A; for 
He’, six at 3.46) A and six at 3.449 A, average, 3.45) A. 
The fractional increase from He? to He? is 0.023. Other 
examples of directly observed increases in interatomic 
distances due to zero-point energy increases include 
Li’ and Li’, where the fractional increase® is 0.0004 at 
20°C, and LiF and Li®F, where the fractional increase® 
is 0.0002 at 25°C. 

There is an estimate by London’ that the molar 
volumes of He* and He*® should be 28 cm* and 37 cm‘, 
respectively (pressure and temperature unspecified). 
These figures correspond to a fractional increase in 
interatomic distance of 0.097 as compared with the 
observed value of 0.023. The method used by Covington 
and Montgomery’® to calculate the increase expected in 
the case of the lithium isotopes does not appear to be 
appropriate for use in the case of helium. 


TABLE I. Diffraction data for He‘ at 1.15°K and 66 atmos 


hkl dobs(A) deate(A) q a 


0.1069 
0.1234 
0.1378 
0.2303 
0.3208 
0.3846 


0.1072 
0.1223 
0.1372 
0.2289 
0.3210 
0.3858 


3.058 
2.847 
2.694 
2.084 
1.765 
1.612 


100 3.054 
002 2.86 
101 2.70 
102 2.09 
110 1.765 
103 1.61 


4 Schuch, Grilly, and Mills, Phys. Rev. 110, 775 (1958). 

5 E. J. Covington and D. J. Montgomery, J. Chem. Phys. 27, 
1030 (1957) 

6 J. Thewlis, Acta Cryst. 8, 36 (1955). 

7H. London, quoted in reference 6. 
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Specific Heats of Ammonium, Potassium, and Sodium Chloroiridates 


C. A. BAiLey anv P. L. Smitn* 
Clarendon Laboratory, Oxford, England 
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The specific heats of ammonium, potassium, and sodium chloroiridate have been measured between 
1.5°K and 20°K ; anomalies of the A-type were found at 2.15, 3.05, and 3.95°K for the ammonium, potassium, 
and sodium salts, respectively. These results confirm some conclusions drawn from magnetic susceptibility 
values. The difficulties involved in the correct analysis of this type of specific heat measurement 


are discussed. 


XTENSIVE investigations of the magnetic prop- 
erties of chloroiridate salts have been made in 

this Laboratory during the past few years.’ Part of 
the program was to measure the specific heats of these 
salts. The paramagnetic resonance work on low con- 
centrations of iridium ions present in ammonium chloro- 
platinate indicated that there might be antiferromag- 
netic transitions in the liquid helium temperature range 
in the chloroiridate salts. Antiferromagnetic transitions 
are accompanied by a A-type anomaly in the specific 
heat and the presence of such an anomaly provides the 
most distinct confirmation that there is such a transi- 
tion. Accordingly, we have made specific heat measure- 
ments on the face-centered cubic salts, (NH,4)2IrCl. and 
KeIrCle, and on the triclinic salt, NaeIrCls-6H.O. 
Anomalies of the A-type were found at 2.15°K, 3.05°K, 
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° rk 10 
Fic. 1. The A-type anomalies in the specific heat of ammonium, 
potassium, and sodium chloroiridates. 


* Present address, National Physical Laboratory, Teddington, 
Middlesex, England. 

1J. H. E. Griffiths and J. Owen, Proc. Roy. Soc. (London) 
A226, 96 (1954). 

2 Griffiths, Owen, Park, and Partridge, Phys. Rev. 108, 1345 
1346 (1957); Proc. Roy. Soc. (London) (to be published). 

3 Cooke, Lazenby, McKim, Owen, and Wolf, Proc. Roy. Soc. 
(London) (to be published). 


and 3.95°K in the specific heats of the ammonium, 
potassium, and sodium salts, respectively, as are shown 
in the figure. The measurements were made in the tem- 
perature range 1.5°K to 20°K. 

The transition temperatures can be defined as the 
temperature of the peaks in the specific heat curves. 
It was found that these temperatures for the ammonium 
and the potassium chloroiridates correspond to those 
at which the susceptibilities show the greatest rate of 
decrease with temperature.’ 

The salts were prepared by Johnson Matthey of 
London and classified as high-purity material. They 
were all fine powders and preliminary experiments on 
the ammonium salt showed that it could be cooled 
through the anomaly only with difficulty. This problem 
was overcome by using a calorimeter containing a set 
of eight radial fins made of thin copper sheet. 

The anomalous entropy was found to be of the order 
of Rin 2 for each salt as was to be expected for a system 
with spin 3. This approximate result was found by 
roughly fitting those parts of the specific heat curves 
lying well above the peaks to equations of the form 


C=C ‘lattice +Canomaly, 
assuming that 
Ciattice= A T*, 
and 
i "anomaly = b 77. 


In fact, the experimental resulis did not fit closely a 
curve of this form, which is not surprising in view of 
these assumptions. For the anomalous specific heat to 
vary as 1/7, the temperature must be well above the 
transition temperature; but here the lattice is unlikely 
to vary as T°. 

Measurements on the diamagnetic ammonium, potas- 
sium, and sodium chloroplatinates are, however, to be 
made in the near future, since the specific heats of these 
salts should represent very closely the corresponding 
lattice terms of the chloroiridates and enable the anom- 
alous contributions to be evaluated more accurately. 

We are grateful to Dr. J. H. E. Griffiths and Dr. J. 
Owen for suggesting these measurements and for sev- 
eral helpful discussions. 
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Diffusion, De-excitation, and Three-Body Collision Coefficients for Excited Neon Atoms 
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(Received December 31, 1958) 


Diffusion coefficients, de-excitation cross sections, and three-body collision coefficients for neon atoms 
of the 1s?2s?2°3s configuration are obtained from optical absorption measurements of relative decay rates 
and relative densities of excited atoms following a pulsed discharge. Atoms in the lower metastable (°P2) 
and the lower radiating (*P;) states are destroyed by diffusion to the wall, three-body collisions involving 
two ground state atoms, and the escape of imprisoned resonance radiation. The diffusion coefficient at unit 
neon density and 300°K for the metastable states is 5.5 10'* cm™ sec™!. The rate of escape of resonance 
radiation agrees with the predictions of Holstein’s theory. At 300°K the average cross section for collisional 
de-excitation of *P; atoms to the *P2 state is 5X 10~ cm? and is about 6X10~*° cm? for the *P» to *P; and 
’P to *P2 transitions. The cross section for the *P; to *P2 de-excitation increases by an order of magnitude 
between 200°K and 500°K and is three times larger for de-excitation by helium than by neon at 300°K. 
The three-body collision coefficient for the *P2 state is 5X 10~ cm®/sec at 300°K and 5X 10-*5 cm®/sec at 
77°K. Estimates of average cross sections for de-excitation by thermal electrons give 10~ cm? for the *P, 
to *P process and 107" cm? for the *Po to *P; transition. 


I. INTRODUCTION 


INCE the original measurements of the lifetimes of 

the metastable states of neon by Meissner and 
Dorgelo,! a number of attempts have been made to 
account for the observed pressure dependence of the 
lifetime in terms of the processes responsible for the 
destruction of the metastables.2~* More recently, it 
became apparent that the metastable destruction could 
not be accounted for simply by assuming that the 
metastable atoms are destroyed upon diffusion to the 
wall and by excitation to a radiating state.®.® Further- 
more, it was found that except for the lower metastable 
state, the rates of decay of the excited atom density 
varied strongly with the intensity of the discharge 
used to create the metastables.* This difficulty has 
been overcome by Dixon and Grant.’ 

In this paper, it will be shown that the observed 
dependence of the lifetime of the lower metastable state 
of neon on gas density and the size of the absorption 
cell can be explained by assuming that the metastables 
are destroyed upon diffusion to the wall of the absorp- 
tion cell, by excitation to the nearest radiating state 
in a collision with a neutral atom, and by three-body 
collisions involving two neutral atoms. It is necessary 
to take into account the imprisonment of the resonance 
radiation emitted by the radiating state.?* The destruc- 


1K. W. Meissner, Ann. Physik 76; 124 (1925); and H. B 
Dorgelo, Z. Physik 34, 766 (1925). 

2 W. de Groot and F. M. Penning, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1933), Chap. 2, Sec. 82. 

3A. G.C. Mitchell and M. W. Zemansky, Resonance Radiation 
and Excited Atoms (The Macmillan Company, New York, 1934) 
Chap. IV, Sec. 13. 

4J. M. Anderson, Can. J. Research 2, 13 (1930); and 7, 434 
(1932). 

5F, A. Grant, Phys. Rev. 84, 844 (1951); F. A. Grant and 
A. D. Krumbein, Phys. Rev. 90, 59 (1953); and D. J. Eckl, 
Can. J. Phys. 31, 804 (1953). 

6 A. V. Phelps and J. P. Molnar, Phys. Rev. 89, 1202 (1953). 

7 J. R. Dixon and F. A. Grant, Phys. Rev. 107, 118 (1957). 

8A. V. Phelps, Phys. Rev. 99, 1657(A) (1955); and 100, 
1230(A) (1955). ’ 


tion of the upper metastable state is quantitatively 
accounted for when experimental conditions are such 
that the destruction by slow electrons is negligible. 
Finally, estimates are made of the coefficients for the 
interactions of electrons with the metastable atoms. 


II. THEORETICAL EXPRESSIONS FOR DECAY 
FREQUENCIES 


Figure 1 shows a simplified term level diagram for 
neon with the ground state, the four states of the 
1s°2s?2p°3s configuration and one of the ten states of 
the 15°2s°2p°3p configuration.® The *P2 and *P» states 
are metastable because of selection rules forbidding 
electric dipole radiation to the ground state. The !P; 
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Fic. 1. Simplified energy level diagram for neon showing the 
ground states, the four levels of the 15?2s?2p53s configuration, and 
one level of the 15?2s?2p53 configuration. In the 2953s configura- 
tion the *P2 and *Po states cannot radiate electric dipole radiation 
in transitions to the ground state and so are metastable. The 
3P, and 'P states emit the 743A and 736A lines, respectively. 


* The energy levels are taken from C. E. Moore, Atomic Energy 
Levels, National Bureau of Standards Circular No. 467 (U. S. 
Government Printing Office, Washington, D. C., 1949), Vol. I, 
p. 77. The Paschen notation listed in this reference is used for 
the states of the 15?25?2p53p configuration. 
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state radiates to the ground state by an allowed electric 
dipole transition. The*P,state can radiate to the ground 
state as a result of mixing of the singlet and triplet 
wave functions, i.e., lack of pure Russel-Saunders 
coupling."” We are interested in determining those 
processes which return the excited atoms to the ground 
state. Figure 1 shows that the *P,, *Po, and 'P; states lie 
0.0517, 0.0963, and 0.229 electron volts above the *P»2 
state’ so that at 300°K (k7/e=0.026 ev) an appreciable 
fraction of the neutral atoms will be capable of causing 
transitions between the excited states. This means 
that any analysis of the loss of metastables must allow 
for the conversion of atoms in the metastable states 
into atoms in the radiating states. Furthermore, the 
fact that the radiating states of the 2p°3s configuration 
are resonance states means that the radiation will be 
rapidly absorbed by atoms in the ground state and the 
effective lifetime of the radiating state will be several 
orders of magnitude larger than the natural lifetime.!” 
As a result of this imprisonment of the resonance 
radiation, one must also consider the possibility of 
collisional de-excitation of an atom in a radiating state 
to the metastable state. 

Our experimental! studies of helium metastable atoms 
lead us to expect that the neon metastable atoms will 
be destroyed upon diffusion to wall of the absorption 
cell and by three-body collisions between the excited 
atom and two normal atoms.'* We make the assumption 
that, unless otherwise stated, the densities of electrons 
and metastables are low enough so that collisions 
between electrons and excited atoms and between two 
excited atoms can be neglected. Because of the small 
diffusion coefficients expected for atoms in excited 
states which can radiate to the ground state, the loss 
of radiating atoms by ordinary diffusion can be neglected 
in the range of absorption cell sizes and normal atom 
densities considered in this paper.'* We assume that 
because of the large conversion of potential energy 
into kinetic energy required, collisional de-excitation 
of the metastables and resonance atoms to the ground 
state can be neglected. We also assume that collision- 
induced radiation" is negligible. 

These considerations can be formulated mathemat- 
ically by writing the integro-differential equations 
which we expect to govern the time dependence of the 
concentrations of atoms in the various states. In these 
equations we will designate the densities of atoms in 
the 2p*('So) ground state by .V, the 2p°3s(°P2) atoms 
by M, 2p°3s(*P;) atoms by R, 2p°3s(*Po) by S, and the 
2p°3s('P1) atoms by 7. Assuming that M, R, S, and 7 
are small compared to .V 


© G. H. Shortley, Phys. Rev. 47, 295 (1935). 

1 T. Holstein, Phys. Rev. 72, 1212 (1947) ; and 83, 1159 (1951). 

12 .. M. Biberman, J. Exptl. Theoret. Phys. U.S.S.R. 17, 416 
(1947); and 59, 659 (1948). 

18 A. V. Phelps, Phys. Rev. 99, 1307 (1955). 

14 A.V. Phelps and A. O. McCoubrey, Bull. Am. Phys. Soc. Ser. 
IT, 3, 83 (1958). 
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where Dy is the diffusion coefficient at unit normal atom 
density for species U; yu is the three-body collision 
coefficient at unit density; A, B, C, E, F, and G are 
the frequencies at unit atom density at which atoms 
in the various upper states will be de-excited to a lower 
state; the coefficients a, b, c, e, f, and g are the ratios 
of the frequencies of excitation to the frequencies of 
de-excitation; tr and rr are the natural lifetimes of 
the *P,; and 'P, states, respectively; and G(|r'—r|) is 
the probability that radiation emitted at r’ will be 
absorbed at r as defined by Holstein.’ The various 
de-excitation processes, their symbols, and the differ- 
ence in energy between the initial and final states are 
listed in Table I. 

The de-excitation frequencies at unit density, X, are 
defined in terms of the de-excitation cross section, 
Q(v), by the equation 


x= f vO(v) f(v)de, (5) 


where v is the relative speed of the colliding particles 
and f(v)dv is the fraction of the collisions in which the 
relative speed is between v and v+dv. Similarly, the 
frequency of excitation at unit density is given by 


i. -{ vg(v) f(v)d2, (6) 


TABLE I. De-excitation processes and symbols for de-excitation 
frequencies at unit density. 


Energy difference 
Upper state Lower state Symbol (e.v.) 
0.0517 
0.0963 
0.229 
0.0446 
0.177 
0.133 


3P,(R) 
3Po(S) 
1P\(T) 
3P(S) 
IP, (T) 
IP, (T) 


5P.(M) 
3P2(M) 
5P.(M) 
5P\(R) 
3P.(R) 
5Po(S) 
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TABLE IT. Ratio of excitation frequency to de-excitation frequency. 


3P, —3P2 3Po —3P2 


b 
4.76X 103 


Transition 


Symbol 


a 
Value at 300°K 8.08 X 10°? 


where g(v) is the cross section for excitation and 2 is 
the speed corresponding to the excitation energy. 
The ratio of the frequency of excitation to the frequency 
of de-excitation is obtained from the principle of 
detailed balancing"® and is given by 


X/X! = (24:41) (2S e+ 1) 1-4 F*?, (7) 


where J: and J; are the J values for the upper and lower 
states, AE is the energy separation between states, k is 
the Boltzman constant and 7 is the absolute tempera- 
ture of the gas. The ratio given by Eq. (7) is also a 
measure of the fraction of neon atoms with energy 
greater than AF and, therefore, of the atoms able to 
cause excitation. 

We do not know how to solve the partial integro- 
differential Eqs. (1) through (4). Therefore, we shall 
assume that the spatial distributions of the excited 
atoms are close to those of the fundamental modes for 
the diffusion and imprisonment problems, i.e., that 


DV?U =—-—DU/A?, (8) 
and 


U(r) 


1 
- fe @re(ie—e)dr=n eve), (9) 


TU TU 


where A= R/2.405 for an infinite cylindrical container 
and yyy is the decay constant or reciprocal lifetime for 
the decay of imprisoned resonance radiation as cal- 
culated by Holstein."' The errors introduced by assump- 
tions of this kind have been studied by Walsh.'® In 
our experiments the gas density is sufficiently high so 
that we expect that the escape of the resonance radiation 
is controlled by the pressure broadening of the resonance 
line. In this case, Walsh shows that Eq. (9) gives a 
rate of escape which is: (a) 3% too small when the 
density of excited atoms is zero at the wall, as when 
diffusion dominates the decay; (b) correct when the 
escape of the resonance radiation is the dominant loss 
process; and (c) about 20% too small when the density 
of excited atoms is independent of position. Since 
Eqs. (1) through (4) do not contain any terms tending 
to make the excited atom density independent of 
position, as do the electron excitation and de-excitation 
terms considered by Walsh, the error introduced by 
Eq. (9) is expected to be less than about 10% or of 
the order of the accuracy claimed for the calculation of 
VIU. 

The imprisonment decay constant, wv, can be 


18 See reference 3, p. 57. 
16 P. J. Walsh, Phys. Rev. 107, 338 (1957). 


c 
8.40 10°5 


1P1 —P 


e f 
5.91 10°? 1.042 10-3 


calculated from Holstein’s theory" and the natural 
lifetime of the radiating state using the relation 


ypu =0.205(1 Tu)(A Ro)}, (10) 


where A is the wavelength of the resonance radiation 
and Ro is the radius of the absorption cell. This relation- 
ship assumes (a) that the neon density is high enough so 
that the escape of the resonance radiation is determined 
by the pressure broadened portion of the resonance line 
rather than the Doppler broadened portion of the line, 
(b) that the dominant interaction between an excited 
neon atom and a normal neon atom is of the dipole- 
dipole type studied by Furssov and Vlassov,'’ and (c) 
that the effect of hyperfine structure due to isotope 
shift can be neglected. Calculations of the effects of 
Doppler broadening and hyperfine structure'* show that 
Eq. (10) should be satisfactory for neon densities above 
about 3X10!’ atom/cc. The major uncertainties are 
the values for the natural lifetimes for the 'P; and *P; 
states. The natural lifetime of the 'P; state has been 
measured by Schiitz and Schillbach’ to be (1.2+40.6) 
X10~ sec. The ratio of the natural lifetime of the *P, 
state to that for the 'P; state has been calculated by 
Shortley’ to be 13.2+0.1. Therefore, the natural 
lifetime of the °P; state should be (1.60.8) 10-8 
seconds. These values can be substituted into Eq. (10) 
to give predicted values for the decay constants for 
the resonance radiation. The only coefficients in Eq. 
(1)-(4) which we know a@ priori are the ratios of the 
frequencies of excitation and de-excitation. These 
are listed in Table II for neon atoms at 300°K. The 
neglect of departures from lowest decay mode spatial 
distributions as indicated by Eqs. (8) and (9), reduce 
Eqs. (1)-(4) to a set of first order linear equations with 
twelve interaction coefficients. 


17V, Furssov and A. Vlassov, Physik. Z. Sowjetunion 10, 378 
(1936). See reference 11 for the application of this work to the 
imprisonment problem, 

18. M. Biberman and I. M. Gurevich, J. Explt. Theoret. 
Phys. U.S.S.R. 20, 108 (1950); and P. J. Walsh (private com 
munication). The theory developed by Biberman and Gurevich 
assumes that impact broadening and natural broadening produce 
the same effects on imprisonment. However, Holstein (reference 
11) points out that when natural broadening dominates, the 
assumption of identical and uncorrelated absorption and emission 
spectra used in imprisonment theory is not valid. As a first 
approximation we have included natural broadening in the 
absorption spectrum but not in the emission spectrum. If we also 
include the effects of isotopic hyperfine structure the theory of 
Walsh can be used to show that at densities of about 10!7 atom/cc 
there is a reduction in v;r of as much as 50% below the limiting 
value given by Eq. (1). 

19W. Schiitz, Ann. Physik 18, 705 (1933); and H. Schillbach, 
Ann. Physik 18, 721 (1933). Very recent theoretical calculations 
give life times about twice as large as these experimental values. 
See A. Gold and R. S. Knox, Phys. Rev. 113, 834 (1959). 
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The differential equations can now be written as 


1 dM Dy R 
= = +yyuN?+aA n(1- -) 
Mdt NA’ aM 


7 


S iy 
+onn(1 _ )+ecw(1 _- ), 
bM cM 
1 dR aM 
~netAn(1- ) 
R dt R 
5  g 
+erv(1- - )+sev(1- ), 
eR TR 


dS: De bM 
= traN+Bu(1- ) 
S dt NM 5) 


eR Zz 
+ pv(1 _ )+ean(1 _ ) 
S gS 


Here vy, vx, and vs are the instantaneous decay 
frequencies, or slopes of semilogarithmic plots of density 
as a function of time, for the *P2, *P;, and *Po states. 
In general, the values of the decay frequencies are 
functions of time. The terms of the form of aA.V 
<(1—R/aM) are the net frequencies of destruction of 
the state for which the equation is written. In this case, 
aAN is the frequency of *P2 destruction by excitation 
and ANR/M is the frequency of *P2 production by 
de-excitation of *P; atoms. We have omitted the 
equation for the 'P; state since the experiments to be 
discussed below give no information regarding the 'P; 
decay frequency. Because of coupling between these 
equations the decay frequencies for the various levels 
will become equal and constant at sufficiently late 
times in the afterglow. In order to use these equations 
to determine any of the unknown coefficients, except 
possibly the diffusion coefficients, we must know the 
relative concentrations of excited atoms in the four 


(13) 


states. 


III. THEORY OF RELATIVE EXCITED ATOM 
DENSITY MEASUREMENTS 

In this experiment the relative densities of the 
excited atoms are calculated from measurements of 
the relative absorption of characteristic radiation by 
the excited atoms. According to Fig. 1 one could measure 
the relative absorption produced by the levels of the 
the 2p°3s configuration using the 5882 A, 6030 A, 
6146 A, and 6599 A lines. These lines have a common 
upper state which is designated as the pe level of the 
2p°3p configuration.’ Since the 2p°3 configuration has 
ten levels there are many lines which can be used for 
absorption measurements. The lines actually used in 
the experiments reported below were 5882 A (p2.—*P2), 
6096 A (pa—*P), 6266 A (ps—*Po), and 5852 A 
(pi—'P). The 5882 A line was chosen because of its 
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low absorption coefficient and large photomultiplier 
response while the others were selected to obtain the 
best compromise between a large absorption coefficient, 
a large photomultiplier response, and relative freedom 
from interfering neighboring lines. 

The relation between the density of absorbing atoms 
and the observed absorption has been the subject of a 
number of investigations.*®’, When the spectral 
distribution of the line emitted by the source and the 
absorption line are determined by Doppler broadening 
and when the absorption is small 


(1+6)! 


n { 5. (14) 


ool 


Here n is the density of absorbing atoms, 6 is the ratio 
of the half-width of the emission line to the half-width 
of the absorption line, oo is the absorption cross section 
of the center of the line, LZ is the absorption path, and 
A, is the measured fractional absorption. Since we 
shall use only relative densities of atoms in the various 
excited states we need to know the relative absorption 
coefficients for the lines used. Ladenberg” and Shortley"” 
have obtained sets of relative f values and line strengths 
from measurements of relative dispersion and relative 
intensity of emission of the lines in the 2p°3s to 2p°3p 
transitions. Instead of using this data to calculate 
relative absorption coefficients, we have used the more 
recent data of Krebs” and of Garbuny” to calculate a 
new set of relative line strengths. The analysis of the 
experimental data using Shortley’s theory” is given in 
the Appendix and the relative absorption coefficients 
of interest to us are given in Table III. Phelps and 
Molnar® obtained a value of 6=1.5 for the type of 
source used in the experiments described below. 
Dixon and Grant’ obtained essentially the same value 
for a similar source for the lines we shall use in the 
analysis of their data. Since 6 is essentially the same for 
all lines used we do not need to know it accurately 
unless we wish to determine densities of excited atoms 


TABLE III. Relative absorption cross sections 
for lines used in experiments. 


Relative absorption 


Wavelength 
(A) coefficient 


Transition 


5882 
5945 
6096 


3P,— pe 1 
i 
F 
6074 3. 
4. 
5. 


5Po— py 
3P— py 
3Pi— ps 
3Po— ps 
1P\— py; 


6266 1 
5852 


*R. Ladenburg, Revs. Modern Phys. 5, 243 (1933); and 
R. Ladenburg and S. Levy, Z. Physik 88, 461 (1934). 

21K. Krebs, Z. Physik 101, 604 (1936). The author wishes to 
thank Dr. M. Garbuny for bringing references 21 and 22 to his 
attention. 

2M. Garbuny, Z. Physik 107, 362 (1937). 
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at large values™ of A;. The effect of pressure broadening 
on the relative absorptions has not been investigated 
experimentally but is believed to be small for all states 
except the 'P; state since the broadening is small and 
all lines are broadened by about the same amount.” 
Since we do not observe absorption by atoms in the 
'P; state, we neglect pressure broadening effects. 
IV. EXPERIMENT 

The experimental apparatus used in these studies of 
neon is the same as that used to study the metastable 
states of helium." The reader is referred to the previous 
work for a detailed description of the same sampling 
technique.*®> The neon excited atoms are produced by 
applying a short (~ 20 usec) high voltage (~ 15 kv and 
~2 ma) pulse between electrodes at the end of a long 
cylindrical absorption cell. The light from a 0.5 diameter 
capillary discharge tube was collimated and passed 
along the axis of the absorption cell to a Hilger visible 
monochromator (~f/12). The monochromator was 
adjusted for about 8 A resolution at 6400 A. The light 
from the line whose absorption was being measured was 
allowed to fall on the cathode of an RCA 1P22 photo- 
multiplier. The absorption signal was measured using 
time sampling techniques and separated from the 
signal due to the unabsorbed light using the narrow 
band amplifier and synchronous detector described 
previously.”> 

The vacuum system used in these experiments was 
the same as that used previously." Following an 
8-hour bakeout, the ultimate pressure was 10° mm Hg 
or less and the rate of rise of pressure was 10-° mm Hg/ 
min or less with no ion pumping by the ionization gauge. 
The neon samples were “reagent grade” and, as 
obtained from the Air Reduction Sales Company, were 
analyzed as being free of impurities to the limit of 
sensitivity of their tests. In later series of runs, a 
cataphoresis discharge*® was operated during the 
experiments when the pressure was between about 10 
and 100 mm Hg. Observation of the cataphoresis 
spectrum with a low resolution spectrometer showed 
only neon lines. Except where otherwise noted these 
experiments were conducted at a room temperature of 
300+5°K. As in the case of helium," the maximum 
temperature rise of the gas during the short breakdown 
pulse is calculated to be less than 5°C for a pressure of 
1 mm Hg and proportionally less at higher pressures. 
Experimentally, there was no rise in the wall tempera- 
ture due to the discharge. 


% Dixon and Grant’ give curves showing the relation between 
NooL and A; for constant 6 and large A. All of the data obtained 
by the author was taken at low enough densities of excited atoms 
such that the departures from the curves for a constant value of 
6 found by Dixon and Grant for A >0.5 need not be considered. 
When the metastable density changes appreciably during the 
sensitive period of the photomultiplier, the observed absorption 
signal is an average value and the reconstruction of the actual 
density variation becomes difficult. 

4K. Lang, Acta Phys. Austriaca 5, 376 (1952). 

25 A. V. Phelps and J. L. Pack, Rev. Sci. Instr. 26, 45 (1955). 

26 A. Riesz and G. H. Dieke, J. Appl. Phys. 25, 196 (1954). 
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Fic. 2. Relative densities of excited atoms in *P2, *P;, and *P» 
states as a function of time following a pulsed discharge with a 
neon density of 4X10"? atom/cc and A?=0.050 cm*. The numbers 
shown on the abscissa are the densities of excited atoms in 
atoms/cc calculated by assuming that o9=7.6X10~" cm? for 
the 5882 A line. This cross section is that obtained by assuming 
that the f value for the *P2— fs transition is 0.5 as suggested by 
Ladenberg in reference 20. The dashed line is the asymptotic 
variation of the *Po density as calculated in Sec. VI of the text. 


In the later runs an interference filter was placed 
between the collimated source and the absorption cell 
so as to illuminate the cell with only lines in the 
immediate vicinity of the line whose absorption was 
being measured. This was done in order to reduce the 
intensity of the unused lines in the monochromator and 
in the absorption cell. The effect of scattered radiation 
in the monochromator, principally 6402 A, was to 
produce a false absorption signal when observing lines 
such as the 5852 A line. The test for a false absorption 
was to note whether the apparent fractional absorption 
was independent of the monochromator setting as the 
monochromator setting was turned toward the edges 
of the line. Using this test it was shown that under the 
conditions of our experiment there was no measurable 
absorption of the 5852 A line by atoms in the !P, 
state at times later than 100 usec after the discharge 
pulse. A second reason for using the interference 
filters was that it was found that with the source 
intensities used the radiation was strong enough to 
reduce the longest observed lifetimes by about 2%. 

The lifetime measurements as a function of tempera- 
ture were made using an absorption cell in an oven 
whose temperature was controlled using the circuit 
described by Malmberg and Matland.”” The tempera- 
ture was measured using chromel-alumel thermocouples 
fastened to the cell wall. 


27P, R. Malmberg and C. G. Matland, Rev. Sci. Instr. 27, 
136 (1956). 
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Fic. 3. Final decay frequency for the *P» and *P, states as a 
function of neon density at 300°K and 505°K for a discharge 
tube with A?=0.050 cm?. The dashed curve through the 300°K 
points is the sum of the contributions of metastable loss by 
diffusion to the wall and by three-body collisions. The solid curves 
are a fit of Eq. (17) of the text to the experimental points. The 
difference between the dashed curve and the lower solid curve is 
the net frequency of excited atom destruction as a result of exci 
tation to the *P, radiating state. 


V. EXPERIMENTAL RESULTS 


An example of the decay curves obtained in this 
experiment is shown in Fig. 2. Here we have plotted the 
relative excited atom density as a function of the time 
by which the photomultiplier pulse is delayed following 
the discharge pulse. The relative densities were obtained 
from the measured absorption using Eq. (14) and the 
relative absorption coefficients given in Table III. 
These curves show that for times greater than about a 
millisecond the *P2 density decays exponentially with 
time. The *P, density decays very rapidly immediately 
after the discharge and then finally decays with the 
same decay frequency as does the *P2 density. The 
initial decay of the *P» density is intermediate, while 
the decay at later times shows a definite tendency to 
approach the same decay frequency as that of the *P, 
and *P, densities. Note that the initial decay of the *P» 
density is exponential for nearly a factor of ten in 
density. 

Figure 3 shows the measured values for the final decay 
frequency for the *P: and *P, states as a function of 
neon gas density for an absorption cell with a radius of 
R=0.54 cm and a length of L=30 cm, i.e., A?=0.050 
cm*. Qualitatively, this data shows that the final decay 
frequency is inversely proportional to the gas density 
at low densities as expected when the dominant loss 
process is destruction upon diffusion to the wall of the 
absorption cell. At the highest densities the decay 
constant appears to approach a square law dependence 
on gas density as expected when the excited atom 
destruction is predominantly by three-body collisions. 
In the intermediate pressure range the dependence of 
the decay frequency on gas density is complicated by 
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the collisional conversion of excited atoms from one 
state to another. 

Figure 4 shows the ratios of densities of excited atoms 
when the decay frequencies are equal to the final value. 
These ratios are obtained from the measured absorption 
ratios using the relative absorption coefficients given 
in Table III. At the lower gas densities the densities of 
the less populated states become too low to allow one to 
obtain accurate absorption ratios. In some cases, e€.g., 
Fig. 2, we can obtain only an upper limit to the final 
density ratio and have indicated this by the arrows in 
Fig. 4. 

Information on the decay of the *P» density can also 
be obtained from the decay frequencies measured early 
in the afterglow provided the electron density is sufh- 
ciently low to avoid destruction of the *Po metastables 
in collisions with electrons. The measurements of this 
decay frequency by Dixon and Grant’ are considerably 
more extensive than those of the author and will be 
used in the analysis of the next section. 


VI. ANALYSIS OF DATA 


The objective of this section is to show how we have 
obtained the various interaction coefficients for the 
excited atoms by fitting the measured decay frequency 
and relative density data to the theory as expressed by 
Eqs. (11)-(13). First we shall consider the *Po equation, 
Eq. (13), at early times in the afterglow and at low 
and intermediate gas densities, since the analysis of the 
data obtained by Dixon and Grant is especially simple. 
The results obtained are used to simplify the analyses 
of the *P, and *P; equations, Eqs. (11) and (12). The 
*P, equation will be used to find values of the imprison- 
ment decay constant, vr, for comparison with the 
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Fic. 4. Ratios of densities of excited neon atoms during final 
exponential decay as a function of neon density at 300°K and for 
A?=0.050 cm?. The dashed lines give the ratio of densities of 
excited atoms expected for thermal equilibrium at 300°K, i.e., 
the R/M and S/M equilibrium ratios are the values of a and b 
given in Table II. The net frequencies of excitation of *P2 atoms 
to the §P; and *P» states are proportional to the difference between 
the observed and the equilibrium values of R/M and S/M, 
respectively. Because of the long times required to reach the 
final value, the measured values of S/M at low neon densities are 
probably determined by discharge conditions rather than collisions 
causing conversion from one state of the 2p°3s configuration to 
another. 
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predictions of theory as given by Eq. (10). Finally, we 
shall apply the *P» equation to data of Figs. 2, 3, and 4. 


°P, Analysis at Early Times 


Figure 2 shows that at a neon density of 4.010!” 
atom/cc the relative density of *P» atoms early in the 
afterglow is considerably larger than at late times and 
that during this period the initial *Po density decay is 
exponential with a decay frequency significantly larger 
than the value late in the afterglow. Dixon and Grant 
have made a detailed study of the decay of the *P,y 
density at early times and have found that for suffi- 
ciently low discharge currents the decay frequency for 
the *P» atoms is independent of the discharge current 
and so appears to be free from the effects of destruction 
by electrons. Under these conditions the data of Fig. 2 
and Table II shows that bM/S<1 and eR/S<1. Since 
we expect”® that T/gS<«1, Eq. (13) can be written as 


Ds 
Vs — 


NA 


+ ys.V2+4(B+E+eG)N. (15) 


At sufficiently low gas densities the effects of three-body 
collisions can be neglected relative to diffusion losses 
and two-body collisions so that Eq. (15) becomes 


vs VA?= Ds+ N°A?(B+E+ 8G). (16) 


Figure 5 shows a plot of values of vs.VA? as a function 
of NA? using data obtained by Dixon and Grant with 
A?= 2.48 cm? and by the author with A?=0.050 cm? 
and 2.1 cm’. From this plot we conclude that at 300°K, 
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Fic. 5. Determination of diffusion coethcient and sum of two 
body collision frequencies for atoms in *Po state at 300°K using 
Eq. (16) of text. The points indicated by circles (O) were obtained 
by Dixon and Grant with A?=2.48 cm?. The data indicated by 
triangles (A) and the square (()) were obtained by the author 
with A?=0.050 cm? and 2.1 cm?, respectively. 


28 The density of 'P; atoms is expected to be well below the 


equilibrium values, ie., 7/gS«1, T/fRK1, and T/cM<1. 
This is due to the fact that the value of vr predicted by Eq. (10) 
is an order of magnitude larger than the maximum de-excitation 
frequencies found for neon. 
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Fic. 6. Determination of diffusion coefficient and excitation 
frequency for atoms in *P2 state at various neon temperatures 
using Eq. (18) of text. The data obtained by various workers 
are indicated by: (A) with A?=6.67 cm? and (Qj) with A?=1.89 
cm? by Phelps and Molnar; ( a) with A?=3.77 cm? and (@) with 
A?=0.050 cm? by the author; (™) with A?=2.48 cm? by Dixon 
and Grant; and (©) with A?=1.00 cm? by Grant and Krumbein. 


Ds=5.8X10'8 cm™ sec and B+ E+gG=8X 10-! cm$ 
sec”!. This analysis does not allow us to evaluate the 
individual two-body collision coefficients but does show 
that B<8X10-" cm*/sec and E<8X10-" cm*/sec at 
300°K. Now, the theory of excitation transfer” shows 
that in general the cross section for transfer or de-excita- 
tion decreases as the potential energy difference 
between the initial and final increases. We 
therefore assume that the value of G will be less than 
that of B or E because of the larger energy difference 
between the *P» and the 'P; states (see Table I) than 
between the *P» state and either the *P, state of the 
3P, state. If G<(B+E), then gG<1.5X107® cm*/sec 
and B+E=8X10-" cm/sec. 


states 


‘P. Analysis 


Now that we have an upper limit to the two-body 
coefiicient B, we can proceed with the analysis of the 
§P, equation, Eq. (11). This limit combined with the 
data of Figs. 3 and 4 shows that the maximum value of 
the term bBN (1—S/6M) at late times is small compared 
to vy and can be neglected in Eq. (11). We assume that 
the frequency of transitions from the 'P; state to the 
§P, state is smaller than the frequency of *P; to *P2 
transitions, i.e., C<A, since Table I shows that the 
potential energy difference between the initial and final 
states is much greater in the former case.” If C<A, 
then cC<cA=afA=1.04X10-%aA and we can neglect 
the cCN(1—T/cM) term* in Eq. (11). We are now in 
a position to evaluate the coefficients Dy, ym, and A 
of the simplified *P2 equation, 


Yu Dy NAP+yuN?+a. 1 N( 1— R aM }. 


27H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Oxford University Press, London, 1952), 
Chap. VII, Sec. 10. 


(17) 
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Fic. 7. Diffusion coefficients at unit gas density for neon atoms 
in the *P2 state as a function of neon temperature. The symbols 
used and sources of data are: (() from the present work, (O) 
by Grant and Krumbein, and (A) by Phelps and Molnar. 


At low neon gas densities the three-body collision 
term is small compared to the diffusion and excitation 
terms so that Eq. (17) can be simplified to 


vy NA?= D utaA N?A?( 1—R aM). (18) 


This equation shows that if we plot the measured 
values of vywNA* as a function of the measured .V7A° 
x (1—R/aM) values, the intercept is Dy and slope is 
aA, Even though we do not know the values of R/M 
for the earlier experiments we should obtain the same 
value of aA by plotting vyNA* vs N*A*® provided we 
limit ourselves to sufficiently low neon densities. Thus, 
Fig. 6 shows all of the available data in the range of 
variables covered® except at 505°K, where only the 
low density points fit on this graph. The R/aM correc- 
tion could be made only in the case of the A?=0.050 cm? 
data at 300°K and 505°K. The scatter in the 300°K 
data is large but one must keep in mind that because of 
the large range of A® values the data covers a 100 to 1 
range of decay frequencies. The resulting diffusion and 
de-excitation coefficients are plotted as a function of 
gas temperature in Figs. 7 and 8. The data of Phelps 
and Molnar® and of Grant and Krumbein® allows us to 
set the upper limit to 4 at 77°K shown in Fig. 8. We 
shall reserve further comment on these data for Sec. TX. 

At the high gas densities the contribution of the 
diffusion term to Eq. (17) becomes small and it is 
convenient to rearrange terms as follows: 


(vy /N?— Dy /N*®A?)=aA (1 —R/aM) ‘N+. (19) 


Here we regard Dy as a known quantity determined 
using Eq. (18). Equation (19) shows that if the values 
of (vy /N*—Dy/N*A?*) are plotted as a function of the 
measured values of (1—R/aM)/N, the slope is the 
excitation coefficient aA and the intercept is the 

* The data from reference 5 at 201°K are somewhat suspect 
since the values of v;z and yy obtained from the same data appear 
to be low by about a factor of two. 
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three-body coefficient, yw. This is done in Fig. 9 for 
the data shown in Figs. 3 and 4 and yields the values of 
A=41X10-" cm’/sec and yy=5.010~-* cm®/sec. 
Figure 9 makes use also of data obtained by Dixon*! 
using the 5945 A (*P.—p,) and 6074 A (*Pi— ps) lines 
to measure the relative densities in an absorption cell 
with A?= 2.48 cm. 

The solid curve of Fig. 3 is a fit of Eq. (17) over the 
complete range of neon density. It represents a com- 
promise between the results obtained with Eqs. (18) 
and (19) and yields a value of A=4.2X10~" cm?/sec. 
The dashed curve of Fig. 3 shows the contributions of 
the diffusion and three-body terms while the difference 
between the dashed curve and the solid curve represents 
the net contribution of the excitation process. At 
sufficiently low temperatures the a4(1—R/aM) term 
of Eq. (17) is negligible and the value of yy can be 
found without a knowledge of R/M. Thus, the data of 
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Fic. 8. De-excitation frequencies, A, for the *P,; to *P2 transition 
as a function of neon temperature. The symbols used and sources 
of data are: (Q) from the present work, (O) by Grant and 
Krumbein, and (A) by Phelps and Molnar. 


Phelps and Molnar® and of Grant and Krumbein® both 
yield yw=5X10-* cc?/sec at 77°K. Errors in the 
relative absorption coefficients used in the preceding 
analyses should cause negligible error in Dy and A 
as determined from the low neon density data but could 
cause proportionate errors in the values of A and ya 
determined from the data at high neon densities. 


*P, Analysis 


We are now in a position to analyze the *P; equation, 
Eq. (12). First we note from our analyses of the *P5 
and *P, equations that 4/e&>80. From the data of 
Fig. 4 we conclude that A (aM/R—1)/eE(S/eR—1)> 20 
for neon densities less than 5X10'* atom/cc. This 

31 J. R. Dixon, thesis, University of Maryland, 1955 (un- 
published). The data are those used to obtain the “theoretical 
curve” of Fig. 14 of reference 7. The use of the relative absorption 
coefficients from Table III makes unnecessary the modification of 


the R/M values used by Dixon to obtain the agreement between 
theory and experiment. 
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means that the eEN(S/eR—1) term of Eq. (12) can 
be neglected to the accuracy of the present calculations. 
Again, we assume that because of the larger energy 
discrepancy between initial and final states, F<A so 
that fF<1.04K10-%A. Therefore, the fFN(1—T/ fr) 
term can be neglected.?*’* With these assumptions 
Eq. (12) becomes 


YVIR=Vrt+tAN(aM/R-1), (20) 


where vrr is the unknown quantity and vre=vy is the 
final decay frequency plotted in Fig. 3. The solid circles 
and squares of Fig. 10 show the vzr values obtained 
using Eq. (20) and the data of Figs. 3 and 4. For neon 
densities greater than 2X10!" atom/cc the values of 
vrr are independent of neon density and of gas tempera- 
ture within the accuracy of the data as predicted by 
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Fic. 9. Determination of two-body and three-body coefficients 
for the *P2 state at 300°K using Eq. (19) of the text. The symbols 
and sources of data are: (O) from the present work with A?=0.050 
cm? and ((9) from Dixon with A?=2.48 cm?. 


Eq. (10). The average value of vrr is 5.3104 sec as 
compared to a value of 4.7X10* sec found using Eq. 
(10). The tendency of the vrr values at the lower neon 
densities to fall below the values at higher neon densities 
may be due to systematic errors resulting from the 
difficulties of measurements. However, theory'® suggests 
that the vzr value should pass through a minimum to 
this region. The absence of a rise in vr with gas density 
at high densities indicates that processes such as 
collision-induced radiation are negligible. According to 
Eq. (20) errors in the relative absorption coefficient 
for the *P2 and *P» states will cause proportionate errors 
in vyr when the second term dominates, i.e., at inter- 
mediate and low neon densities. 

At this point we note that our assumptions leading to 
Eqs. (17)-(20) are equivalent to assuming that the 


COEFFICIENTS 


FOR EXCITED Ne ATOMS 





ro) 
CQ 











Imprisonment Decay Constant-14,_-(sec™') 
oO 
> 





it ! I ow, 18s Lt 
10'? 10'8 
Neon Density (atoms/cc ) 


03 eer 
i0'¢ 





10"? 


Fic. 10. Imprisonment constant for the *P,; state and 743A 
radiation as a function of gas density for different temperatures 
and different size discharge tubes. The solid circles (@) and 
squares (™§) were calculated using Eq. (20) and data obtained with 
the A?=0.050 cm? discharge tube at 300°K and 500°K, respec 
tively. The triangles (A) and squares (Q)) were calculated 
using Eq. (21) and data obtained with the A?=0.050 cm? tube and 
with a spherical discharge tube with R=6.1 cm. The solid lines 
are drawn through an average of the data for high neon densities 


final decay frequency for the *P, and #P, states is 
independent of the properties of the *Po and 'P, states 
and that the only important two-body collisions are 
those which cause transition between the *P2 and *P, 
states. We can now eliminate the R/M ratio from 
Eqs. (19) and (20) and solve for vr to obtain 


aAN 
YVIR= vpt+A N ’ 


1 (21) 
ve— Dy INM@—v¥ yN? 
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Fic. 11. Variation with imprisonment decay constant for the 
’P, state or 743 A radiation with radius of the discharge tube. The 
solid line is the prediction of theory as given by Eq. (10). The 
points at R=0.54 cm and 4.3 cm are average of the data for the 
higher neon densities of Fig. 10. The points at R=6.4 cm and 3.3 
cm were obtained from the data of Phelps and Molnar while the 
point at 3.8 cm is from the data of Dixon and Grant. In calculating 
the imprisonment constant for the sphere of Fig. 10 using Eq. (10) 
we used an equivalent cylinder radius of 1/v2 times the actual 
value. This factor is the same as that which would be needed to 
convert from cylindrical geometry to parallel plane geometry. 
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where vy is the final decay constant for the *P. and *P, 
states. Knowing Dy, A, and yy from data such as 
shown in Figs. 8 and 9 we can use Eq. (21) to find v7» 
from experiments in which only vy was measured. The 
open triangles and squares of Fig. 10 show vyz data 
obtained using Eq. (21) to analyze the data of Fig. 3 
and data obtained by the author for a spherical absorp- 
tion cell. Figure 11 shows the average vyr values 
obtained by applying Eq. (21) to decay frequency data 
obtained by various workers.* The solid line of Fig. 11 
shows the predictions of Holstein’s theory as given by 
Eq. (10). 


°P, Analysis at Late Times 


Our analyses of the decay constant and relative 
density data for the *P. and *P, levels of neon have 
neglected the effects of electrons left over from the 
discharge. The justification for this procedure is that 
under the experimental conditions used the decay 
frequency and relative density data used in the analyses 
were found to be independent of the discharge intensity. 
However, since previous work®’ has shown the *Po 
state to be particularly sensitive to the effects of the 
electrons, it is necessary to find data which has been 
taken at low enough discharge intensities to insure that 
Eq. (13) is applicable. Unfortunately, in our experi- 
ments the early decay of the *P» density was recorded 
in only four runs, e.g., Fig. 2. The decay frequencies 
obtained at early times in these cases are in reasonable 
agreement with those obtained by Dixon and Grant 
with very low intensity discharges (see Fig. 5). However, 
it is important to note that these are the four runs* 
for which we could set only an upper limit to the S/M 
ratio of Fig. 4. These objections would seem to rule out 
the use of the final S/M values of Fig. 4, at least for low 
neon densities. However, we can analyze the initial 
behavior of time varying relative density data such as 
shown in Fig. 2 using either Eq. (11) or Eq. (13). 
Thus, the initial lower value of the *P2 decay frequency 
relative to its final value is explained as due to *P» 
production by de-excitation of *P» atoms when the 
‘Py concentration is relatively large. According : to 
Fig. 2 the changes in vy, R/M, and S/M as t changes 
from 0.5 to 2 milliseconds are Avy=270 sec!, AR/M 
=(0.0056, and AS/M=0.99. Substitution of these 
numbers and the value of A from our earlier analyses 
into Eq. (11) gives B=6X10~ cm/sec. This result 
suggests that the *P» to *P, conversion makes up a 
large fraction of the two-body collisional destruction of 

® The variation in v;z with tube radius provides an explanation 
for the apparent variation in *P2 lifetime with the spectral line 
used for the measurement found by Phelps and Molnar (reference 
6). Thus, the 6143 A and 6402 A lines were used to measure the 
’P, decay in absorption cells of 3.3 cm and 6.4 cm radius, 
respectively. 

In these runs a low-voltage low-current pulse lasting for about 
one millisecond was added to the short high voltage pulse used to 
break down the gas. Our experience with helium (reference 13) 
suggests this results in a reduction of the electron density during 
the afterglow. 
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the *Po state. The difficulties with this analysis are 
that the changes are small and that the important data 
is obtained from regions of high absorption where the 
corrections for nonlinear absorption and a _ finite 
photomultiplier gate width are important.” 

A better method for separating the two-body 
coefficients for the *Po state is to analyze the approach 
of the S/M ratio to its final value using the data of 
Fig. 2 and Eq. (13) for a fixed neon density. If we 
neglect the gGN(1—T/gS) terms for the reasons 
discussed previously, Eq. (13) can be rewritten in the 
form 


(vs—Ds/NA2—ysN*) _(1—bM/S) 
: = +1 


= B 
(1—eR/S)N (1—eR/S) 


(22) 


Here, B and £ are.the unknowns; vs, R/S, and M/S are 
obtained from data such as shown in Fig. 2; and Ds is 
the value obtained from Eq. (16). The value of ys is 
unknown, but the term ys.V? is negligible at the neon 
densities of these considerations unless it is considerably 
larger than for the *P. metastable. Plots of (vs—Ds 
NA?—ys.V?)(1—eR/S)“N— as a function of (1—bM/S) 
(1—eR/S)" for N=4X10" and 3X10" atom/cc 
are shown in Fig. 12 and yield B=5X10-" cm*/sec 
and E=5X10-' cm/sec. The value of B+E=10 
X10~' cm*/sec is in satisfactory agreement with the 
value of 8X10-'® cm*/sec obtained from Fig. 5. The 
large scatter in the data at large values of the abcissa 
corresponds to data obtained early in the afterglow 
and shows that the data used in the analysis of the 
preceding paragraph is probably not too reliable.™ 

We now wish to consider whether we can make use 
of the S/M data at the higher neon densities of Fig. 4 
to evaluate the *P» three-body collision coefficient, 
ys. In order to estimate the reliability of the S/M 
data we use Eq. (13) to calculate the final value of 
S/M from the final value of ys=vy as given in Fig. 3, 
the value of R/M from Fig. 4, and the values of Ds, B, 
and E determined above. The calculations must be 
made at low enough neon densities such that the ys.V* 
term can be neglected. The final values of S/M deter- 
mined in this manner are only 10 and 12% below the 
upper limits shown in Fig. 4 for 4X10" and 3X10!" 
atoms/cc, respectively. This final value of S/M for a 
neon density of 4X10!’ atom/cc leads to the dashed 
curve of Fig. 2 for the final decay of the *P» density. 
Although the measurements of S/M at neon densities 

% The analysis of Eq. (22) and Fig. 12 does not provide un- 
ambiguous evidence as to the value of B. For example, if we 
assume that the 20% change in vy, in Fig. 2 could be a 10% change, 
then B~O and one would have to introduce into Eqs. (13) and 
(22) an additional loss process such as collision-induced radiation 
[reference 13 and E. H. S. Burhop and R. Marriott, Proc. Phys. 
Soc. (London) A69, 271 (1956) ] in order to explain the observed 
’P) destruction. However, an analysis similar to that of Eq. (22) 
and Fig. 12 assuming B=0 yields a negative coefficient for the 
collision-induced radiation frequency and E=3X10™ cm/sec. 
The latter is much larger than the value of E+B found using 


Eq. (15) and Fig. 5. We therefore conclude that B>O and that 
collision induced radiation is probably not an important process. 
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above 5X10" atom/cc probably were not taken at as 
low discharge intensities as were the runs at 3 and 
4X10!" atom/cc, we assume that the increase in the 
importance of the two-body process will reduce the 
error due to collisions with electrons and make the 
values of ys obtained by solving Eq. (13) significant. 
We find a value of ys=7X10-* cm®/sec from the 
data at 9.2X10'® atom/cc. However, the value of 
ysN? is only ten percent of the vs=vy value at this 
density and becomes negative at lower neon densities. 
This effect presumably results from values of S/M 
which are too near the equilibrium value because of 
excitation from the *P2 state by electrons. Elimination 
of vy and vs between Eqs. (11) and (13) shows that 
regardless of whether the two-body collisions involve 
electrons or neutral atoms a value of S/M greater than 
the equilibrium value implies that the three-body 
destruction of *P») atoms is slower than that for the 
’P, atoms. Errors in the relative absorption coefficients 
should cause proportionate errors in the ratio of B to E 
and would cause large errors in ys. 


VII. DIFFUSION AND DE-EXCITATION COEFFICIENTS 
FOR EXCITED NEON ATOMS IN HELIUM 


Dixon and Grant’ measured the decay frequencies 
for neon *P», and *Py) metastables in a mixture of helium 
and neon. In this section we shall indicate how their 
results can be analyzed to give the diffusion coefficient 
and excitation frequencies per atom for neon metast- 
ables in pure helium. If we assume that no new processes 
are introduced by the helium the validity of Eqs. (1) 
through (22) is unchanged, provided we regard the 
coefficients as characteristic of the mixture. The 
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Fic. 12. Determination of the two-body de-excitation fre- 
quencies for the *Po—*P, and *Py)—§Pz2 transitions using Eq. (22) 
of the text. The data were obtained at 300°K with A?=0.050 cm?. 
The points shown by circles (©) and triangles (A) are calculated 
from measurements at neon densities of 4X10!7 atom/cc and 
3X 10!7 atom/cc, respectively. 
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Fic. 13. Determination of the diffusion coefficient, excitation 
frequencies, and de-excitation frequencies for excited neon atoms 
at 300°K in helium using Eqs. (23) and (24) to analyze data 
obtained by Dixon and Grant. 


diffusion and two-body coefficients are determined from 
plots such as Figs. 5 and 6. The diffusion coefficients 
are related by the equation® 


1 co ye 1 1 1 
=—-+ = ( — Jot : 
Dy Ds.  B, D, OD, D, 
where D,,, D,, D, are the diffusion coefficients at unit 
density for an excited atom in the mixture, in gas y, 
and in gas 2, respectively. Here x is the fractional 
density of gas y in the mixture. Figure 13 shows the 
available values of the reciprocal of the diffusion 
coefficients as a function of the fractional concentration 
of helium. The resultant diffusion coefficient for neon 
§P, and *P» metastables in helium is 2X 10! cm™! ; 
compared to 5X10'* cm™ sec~! for these metastable 
atoms in neon. 


(23) 


sec 


The analysis of the two-body coefficients is based 
upon a linear superposition of the processes. Thus 


X,N,+X.N, 
Nyt+N 


= (X,—X,)x+X.,, (24) 


u 


where X,,, X,, and X, are the collision frequencies per 
atom for metastables in the mixture, in gas y of density 
Nand in gas z of density V,. Figure 13 shows the results 
of such an analysis using excitation coefficients obtained 
from Dixon and Grant. The excitation frequency for 
the *P, to *P; transition by helium is 1.9K 10~" cc/sec. 
The sum of the de-excitation frequencies for the *Po 
state by helium is 8X10~' cc/sec, as given by Dixon 
and Grant. 

% T, Holstein, Phys. Rev. 100, 1230 A (1955). This work shows 
that an equation corresponding to Eq. (23) is very accurate for 
the low-field mobilities of positive ions, wu, provided that the 
elastic scattering cross section varies in a reasonable manner with 
ion energy. Equation (23) holds for ions since D=KTy/e, where 
e is the electronic charge. Since there is no basic difference between 
the elastic scattering of ions and of metastables one can use 
Eq. (23) to relate the diffusion coefficients for metastable atoms. 
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VIII. ESTIMATES OF ELECTRON-EXCITED 
ATOM INTERACTIONS 


In this section we shall use the observed current 
dependence of the decay of density of *P2, *P, and *Po 
atoms at high discharge currents to estimate the 
frequencies of transitions between the excited states of 
neon caused by thermal electrons. In principle, this 
requires that simultaneous measurements be made of 
the electron density** and of the decay frequencies and 
relative densities of the various excited states. However, 
we can obtain estimates of the electronic excitation 
and de-excitation frequencies without measuring the 
electron density if we assume that the electrons are 
being lost from the afterglow by electron-positive ion 
recombination. Microwave studies of neon afterglows*’ 
show that so long as diffusion effects are small, the 
electron density consistently disappears according to the 
recombination relation, 


1 n= 1 no+al, (25) 


where n is the electron density and a is the recombina- 
tion coefficient of about 210-7 cm*/sec at 300°K. 
The effects of electrons on the decay of the excited 
atom density can be included in the analysis by adding 
terms of the form aA .m(1—R/aM), bBn(i—S/bM), 
etc., to Eqs. (11)-(13). Here A,., B., etc. are the 
frequencies of de-excitation per electron and apply to 
the same initial and final state as do the corresponding 
coefficients of Table I. For convenience we define a 
partial decay frequency, 8m, as the difference between 
the measured value of vy and the value of the right 
hand side of Eq. (11) calculated from the measured 
relative densities and previously determined coefficients. 
The equation governing the *P:; decay can now be 
written as 


1 aA, R bB, = 
oe aera, 
n Bm aM Bu bM 
As before, we have assumed that processes involving 
the 'P; state can be neglected. 
If one eliminates » from Eqs. (25) and (26) and 


evaluates the resulting expression at two values of / 
separated by Af one obtains the relation 


(26) 


Al aA, 


ALC R aM) Bay | 


a A[(1—R/aM)/By) 


36 Blevis, Anderson, and McKay, Can. J. Phys. 35, 941 (1957). 
This paper gives the results of simultaneous measurements of the 
electron density and the absorption by atoms in the *P2 state. 

37M. A. Biondi, Phys. Rev. 76, 1697 (1949); and 93, 1136 
(1954) ; and H. J. Oskam, Phillips Research Repts. 13, 335 (1958). 
The results of these authors show that the loss of electrons by 
ambipolar diffusion should be negligible under the conditions of 
the experiments considered here. 
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Here A(1—R/aM)/8m is the difference between values 
of (1—R/aM)/Bm at the times separated by Al. 
Similarly for A[(1—S/bM)/6m J. Using Eq. (27) and 
the data given by Dixon and Grant** for a 30 milli- 
ampere pulsed discharge one can evaluate A, and B,. 
A similar procedure can be used to evaluate A, and E, 
from the *P; data and B, and E&, from the *P» data. 
Unfortunately, the taking of differences to obtain the 
6’s and A’s results in a large scatter in the data. The 
data of Dixon and Grant’ for a 30 ma discharge and by 
the author for a 20 ma discharge at 6X10"’ atom/cc 
and A?=0.05 cm? appear to be consistent with A,~7.5a 
=1.5X10-* cm*/sec, E.=a=2X10-' cm!*/sec, and 
B.= <a=2X10~ cm*/sec. 

Since A,~7.5E,., we conclude that for the *P; data 
shown by Dixon and Grant at 30 ma the term eE.n 
xX (1—S/eR) can be neglected compared to the term 
Am(1—aM/R). Thus, the drastic change in the *P, 
behavior as the discharge current is increased is due to 
the excitation of atoms from the *P2 state to the *P, 
state. Under these conditions the equation for the 
3P, state can be written as 


1 1-aM/R 1 


(28) 


= +—i. 
mA. A, 


nA, Br 


Figure 14 shows a plot of (1—aM/R)/Br as a function 
of time using the data of Dixon and Grant for a 30 ma 
discharge. From this plot we find A,=9a=1.8X10~° 
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_ Fic. 14. Determination of de-excitation frequency per electron 
for the *P; to *Po transition at 300°K using Eq. (28) of the text. 


58 Reference 7, Figs. 10, 11, and 13. A reason for departure from 
Eq. (25) is the production of electrons and positive ions as a 
result of collisions between pairs of metastables. See M. A. 
Biondi, Phys. Rev. 88, 660 (1952). Another reason for departure 
from Eq. (25) at early times is that the time required for the 
electrons to reach thermal equilibrium is appreciable. For the 
conditions of Dixon and Grant’s experiment the final decay 
constant of the excess electron energy is about 500 microseconds. 
The calculated maximum possible temperature rise of the gas 
during the 30 milliampere pulse is 5°C. 





COLLISION COEFFICIENTS 


cc/sec. The apparent negative value of mp can be 
explained by assuming that there is a production of 
electrons at times less than 0.6 milliseconds.*?** Data 
obtained by the author gives A,=6a for conditions 
similar to those of Fig. 2 except that the neon density 
was 6X10'7 atom/cc and the discharge current was 
20 ma for about 20 microseconds. Note that the 
frequency of *P, excitation, aA .n, is half the frequency 
of *P») de-excitation, E.n, so that the weak current 
dependence of the *P2 decay relative to the *P» decay is 
only partially explained by the smaller frequency of 
*P» excitation. One must also take into account the fact 
that the *P; atoms are returned to the *P2 state with 
much greater ease (4,~120eE,) than to the *Po state 
so that the net *P, destruction is reduced by the 
presence of significant numbers of atoms in the *P state. 


IX. DISCUSSION 


The analyses of experimental data in the preceding 
sections have shown that atoms in the *P2 metastable 
state of neon are destroyed upon diffusion to the wall 
of their container, by collisional excitation to the °P, 
radiating state and by three-body collisions involving 
two ground state atoms. The atoms in the *P state are 
destroyed by collisional de-excitation to the *P2 state 
and by escape of the imprisoned resonance radiation. 
Atoms in the °P» state are destroyed upon diffusion 
to the wall and by collisional de-excitation to the *P, 
and *P» states and late in the afterglow are produced by 
collisional excitation from the *P; and *P» states. Our 
results show that the final decay frequency, vy, for the 
’P., *Pi, and *Po» states is determined by destruction 
processes for the *P2 and *P, states and is essentially 
independent of the collision process involving the *P» 
state. This is expressed in equation form*® by rewriting 
Eq. (21) as 


v= D/NAP+yuN?+aAN[1+AV (vrr—vy) | “ 


Note that although the last term of this equation is 
directly proportional to NV at low V, vy approaches 
avyr/(1+a) for ANKvrrKyyV"/a, i.e., large A and 
small y,,/a. It is this saturation effect in the net rate of 
excited atom destruction which led to the nonintegral 
powers of density or pressure appearing in the earlier 
attempts to fit theory to the experimental data.® 
The reduction in the limiting contribution of excitation 
to the *P, destruction from vrr to avrr/(1+a) as a 
result of de-exciting collisions is probably the most 
striking feature brought out by this analysis. 

Our experiments showed no measurable 'P; atom 
density during the afterglow and our analysis is 
consistent with our assumption that the '/ state plays 
no role in the final decay of the *P2"1o density. Early in 
the afterglow the *Po density is relatively large and one 
observes some production of *P: atoms by collisional 
de-excitation. 


(29) 


8 Equation (29) reduces to Eq. (23) of reference 2 when 


vp<KvyR. 


FOR EXCITED Ne ATOMS 1023 
TABLE IV. Measured de-excitation frequencies per atom 
and cross sections at 300°K. 


Average cross 
section 
(cm?) 


5.2X10-" 
6X 10° 
6X 10°" 


De-excitation 
frequency 
(cm/sec) 


4.2X10°" 


5xX107' 
5X107! 


Energy 
discrepancy 


lransition (e.v.) 


3P,—3P» 
3P,— 3p, 
sPo— 3P, 


0.0517 
0.0446 
0.0963 


The measured diffusion coefficient for the *P. state 
shown in Fig. 7 is proportional to 7°-” over the range 
from 77°K to 500°K. This variation is approximately 
the same as that observed" and calculated” for helium 
metastables and corresponds to an elastic scattering 
cross section which varies as v~°-*®, where v is the 
relative velocity of the colliding particles. The reason 
for the apparent leveling off of the diffusion coefficient 
at high temperatures is unknown. The diffusion coeffi- 
cients for the *P2 and the *Po states are equal to within 
the experimental error.’ The mixture experiments show 
that the diffusion coefficient for neon metastables in 
helium is about four times that for neon metastables in 
neon. Since only about a factor of (3)! can be accounted 
for by an increase in the relative velocity of collisions, 
we conclude that the average cross section for elastic 
scattering of neon metastables by neon is about twice 
that for elastic scattering of neon metastables by helium. 

The two-body collisional de-excitation frequency per 
atom for the *P; state as shown in Fig. 8 varies by an 
order of magnitude as the temperature varies from 
200°K to 500°K. The strong variation of A with 
temperature and the relatively small value of all of 
the de-excitation frequencies are expected in view of the 
fact that the value of the parameter AEd/hv of the 
theory of excitation transfer*® is large, i.e., from 5 to 20 
if we take AE equal to the spectroscopic separation of 
the levels, d= 10~* cm, and v equal to the mean thermal 
velocity of the atoms. However, it must be kept in 
mind that unless we know the details of the interactions 
between the excited states and the ground state, e.g., 
the potential energy curves as a function of distance, 
there is very little we can say about the magnitude of 
the theoretical expected collision frequencies. The 
measured de-excitation frequencies and the correspond- 
ing average cross sections at 300°K are given in Table 
IV. Also listed are the energies which are transformed 
from potential energy into kinetic energy during the 
excitation transfer process. Although none of our 
specific assumptions are violated, we see that our general! 


assumption that the de-excitation coefficient decreases 
with increasing energy discrepancy does not hold for 
the *P,—*P. transition which has an intermediate 
energy discrepancy but a very large cross section 
relative to the others. Since we do not know the details 
of the interactions, we cannot say whether this is 
reasonable or not. The mixture experiments show that 


” R.A. Buckingham and A. Dalgarno, Proc. Roy. Soc. (London) 
A213, 327, 506 (1952). 
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the frequency of the *P,—*P» de-excitation by helium is 
six times that produced by neon whereas the frequency 
of the *P» de-excitation is the same for neon and helium. 
Again, theory is of little help in understanding these 
observations since we know nothing about the interac- 
tion of helium and excited neon atoms. One possible 
reason for an increase in the de-excitation frequencies 
with helium is the decrease in AEd/mv due to the 
increased relative velocity of the colliding particles. 

The agreement between our results and the predic- 
tions of Holstein’s theory of imprisoned resonance 
radiation is surprisingly good in view of the necessity 
for estimating the *P; radiative lifetime using theory 
and an uncertain experimental value for the 'P; 
radiative lifetime. This appears to be the first experi- 
mental check of the imprisonment theory in the region 
of gas densities in which the rate of escape of radiation 
is determined by the collisional broadened portion of the 
spectral line. 

The three-body collision coefficients found for the 
?P» state were 5.0 10-* cm®/sec at 300°K and 5X 10-* 
cm®/sec at 77°K. These values are larger than those 
found for helium 2%S metastables’®’ and vary less 
rapidly with temperature. These observations suggest 
that if there is a potential maximum in the potential 
energy vs internuclear separation curve for the *P, 
state of neon and a neon atom such as is indicated for 
the helium 24S state,” the height of the maximum is 
less than that for helium. 

The destruction of atoms in the *P» and *P, states in 
collisions with slow electrons has been shown to be a 
highly probably process. The rough estimates give 
frequencies of de-excitation per electron of about 
10-® cm*/sec and 10-7 cm*/sec for the *P; to *P» and 
‘Py to *P; transitions as compared to a value 31077 
cm*/sec for the de-excitation of helium 21S metastables 
to the 28S, state.’® In spite of the large value of A, the 
decay of atoms in the *P» state is relatively unaffected 
by collisions with electrons because the net rate of 
‘P, destruction is reduced by de-excitation of *P; atoms. 
The measured value of A, corresponds to an average 
cross section of about 10~' cm? or about three times 
the theoretical limit for electrons with zero angular 
momentum."! This apparent violation of the theoret- 
ical limit should not be considered too significant in 
view of the uncertainties of the analysis and scatter in 
the data used to obtain the electron de-excitation 
frequencies. 

From the preceding discussions one can see the 
desirability of further experiments to determine (a) the 
temperature variation of the different two- and three- 
body collision coefficients, (b) the type of high pressure 
destruction processes which applies to the *Po state, 
(c) the magnitude and temperature dependence of the 
electron-excited atom collision coefficients, (d) the 
effect of pressure on the effective absorption coefficients 


" Reference 29, Chap. III. See also E. Baranger and E. 


Gerjuoy, Phys. Rev. 106, 1182 (1957). 


PHELPS 


and, if possible, (e) the collision coefficients for transi- 
tions involving the 'P; state. At present, there are 
essentially no theoretical results for comparison with 
the measured diffusion and two-body coefficients so that 
there is an obvious need for theoretical studies of the 
interactions of the excited neon atoms with normal 
neon atoms. 
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Ladenberg” and Shortley" analyzed the then 
available data for the dispersion produced by excited 
neon atoms” and for the relative intensities” of radiation 
emitted in transitions from the 2p°3p configuration to 
the 2p°3s configuration. Since there appear to be 
significant errors in this experimental data, the data of 
Krebs” and Garbuny” are compared with the predic- 
tions of Shortley’s theory and are used to obtain a set 
of relative absorption coefficients. According to Shortley, 
if one converts the values of relative absorption 
coefficient and intensity into a set of normalized line 
strengths arranged as in Tables V and VII the sums of 
rows and columns should add up to the theoretical 
values shown. 

The results obtained by Krebs” give the relative 
absorption among groups of lines absorbed by atoms 
in each of the four states of the 2p°3s configuration. 
The measured absorption values were corrected for 
line reversal effects. Krebs’ values for the relative 
absorption of lines ending on the *P»2 state agree 
well with the measurements of Dixon and Grant’ 
and of the author. Since relative values of line strength 
are calculated from relative values of the absorption 
coefficients by dividing by the multiplicity of the lower 
state, Krebs’ results can be tested against Shortley’s 
theory by normalizing the values for a given lower state 
such that their sum is given by the theoretical sum for 
the row. This is done in Table V. There is good agree- 
ment between the experimental and theoretical values 
for the sums of columns as shown in the lower two rows. 

The measurements of Garbuny” give the relative 
intensities of the lines emitted by atoms in a given state 
of the 2p*°3s configuration and are corrected for self-ab- 
sorption in the source. When these values are multiplied 
by the cube of the wavelength one obtains the relative line 
strengths given in Table VI. Here the values have been 
normalized such that the sum of each column is equal to 
the theoretical value given in the lowest row. In this 


H. G. Dorgelo, Physica 5, 90 (1925). 
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TABLE V. Relative line strengths from absorption data. 


State 
J value 


Experimental sum 28.1 
Theoretical sum : 30 


pa pos Theoretical 
2 2 3 sum 


150 
90 
90 
30 

66.9 360 

70 360 


66.9 


Relative line strengths from emission data.* 


State pe ps 
J value 1 1 
3P» 3. 1.4 
3P, 0.1 2. 0.3 
IP, 9.9 hy 16.7 
3P» 6. 11.6 
Theoretical sum 10 30 30 30 


Experimental Theoretical 
sum sum 
135.7 150 
80.8 90 
116.1 90 
27.4 30 
70 360 360 


® The pio to 'P; (8082 A) value is taken as the value necessary to make the sum of the values in the pio column equal to the theoretical value. Also 


the py —*P» value is equal to its theoretical value by construction. 


TABLE VII. Averaged line strengths from emission and absorption data. 


State ps 
J value 0 


3P. 
3P, 
ip, 
3Po 
Experimental sum 10.0 
Theoretical sum 10 


98 
0.2 


case there is rather agreement between the 
experimental and theoretical values for the sums of rows. 

Table VII shows a statistical average of the relative 
line strengths obtained for us by Hook and Jeeves* 
from the two sets of relative experimental values 
given in Tables V and VI. The results of the averaging 
are normalized to make the sum of all values equal to 
360. The agreement between theory and experiment is 
even poorer using the averaged results than when using 
the emission data. 

As was observed by Shortley using the earlier data, a 
striking feature of Tables VI and VII is that the line 
strengths for transitions ending on the !P; state are much 


poor 


8 R. Hook and T. A. Jeeves (private communication). 


Theoretical 
sum 


128.7 150 
79.5 90 
119.4 90 
32.4 30 
360 


ps Experimental 
sum 


300 


larger than predicted by theory. If one accepts the 
theory as correct, then one would be forced to conclude 
that the emission measurements are in error and use 
the relative line strengths of Table V. If one questions 
the theory, the averaged experimental values of 
Table VII are the best available. We have made the 
assumption that the values of Table VII are correct. 
The relative absorption coefficient for the lines of 
interest in our analysis are found by dividing the 
relative line strengths by the multiplicity of the lower 
state and are listed in Table III. Fortunately, the 
differences between the relative absorption coefficients 
obtained from the values of Tables VI and VII for 


the lines of importance to us are only about 20%. 
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The collision cross section of slow electrons in atomic oxygen has been deduced from simultaneous measure 
ments of the dc conductivity and the microwave absorption coefficient of a predominantly atomic oxygen 
gas mixture in a shock tube. The results showed that the Maxwell-averaged cross section attributable to 
atomic oxygen must be about 1.5X10~'* cm? at an electron temperature of 4000°K (mean thermal energy 
~).5 ev). Elaborating on the theoretical method of Klein and Brueckner, we find that this value is not 
inconsistent with the photodetachment cross section of negative oxygen ions measured by Branscomb and 


co-workers 


HE collision cross section of slow electrons in 

atomic oxygen has been deduced from simul- 
taneous measurements of the dc conductivity and the 
microwave absorption coefficient of a predominantly 
atomic oxygen gas mixture in a shock tube. The dc 
conductivity measurement was the same as that of 
Lamb and Lin'; while the microwave measurement 
involved sending a microwave beam of 5X10" cps 
frequency transversely across the shock tube windows 
through a pair of closely-coupled horns, and observing 
the attenuation of the beam during the passage of the 
shock wave. The coupling geometry between the micro- 
wave circuit and the shock tube was so arranged? that 
the electromagnetic problem can be approximated by a 
plane wave passing through three successive dielectric 
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Fic. 1. Photoabsorption cross section as a 
function of photon energy. 


* Sponsored by the Ballistic Missile Division of the U. S. Air 
Force. 

1. Lamb and S. C. Lin, J. Appl. Phys. 28, 754 (1957). 

2S. C. Lin, Report on the Eighteenth Annual Conference on 
Physical Electronics, March, 1958, Department of Physics, 
Massachusetts Institute of Technology (unpublished), p. 6. 


slabs at normal incidence (i.e., a slab of shock-heated 
gas bounded by two slabs of window material). The 
transmittance and reflectance of the shock tube test 
section as seen by the microwave horns can then be 
related to the complex propagation constant of the 
ionized gas in the usual manner.’ As the classical dis- 
persion theory involved only two unknowns, namely, 
the electron density and the mean collision frequency, 
simultaneous measurements of the dc conductivity and 
the microwave transmittance at a single frequency will 
be sufficient to determine these two unknowns at 
various distances behind the shock front. 

The observed electron density and the mean collision 
frequency behind the shock front from a series of 
experiments using a 95% O2-5% Ne mixture at an 
initial pressure of 5 mm Hg are shown in Table I. The 
observed values were obtained through a least-squares 
fit of 18 pairs of experimental points, which in turn 
were determined from the dc conductivity and the 
microwave transmittance at distances of from 1 to 5 cm 
behind the shock front where the properties of the 
ionized gas appeared to have reached a steady state in 
each experiment. The rms deviation of the experimental 
points from the mean curve was about 20%. The 
probable systematic error is believed to be also of this 
magnitude. 

Recent analysis of the dissociation history behind 
shock fronts in the same gas mixture by Teare* showed 
that even at a shock velocity as low as 3.6 mm/ysec, 
dissociation of Oz» will reach 90% of the equilibrium 
amount at a distance of 2 mm behind the shock front. 
Therefore, the number density of atomic oxygen at 
distances greater than 1 cm behind the shock front 
can be approximated by the thermal equilibrium value, 
which is shown in Table II. 

The mean electron collision frequency calculated 
according to kinetic theory are shown in the last three 
columns of Table I. Note that column (a) was based on 
the collision cross sections suggested in reference 1, 
where the atomic oxygen cross section assumed a value 
of 1.5X10-'® cm? in the temperature range indicated 


3J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), Chap. IX. 

4S. C. Lin and J. D. Teare, Bull. Am. Phys. Soc. Ser. IT, 4, 
195 (1959). 
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above. Column (b) was obtained by reducing the Oz 
cross section alone by a factor of 10; while column (c) 
was obtained by reducing the O cross section alone by 
a factor of 10. It is seen that agreement between 
column (c) and the observed value is already within the 
probable accuracy of the experiment; a better fit of 
the data can be achieved by taking the cross section of 
O to be 2X 10~'* cm?. 

This value is considerably smaller than 107'® cm? 
suggested by Klein and Brueckner® for the elastic col- 
lision cross section as a best fit to the photoabsorption 
measurements of Branscomb ef al.6 However, the theo- 
retical value is only for doublet elastic scattering and 
the average elastic cross section is smaller because the 
quartet state electrons, which are subject to a stronger 
exchange force, have a smaller elastic cross section. The 
elastic cross section can be reduced further if one only 


TABLE I. Observed electron density and mean 
collision frequency behind the shock front. 


Mean collision frequency 
Shock Electron density (10!° collisions/sec) 
velocity (10!2 el/cc) 
(mm/sec) Observed Calc* 


4.0 13 
44 3. 
48 7. 


Calculated 
Observed a) (b) 


m : 6.7 
yf 3. : 9.4 
12.6 


4 J. D. Teare (unpublished work done at AVCO Research Laboratory). 


requires a fit to the photoabsorption measurements and 
not the best fit. 

Numerical calculations closely following. the work of 
Klein and Brueckner for the photoabsorption cross 
sections have been made on an I.B.M.-650 computer. 
The differential equations for the 2p and free s wave 
functions at distances greater than 3 atomic units are 
integrated numerically. In this calculation we have 
included the weak Coulomb and polarization forces for 
the s wave as well as the quadrupole and the centrifugal 
forces for the bound # state. For the polarizability we 
take p=5.1 and for the quadrupole moment we take the 
value g=0.6. The Born approximation is used for the 
free d wave. 

5M. M. Klein and K. A. Brueckner, Phys. Rev. 111, 1115 
(1958). 


6 Branscomb, Burch, Smith, and Geltman, Phys. Rev. 111, 505 
(1958). 


BLECTRON: SCAT’ 


TERING BY ATOMIC O 1027 
TABLE II. Thermal-equilibrium number density of atomic and 
molecular species behind the shock front. 


Shock Equilibrium 

velocity temperature 
(mm/sec) (°K) Oo 
4.0 3590 1.04 1.43 0.07 
4.4 3780 1.49 1.35 0.07 
4.8 3970 2.05 1.19 0.08 


Equilibrium number density 
(108 particles/cc) 

Oz Ne NO 

0.07 
0.08 
0.09 


According to Bates and Massey’ the calculated 
photoabsorption cross section contains a factor ~0.9 
which takes account of the overlap integral of the core 
electrons. Forces which extend beyond 3 atomic units 
increase the tail of the bound state wave function and 
hence increase the calculated photoabsorption cross 
section. If these somewhat compensating corrections are 
both applied to the solution of Klein and Brueckner, 
then the magnitude of their prediction remains slightly 
less than the photodetachment measurements. 

We have used the calculations of Bates and Massey 
to relate the doublet to the quartet elastic scattering 
cross section. Unpublished values given to us by Dr. A. 
Temkin in a private communication show a somewhat 
smaller exchange effect, but for our purpose they are not 
significantly different. 

In Fig. 1 we have drawn two theoretical curves corre- 
sponding to different values of the doublet scattering 
length (a2). The experimental values ® also shown have 
been sent to us by Smith.* The curve labeled a2.= 1.6, the 
choice of Klein and Brueckner, corresponds to an 
average elastic scattering cross section of ~7X10~'® 
cm*. This curve has mot been corrected by the core 
overlap factor and is slightly steeper in energy depend- 
ence than the data. At the other extreme, we have a 
curve for d2=1.0 which corresponds to an average 
elastic scattering cross section of ~210~!® cm? (in- 
cluding p-wave scattering). This curve has been cor- 
rected for the core overlap integral using the Bates and 
Massey factor 0.9. Its energy dependence is less steep 
than the data. According to these theoretical curves, the 
experimental value for the elastic scattering cross sec- 
tion reported here (2X 10~'* cm?), while not the best fit, 
is certainly compatible with the photoabsorption data. 

7D. R. Bates and H. S. W. Massey, Proc. Roy. Soc. (London) 


A192, 1 (1947); Trans. Roy. Soc. (London) A239, 269 (1943). 
8S. J. Smith (private communication). 
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Low-Field Mobilities of the Negative Ions in Oxygen, Sulfur Hexafluoride, 
Sulfur Dioxide, and Hydrogen Chloride* 


E. W. McDaniet, engineering :xperiment Station and School of Physics, Georgia Institute of Technology, Atlanta, Georgia 


M. R. C 


AND 


McDoweELt,t Royal Holloway College, University of London, Englefield Green, Surrey, England 


(Received October 7, 1958) 


Measurements of the low-field mobility of the negative ions in Oz, SFs, SO2, and HCl are described. The 
results are 2.46, 0.57, 0.35, and 0.71 cm?/v-sec, respectively, reduced to 0°C and 760 mm Hg pressure. A 
quantum-mechanical theory of ionic mobility is outlined and applied to the gases investigated experi 
mentally. Comparison of the experimental and theoretical results indicates that the oxygen ion is O;~, but 
attempts to identify the ions in the other gases are inconclusive. 


HE first section of this paper deals with negative- 

ion mobility measurements which were made by 

one of the authors (E.W.M.) at the Georgia Institute 
of Technology. The second section provides an analysis 
of the results of these measurements in terms of the 
quantum-mechanical mobility theory recently de- 
veloped by the other author (M.R.C.M.) and _ his 
former colleagues! at the Queen’s University of Belfast. 


I. EXPERIMENTAL 
A. Method and Experimental Apparatus 


In the experiments discussed here the ionic mobility 
is determined by a pulse technique in which a direct 
measurement is made of the time required for the ions 
to drift a known distance through the gas under the 
influence of a uniform electric field of known strength. 
A polonium alpha source located inside the mobility 
chamber is used to produce the primary ionization, 
and the negative ions are formed by the capture of the 
electrons thus produced by molecules of the gas being 
studied. Proportional counters are used to time the 
flight of the ions. The drift time data are displayed on 
a synchroscope and recorded photographically. 

Details of the experimental method used here have 
been presented in earlier publications.’ The present 
apparatus differs from that described earlier in that 
rubber gaskets have been replaced by Teflon and 
stopcocks by metal valves and that voltage for each 
electrode is now brought into the chamber through a 
separate Kovar seal. 

* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command. 

t On leave at the Georgia Institute of Technology, 1959-60. 

' Dalgarno, McDowell, and Williams, Phil. Trans. Roy. Soc. 


(London) A250, 411 (1958). 
Trans. Roy. Soc. (London) A250, 426 


2A. Dalgarno, Phil 
(1958). 
sE. W. 
(1957). 
‘E. W. McDaniel, Air Force Office of Scientific Research 
Document No. TN-58-332, Technical Report No. 1, January 10, 
1958 (unpublished). 


McDaniel and H. R. Crane, Rev. Sci. Instr. 28, 684 


B. Electron Capture in Gases 


Identification of the ions whose mobility is measured 
in these experiments is facilitated by knowledge of the 
mechanism by which negative ions are formed under 
the conditions existing in our apparatus. Since not 
only the probability of capture in a given gas but also 
the type of negative ion formed may depend markedly 
on the energy of the electrons, it is pertinent first to 
discuss the mechanism by which electrons are produced 
in the mobility chamber. 

As mentioned in Part A, the primary ionization is 
produced by the passage of polonium alpha particles 
through the gas. An alpha particle with initial energy 
of several Mev produces about 10° ion-pairs if it 
expends its total energy in the gas. The most probable 
collisions which result in ionization are those in which 
the ejected electron has low energy, usually less than 
the ionization energy of the molecule. Some of the 
ionizing collisions, however, produce electrons of 
relatively high energy, more than 100 ev in perhaps 
10% of the cases.° These electrons are very efficient in 
producing further ionization—in fact, the secondary 
ionization is roughly two-thirds of the total produced. 
Thus, when alpha particles produce ionization in a 
gas, electrons are formed which range in energy from 
thermal values up to several hundred ev. The fraction 
of electrons produced with energies over about 10 or 
15 ev is probably of the order of 30%. The ejected 
electrons either execute random motion in the gas and 
eventually attain thermal equilibrium with it or in the 
presence of an electric field, the electrons drift through 
the gas and finally reach an equilibrium condition in 
which collision losses just balance the energy gained 
from the field, assuming that they are not first captured 
to form negative ions. For electrons under conditions 
prevailing in the mobility chamber, the equilibrium 
energy is a fraction of an electron volt.® 


5 Bates, McDowell, and Omholt, J. Atmospheric and Terrest. 
Phys. 10, 51 (1957). 

®R. H. Healey and J. W. Reed, The Behavior of Slow Electrons 
in Gases (Amalgamated Wireless Limited, Australasia, 1941). 
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1. Oxygen 


There appear to be three different modes of formation 
of negative ions by electron impact in oxygen.”{ At 
electron energies of less than about 1 ev, electrons are 
reported to be directly captured by oxygen molecules 
with the formation of O,~ ions. The excess energy, 
equal to the kinetic energy of the electron plus the 
electron affinity of the molecule, is absorbed temporarily 
by the ion in the form of vibrational energy. Unless the 
ion is quickly stabilized by collision de-activation, the 
electron will be ejected from the ion. The cross section 
for this mode of formation decreases rapidly with 
increasing electron energy. The second process is that 
of dissociative attachment to give O~ plus O. This 
reaction has a threshold of 3.61 ev. A resonance process 
is involved here, and the reaction occurs with a large 
cross section. The third process involves the formation 
of both the O* and O~ ions. The threshold of this 
reaction is 17.22 ev. 

It is evident that both the O~ and Os ions should 
be formed in substantial numbers by electron capture 
in our oxygen experiment. 


2. Sulfur Hexafluoride 

SFe-, SFs~, Fo-, and F 
mass spectrographic studies of slow electron impact in 
SF,.8° Hickam and Fox* have used their retarding 
potential difference apparatus to study SF at electron 
energies of less than 2 ev. SFs~ was observed to be 
formed in a resonance capture process with an extremely 
high cross section, estimated to be at least 107!® cm?, 
The capture occurred at less than 0.1 ev, and over an 
energy range of less than 0.05 ev. Hickam and Fox 
also observed dissociative attachment leading to SF5~. 
The SF;~ peak maximized at less than 0.1 ev and then 
decreased to zero at approximately 1.5 ev. The maxi- 
mum cross section for this process was estimated to 
be 10~” cm*. Hickam and Fox did not investigate the 
formation of F,~ and F~ ions in their experiment. 
These ions may have been produced under their 
conditions, since their formation in SF. has been 
reported by Ahearn and Hannay,’ but no evidence is 
at hand regarding this point. 

It seems likely that only SF;~ and SF¢ 
produced initially in significant numbers in our experi- 
ments. The formation of F~ and F2 almost certainly 
occurs with much lower probability. 


ions have been observed in 


ions are 


3. Sulfur Dioxide 


Each of the following ions has been observed to be 
formed in SOz by electron impact: SOs, SO~, S~, and 


7L. B. Loeb, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 21, pp. 445-470. 

t Note added in proof.—¥Yor the most recent discussion of slow 
electron attachment in oxygen, see J. B. Thompson, Proc. Phys. 
Soc. (London) A73, 821 (1959). 

8 W. M. Hickam and R. E. Fox, J. Chem. Phys. 25, 642 (1956). 

9 A, J. Ahearn and N. B. Hannay, J. Chem. Phys. 21, 119 (1953). 
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low energy decreases as the electron energy increases, 
but it rises again at higher energy.” The SO,~ ion 
presumably is formed by the same process as is O27 in 
O., namely attachment with vibrational excitation 
followed by stabilization by collision. Hickam" has 
studied attachment in sulfur dioxide, and he reports 
the SO ion to be the most abundant of those produced 
in his apparatus. The SO~ ion appeared at a potential 
of 4.9 v; the attachment energy range was 0.4 ev wide. 
Rosenbaum and Neuert!! have also investigated the 
negative ions in SO,. They report the following appear- 
ance potentials: O-, 3.5 ev; SO-, 3.9 ev; and S~, 3.6 ev. 
In their work the O~ and SO™ ions are reported to be 
formed in fairly large numbers. 

Because of the energy spread of the electrons avail- 
able for capture in our SO, experiment, it is likely that 
all of the above mentioned ions are produced. Estima- 
tion of their relative abundances does not appear to 
be feasible. 


in Os, the attachment coefficient at very 


4, Hydrogen Chloride 


The retarding potential difference method has also 
been applied by Fox” to the study of the formation of 
negative ions in HCl. Only one ion, CI, is observed, 
but a plot of ion current vs electron energy shows two 
peaks, indicating that two distinct mechanisms are 
involved. The low-energy peak occurs at 0.66 ev and 
corresponds to the formation of ions according to the 
equation HCl+e—H+Cl-. The threshold for the 
second mechanism is 14.5 ev. The high-energy process 
is described by the equation HCIl+e — H*+Cl +e. 

There seems to be no problem in identifying the 
initially formed negative ion as Cl- in our experiment, 
since no other negative ion has been reported in the 
literature as being produced in HCl. 


C. Results 


The experimental results on oxygen, sulfur hexa- 
fluoride, sulfur dioxide, and hydrogen chloride will now 
be presented. 

1. Oxygen 


our measurements were made on gas taken from a 
steel tank and one on oxygen from a break-seal glass 
bulb. The tank oxygen was obtained from the Matheson 
Company, as were all of the other gases used in the 
experiments described here. It was certified to be 98.9% 
pure, containing 0.7% Ne» and 0.4% A. The gas from 
the glass bulb was “‘spectroscopically pure.” Measure- 
ments were made at room temperature in the pressure 
range of 100 to 130 mm Hg, and the value of E/P 
ranged from 0.75 to 0.85 v/cm-mm. The results were 
consistent to withinthe limit of experimental error, 
estimated to be 2.4%. 

 W. M. Hickam (private communication, 1957). 


11 Q, Rosenbaum and H. Neuert, Z. Naturforsch. 9a, 990 (1954). 
2 R. E. Fox, J. Chem. Phys. 26, 1281 (1957). 
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Fic. 1. Drift-time 
spectra for O2 at 120.9 
mm pressure. 400 events 
per peak. 
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A microphotometer plot of a photographic plate 
obtained with oxygen is shown in Fig. 1. The sharp 
spike at the origin of the drift time axis corresponds to 
the production of ionization by the passage of an alpha 
particle through the gas. The peaks A, B, C, and D 
represent the distribution of arrival times of the ions 
at the end of their flight paths for each of four different 
lengths of flight path. The mobility of the ions forming 
the sharp edges in the drift time spectra of Fig. 1 was 
determined to be 2.46+0.06 cm?*/v-sec, reduced to 
760 mm Hg and 0°C. This ion is identified as O3-, 
based on a comparison of the experimental result with 
the theoretical predictions of Sec. II of this paper and 
with the observations of Burch and Geballe.” 

Burch and Geballe’ have presented evidence for the 
presence of three negative ion species in oxygen. Their 
experiment covered a range of E/P extending from 9 
to 50 v/cm-mm Hg and a range of PD from 7 to 26 
cm-mm Hg. Here P is the pressure in mm Hg and D is 
the drift distance in cm. (The range of PD in our oxygen 
measurements extended from about 600 to 2000 
cm-mm Hg.) Three distinct and pressure-independent 
negative-ion velocities were found, consistent with 
zero-field mobilities of 3.4, 2.6, and 1.95 cm*/v-sec. 
The multiplicity of velocities is ascribed to irreversible 
reactions through which initially formed O~ ions are 
converted into two slower species, O;~ and O;, in 
particular by the O-+20:—0O;-+0O2 reaction, a 
chemical process which may be quite rapid.* They 
interpret the species of intermediate mobility (2.6) as 
O;-, and according to their analysis, O;~ is the ion 
which would be observed under our conditions. Positive 
ions were also investigated in their experiments. The 
initially formed positive ion, thought to be Ost, 

18]. S. Burch and R. Geballe, Phys. Rev. 106, 183, 188 (1957). 


40. M. Branscomb, Advances in Electronics and Electron 
Physics (Academic Press, Inc., New York, 1957), No. 9, p. 87. 


retained its identity as it drifted through the gas. No 
difference was detected between the mobilities of the 


O,+ and O-- ions. 


An analysis of the peak shape in our drift time 
spectrum for oxygen has been presented in earlier 
publications.** It was shown‘ that the slope of the 
leading edge of the spectrum is consistent with the 
amount of straggling calculated for a single species of 


ion traveling from a point near the ionization track of 
the alpha particle to the end of the drift tube. There 
is no indication of additional straggling due to labile 
clustering'® or other type of reaction as the ion drifts 
down the tube. Thus the ion of maximum mobility 
(2.46 cm*/v-sec) appears to be a species which remains 
unchanged after its formation. This does not mean 
that the ion is of the species initially formed by the 
capture of the primary electrons by oxygen molecules. 
In fact, the ion forming the sharp edge is probably 
produced by some secondary reaction between the 
initial ion and oxygen molecules. However, if it is a 
secondary product, it must be one which is formed 
very near the ionization track and not at an appreciable 
random distance down the tube. Calculations have 
shown that reactions of this type may have sufficiently 
high rate coefficients that the mean free path before 
formation of the ion of maximum mobility could be a 
very small fraction of a centimeter under the existing 
conditions.’® 

The long trailing edge of each peak in the spectrum 
shows, on the other hand, that the remainder of the 
initially formed negative ions are converted to one or 
more species of mobility less than 2.46 by some reaction 
with oxygen molecules. It has been shown‘ that the 

16The term “labile clustering” refers to the formation of 
clustered ions whose composition changes as the result of the 
temporary attachment and subsequent detachment of molecules 
as the ion drifts through the gas. 

‘6D, R. Bates, Proc. Phys. Soc. (London) A68, 344 (1955). 
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Fic. 2. Drift-time 
spectra for SF, at 35.1 
mm_ pressure. 1800 
events per peak. 
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formation of fixed clusters would produce peaks of a 
different shape from those observed but that labile 
clustering or certain other types of reactions could 
produce peaks of the observed shape. 

It may also be of interest to compare the present 
result of 2.46 cm*/v-sec for the mobility of the negative 
ions in oxygen with those obtained by other investiga- 
tors in addition to Burch and Geballe whose work was 
referred to above. The first determination was reported 
by Zeleny,!’ who obtained 1.82 cm?/v-sec. Franck!® 
reported a value of 1.79 cm?/v-sec, while Bradbury’ 
obtained 2.19 cm?/y-sec. Nielsen and Bradbury” also 
described experiments on oxygen in which they used 
an electrical shutter technique. They reported that 
newly formed ions, which they identified as O.-, had 
a mobility of 3.3 cm*/v-sec and that a strong aging 
effect was in evidence. The slowest ions observed had 
a mobility of 2.85. Doehring” reported the measurement 
of the mobility of ions he believed to be O: as 2.68 
+0.13 cm?/v-sec. He also used an electrical shutter 
method. The theory presented in Sec. II indicates that 
the ions observed by Nielsen and Bradbury were O-, 
while those of Doehring were O;-. It may be noted, 
however, that the O;- ion has never been reported in 
any mass spectrographic work. 


2. Sulfur Hexafluoride 


Three mobility measurements were made using SF 5 
which, according to the manufacturer, was at least 
99.9% pure. (No additional information on the com- 

7o | 
position of the gas was available.) The runs were made 
at 35 mm pressure and room temperature, and the 
electric field strength was 104.9 v/cm. 

In each of the runs, a single sharp peak was observed 
in the drift-time spectrum. Figure 2 shows the super- 

17 J. Zeleny, Phil. Trans. Roy. Soc. (London) A195, 193 (1900). 

18 J. Franck, Z. Physik 12, 291 (1910). 

'9N. E. Bradbury, Phys. Rev. 40, 508 (1932). 

” R. A. Nielsen and N. E. Bradbury, Phys. Rev. 51, 69 (1937). 

2A. Doehring, Z. Naturforsch. 7a, 253 (1952). 
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imposed spectra for three different source positions. 
Analysis of the shape of the spectrum reveals that each 
peak is narrow enough to be formed only by a single 
species of ion which preserves its identity all the way 
down the drift tube. 

The mobilities obtained in the various runs are in 
extremely close agreement, being 0.57, 0.57, and 0.56 
cm?/v-sec, respectively. The accuracy of the SF¢ 
measurements is estimated to be the same as that of 
the oxygen measurements, namely 2.4%. Thus our 
value for the low-field mobility of the negative ions in 
pure SF, is 0.57+0.01 cm?*/v-sec, reduced to 0°C and 
760 mm Hg. Comparison of this result with the pre- 
diction of the theory of Sec. II indicates that our ion 
may be the (SF¢-SF¢)~ or (SF5-SF¢)~ cluster. 

The only other experimental value of the mobility 
of the negative ions in SF, which is available for 
comparison appears to be the one resulting from an 
experiment performed by McAfee.” His measurements 
were made in the range of E/P of 3 to 26 v/cm-mm, 
and the data extrapolated to E/P=0 gave a mobility 
of 0.45+0.20 cm?/v-sec. McAfee believed his ion to be 
SFs-. The arguments of Sec. II suggest that his 
identification was correct. 


3. Sulfur Dioxide 


In the case of SO, again only one peak appeared in 
the drift-time spectrum for a given length of flight 
path. The shape of the peak was similar to that observed 
for oxygen, as is apparent in Fig. 3. Analysis of the 
shape of the peaks in the SO» spectrum shows that the 
sharp front in each case can be produced by a single 
species of ion, but that the trailing edge must be 
interpreted in terms of labile clustering or some other 


type of reaction with SO, molecules. Identification of 


the ion forming the sharp edge is difficult. The theoreti- 
cal analysis in Sec. I indicates that it may be SO. 


2K. B. McAfee, J. Chem. Phys. 23, 1435 (1955). 
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Fic. 3.  Drift-time 
spectra for SO, at 53.0 
mm pressure. 800 events 
per peak. 
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The fact that SO. ions are certain to be formed in our 
mobility chamber by direct electron attachment may 
be considered to add plausibility to this interpretation. 

The measurements were made at 53.0 mm Hg and 
a field strength of 86.1 v/cm. The SO. was 99.98% 
pure, containing 0.02% of noncondensable impurities. 
Each ot the three measurements which were made 
gave a reduced mobility of 0.350.01 cm?/v-sec. 

This result may be compared with those reported by 
other investigators. E. M. Wellish®* and K. Yen"! both 
obtained, in separate experiments, a mobility of 0.41 
for the negative ions in SOs. An experiment performed 
by DuSault and Loeb*® gave a value of 0.44. The 
temperature to which these mobilities refer is not 
specified in the literature, but it is assumed to be 20°C 
in each case. This means that value should 
probably be multiplied by the factor 273/293 for 
comparison with our mobility. The values which result 
are 0.39 and 0.41, respectively. 


each 


4. Hydrogen Chloride 


Three measurements were made on HC] at 85 mm Hg 
pressure and E=79.7 v/cm. The gas was 99.3% pure, 
containing 0.2% of inert gases and 0.5% of COs. A 
single sharp peak was observed in the drift-time 
spectrum for each source position, as shown in Fig. 4. 
Calculations show that the width of the peak is 
consistent with the assumption that a single ionic 
species is involved. 

The three runs gave reduced mobilities of 0.71, 0.71, 
and 0.72 cm?/v-sec, for an average of 0.71+0.02 
cm*/y-sec assuming 2.4% accuracy. Apparently only 
one other experimental value for the mobility of the 

2 E. M. Wellish, Phil. Mag. 34, 33 (1917). 

*K. Yen, Proc. Natl. Acad. Sci. (U. S.) 4, 106 (1918). 

2°... DuSault and L. B. Loeb, Proc. Natl. Acad. Sci. (U. S.) 14, 
384 (1928) 


negative ions in HCl is available for comparison. 
Loeb** reports a mobility of 0.56 cm?/v-sec referred 
to 760 mm Hg and 20°C. This corresponds to a value 
of 0.52 reduced to standard conditions. 

The initially formed ion in our experiment is almost 
certain to be Cl-, but an unambiguous interpretation 
of our mobility data is not possible. It is suggested in 
Sec. II that the observed ion could be Cl-, but no 
great weight can be attached to this interpretation. 


II. THEORETICAL 
A. General Discussion 


Theoretical descriptions of the mobilities of ions in 
gases, based on elementary kinetic theory, have been 
developed by Jeans?” and Loeb.** They predict the 
observed dependence on the reduced mass of the 
ion-atom system but are only of order of magnitude 
accuracy in many Cases. 

A more refined treatment, based on Boltzmann’s 
transport equation and dealing with ions and atoms 
having an inverse fourth power interaction potential, 
has been given by Langevin’® and Hasse’.” It is a 
special case of the theory to be presented in this section. 

The mobility, A, of an ion in a gas may be represented 
by the expression*" 


K=eD,2/kT, (1) 


where ¢ is the electronic charge, k Boltzmann’s constant, 


26 1.. B. Loeb, Proc. Natl. Acad. Sci. (U. S.) 12, 35 (1926). 


7J. H. Jeans, /ntroduction to the Kinetic Theory of Gases 
(Cambridge University Press, Cambridge, 1948). 

*8 L. B. Loeb, Basic Processes of Gaseous Electronics (University 
of California Press, Berkeley, 1955). 

* P. Langevin, Ann. chim. phys. 8, 245 (1905). 

% H.R. Hasse’, Phil. Mag. 1, 139 (1926). 

31S. Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, Cambridge, 
1939). 
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T the absolute temperature, and Dy. the diffusion 
coefficient. At low field strengths, such that the energy 
gained from the field per mean free path is small com- 
pared with the Maxwellian energy, the diffusion 
coefficient is given by 


3o/m f2kT \ 3 1+ € 
Dy».= ( ) , 
16 \ up (m1+n2) Pi» 


» 


Pax f v°Op(v) exp(—pv?/2kT) dv, 
0 


where 


x 


Op(v) = 2m (1—cos@) pd p. (4) 


0 


Here uw is the reduced mass of the system, m the gas 
and , the ion number density, and €9 is a second order 
correction which is usually less than present experi- 
mental errors.*:** The diffusion cross section Qp(v) 
depends on the detailed nature of the interaction 
through the impact parameter p and the scattering 
angle 6 and is thus a function of the velocity of relative 
motion v. The ion number density #2 is generally much 
less than m, and may be ignored. The second order 
correction is also neglected for the present purposes. 

According to the quantum theory of atomic 
collisions,** if the ion and atom are not of the same 
species, the diffusion cross section may be expressed in 
terms of the phase shifts, 7,, as 


dr x x 


> (s+1) sin?(n,— 1541). (5) 


9 
~ om 


QOn(v) = 


Here k=ypv/h is the wave number of the relative 


® A. Dalgarno and E. J. A. Williams, Proc. Phys. Soc. (London) 
A72, 274 (1958). 

33. A. Mason and H. W. Schamp, Ann. Phys. 4, 233 (1958). 

4N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, Oxford, 1949), 
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motion. If the atom and ion are of the same species, 
then the interaction potential may arise from states 
either symmetric or antisymmetric in the nuclei, giving 
rise to phase shifts Bx and yor41, respectively, where 
now r is the index in the summation. The situation is 
more complicated if the atom has nonzero nuclear 
spin, when account must be taken of the statistics.’ 

Theoretical predictions of the mobilities rest there- 
fore on the evaluation of summations (5), which 
through the phase shifts depend on a detailed knowledge 
of the interaction potentials. Owing to the integral 
over a Maxwell distribution involved in (3) the only 
values of Qp(v) important in determining the mobility 
at temperatures within the normal laboratory range 
are those at energies in the adiabatic range.*® We may 
therefore employ Jeffreys’ approximation to the phase 
shifts,** 


. s(s+1) 7) 
Ns J [#240 (R)- dR 
Ri) K* 


1 


i s(s+1) 
-{ ke — dR, (6) 
Ro’ R? 


where V(R) is the interaction potential and Ro, Ro’ the 
respective outermost zeros of their integrands. It is 
then convenient to replace the summations by inte- 
grations, since a large number of phases enter, and to 
write (5) as 


Op(v) =49r f p sin’é( p)dp, 


where 
1 On( p) 
= (8) 
k Op 


and p=[s(s+1) }!/k. Choosing an impact parameter 


8H. S. W. Massey and E. S. Burhop, Electronic and Tonic 
Impact Phenomena (Oxford University Press, Oxford, 1952). 
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p* such that for all p<p*, sin’E(p) oscillates rapidly 
and may be replaced by its average value }, we have 


Qo(v)=xp* +44 f | p sin*t(p)dp. (9) 


The choice of the impact parameter is arbitrary, but 
Qp(v) is not unduly sensitive to it, provided p* is 
large.'-** If this is the case, then s is also large, and the 
Jeffreys’ approximation reduces to the Massey-Mohr 
approximation,®” which may be expressed in terms of 
the impact parameter p as 


n(p)=— - (10) 


2  V(R) 
Fee 
26%, [1—p’/R*}} 
where & is the center-of-mass energy. 

The interaction potential between an ion and an 
atom is, to a good approximation, of the form 


C-.& 
V (R) = Ae? ——_——+ (11) 
R4 Ré 
in most cases, so phases are required for potentials of 
the type V(R)=Ae~** and V(R)=C/R". These phases 
have been calculated.***8 
The theory of Langevin”. is obtained by choosing 
the potential 
V(R)=2 (R<p) 
=—C/R' (R>p), (12) 


where p is some cutoff parameter. In this case Jeffreys’ 
approximation may be evaluated analytically,’ and the 
diffusion cross section expressed as 


Op =2.210mg?, (13) 


where g'=C/6, all quantities being in atomic units. 
If the polarizability of the gas is large, only the R“ 
term of the interaction plays a significant part in 
determining the mobility. Then, using (11) in (10) but 
retaining only the R~ term, and carrying out the inte- 
grations, the mobility may be expressed in the simple 
form 
35.9 
cm?/v-sec, 
(ap)! 


K= (14) 


where a, the polarizability in atomic units (ao*), is 
related to the parameter C by C=ae’/2. It has been 
demonstrated in an earlier paper! that this result is 
accurate within the limits of experimental error for ions 
in A, Kr, Xe, No, and Ho, and also rather unexpectedly 
for the polar gas CO. The interaction between an 


36M. R. C. McDowell, Proc. Phys. Soc. (London) A72, 1087 
(1958). 

37 H.S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. (London) 
A144, 188 (1934). 

38 A. Dalgarno and M. R. C. 
(London) A69, 615 (1956). 


McDowell, Proc. Phys. Soc. 


AND 


a. RK. CC. MeDowetL. 

atomic ion and a heteronuclear polar molecule such as 
CO presumably includes an R™* term and will be 
orientation dependent. The success of (14) in this case 
probably implies that the R- term vanishes when 
averaged over all orientations. It should be noted that 
while (14) predicts, in common with other theories, 
that K«y~4, it disagrees with the usual presentation 
of the theory in which p¥0 in predicting temperature 
independence for an R~™ interaction, and this prediction 
is substantiated by the available experimental data.! 
It is of interest that the polarizability limit of the 
classical Langevin theory agrees exactly with (14). 

If the interaction is of the more general form 


V(R)=AR™, (15) 


where » is an integer, the theory outlined here predicts 
that the temperature variation of the mobility will be 


constant 
K= = sti -T (in) J 
VE 


(16) 


which agrees with the Langevin result K « T-? in the 
limit »— ©. It is clear that observations on the 
temperature variation of mobility could lead to con- 
siderable information on ion-atom interactions.!* 
When the ion is moving in its parent gas, we must 
use the modified form of (5) for the diffusion cross 
section. By a similar analysis,**? it may be shown that 
Qp is closely related to the charge transfer cross 
section Qr for the process 
Xt++X — X+Xt, (17) 
and may be expressed as 
QOn=2(0r+Qp), (18) 


where (> is a polarizability correction, 


“ 3mrC 
Op=2r J psin'( Jap. 
p* 8pis 


which has been tabulated by Dalgarno, McDowell, 
and Williams.’ The charge transfer cross section Qr is 
defined in terms of the phases 8, and y, and the impact 
parameter p as 


Qr(v)=20 , p sin?(B,—7.)dp. 


(19) 


(20) 


An analysis of the type used to evaluate Qp [see Eq. (9) ] 
leads to the approximate expression 
> *2 1 p* 


QOr(e)=—-+— 
2 


, 
16a 


(21) 


where p* is given by 
p* exp(—2ap*) =ma&/(4A%x). (22) 
% K. Hoselitz, Proc. Roy. Soc. (London) A177, 200 (1941). 
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TABLE I. Mobilities of O3~ in various gases at a gas 
number density of 2.69 10 cm=. 


90% Kpot 
14.2 
LW Hy 
2.07 
1.43 
1.04 
11.25 
7 2.22 
8 1.60 


Kpoib 


15.8 
5.85 
2.31 
1.59 
1.16 


Kobs a® 


Gas 

He 11.8 +1.2 1.39 
Ne 5.14+0.5 
A 2.06+0.04 

1.39+0.07 

0.88+0.10 

11.4 +1.0 m 12.5 

Ne 2.22+0.06 ; A 
CO. 1.08+0.03 ‘ a 


®R. Landolt and R. Bornstein, Afom und Molekular Physik (Springer- 
Verlag, Berlin, 1950), Vol. 1. 
> Kpo1 is the polarizability mobility calculated from Eq. (14). 


Neglecting the second term of (21) when * is large, 
(i.e., at low energies), it is apparent that Q7 is of the 
form 


Or — (@ log&+@)?, (23) 


as &— 0. In cases when we know the charge transfer 
cross section experimentally, it is then possible using 
(23) and (19) to obtain Qp(v) and hence the temperature 
variation of the mobility. Previous applications suggest 
that the method is reliable.?” 


B. Identification of the Observed Ions 
1. Oxygen 


The theory presented above does not differentiate 
between positive and negative ions. This apparent 
weakness is due to the use of the Massey-Mohr approxi- 
mation, rather than the full Jeffreys’ approximation, 
to the phase shift. It is not serious in the case of a 
polarizability dominated interaction, since only the 
mass of the ion is concerned, but it might be of im- 
portance where charge transfer or other chemical 
rearrangement reactions take place. There is no experi- 
mental information available on slow negative-ion 
charge transfer of type (17). However, a theoretical 
study of the simplest case suggests that where the 
electron affinity is small, the charge transfer cross 
sections may be very large, and mobilities correspond- 
ingly low.** It is most unlikely that the mobility of a 
species X~ in gas X would exceed that of X+ in X at 
any temperature owing to the more diffuse structure 
of the negative ion. 

The mobilities of O~ and O;~ in Oz predicted by (14) 
are 3.3 and 2.5 cm?/v-sec. These should be independent 
of temperature, and are referred to a constant density 
of 2.6910" atoms cm~*. The mobility of Os in Oz is 
uncertain, but should be lower than the mobility of 
O2*+ in Oo, which may be estimated from the available 
charge transfer measurements,“ suitable corrected. 
Here it is assumed that charge transfer plays a similar 
role for diatomic molecules as for monatomic ones. 


# N. Lynn and B. L. Moiseiwitsch, Proc. Phys. Soc. (London) 
A70, 474 (1957). 

‘| Dillon, Sheridan, Edwards, and Ghosh, J. Chem. Phys. 23, 
776 (1955). 
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Fic. 5. Theoretical mobility of O2* ions in Oz as a 
function of the absolute temperature. 


From Eqs. (1)-(3) we have that 
5.20X 10° 


K=— 
QoV T 


cm’/v-sec, 


where 


$ L 
- a 
Qn=- f S°Op(E)e-#'d 8, (25) 
>! 


0 


and a is (kT). The results are shown in Fig. 5. The 
calculated mobility of O.+ in O2 at 293°K is 2.00 
cm?/v-sec. 

Burch and Geballe® found three types of negative 
ions present in their oxygen experiments. These have 
mobilities of 3.4, 2.6, and 1.95 cm?/v-sec and are 
assigned to O-, O;-, and O--, respectively. Our analysis 
substantiates this identification and indicates that the 
ion observed in the present work, with mobility 2.46 
cm?/v-sec, is O3-. 

Observations on the mobility of negative ions found 
in mixtures of oxygen and nonelectronegative gases, 
over a wide range of oxygen concentrations, have been 
presented in an earlier paper.’ The results at 100% 
oxygen are in agreement with those of the present 
paper, suggesting that the ion present was O;~. Further 
evidence in support of this contention is forthcoming 
from observations in He, Ne, A, Kr, Xe, Ho, No, and 
CO. in the presence of varying admixtures of On. 
Extrapolation of the results to zero concentration of 
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TABLE IL. Observed and calculated mobilities of ions 
in their parent gases. 


Gas a® ip Kops? Kurs/Kp 
4.3 
1.64 
0.90 
0.58 
1.9 
0.2% 
1.6 
0.454 


0.62 
0.67 
0.66 
0.68 
0.69 
0.48 
0.61 
0.65 


Ne 2.68 
\ 11.0 
K 16.7 
Xe 27.1 
O. 10.81 
Hg 34.3 
CO 13.2 
SFs 42 3 


*R. Landolt and R. Bornstein, Atom und Molekular Physik (Springer 
Verlag, Berlin, 1950), Vol. 1 

b References to the observational data are given in our reference 2 unless 
otherwise indicated. 

© G. Mierdel, Z. Physik 121, 574 (1943). 

1 See reference 22 


Q» yields the data presented in Table I, where they 
are compared with the theoretical predictions for Os; 
in these gases. The agreement is good but appears to 
involve a systematic discrepancy of about 10%, It is 
tempting to suppose that this arises from the rather 
more diffuse structure of the negative ion, but this 
supposition is not substantiated by the results in pure 
Oe. The observed mobility of 11.4+1.0 cm?/v-sec in 
Hz is suggestive. Previous work!” indicates that H» has 
an effective polarizability of 4.3a0’. It would then be 
expected that all ions other than H.*+ would show 
mobilities in H» exceeding 12.3 cm?/v-sec. Previous 
data*-* 


to be about 10% too low. 


support this view. The present result seems 


It is interesting to note that the Bristol data*® on 
mobilities of positive ions in these gases also show a 
systematic departure from the theory of about 7%, 
but in the opposite sense. These discrepancies cannot 
arise from neglect of second and higher order approxi- 
mations to the diffusion coefficient, since these vanish 
exactly for an R™ interaction.” 

The results for He and CO, are in no sense anomalous, 
since the polarizability of He is too small for (14) to 
apply, and since CO» is a polar molecule. The results 
for Xe should however be treated with some reserve, 
since Xe has a high polarizability. The measurements 
in Xe-O» 
polation® from 60% Oz to zero Ov, and the available 


mixtures involve an unavoidable extra- 


data do not show as clear a linear dependence on O» 
concentration as do the other gases investigated, where 
the extrapolation is over a considerably shorter range. 
The quoted experimental result for Xe may well be 
too small, apart from any systematic error. 

2 J. H. Mitchell and K. E. W. Ridler, Proc. Roy. Soc. (London) 
A146, 911 (1934). 

A.V. Hershey, Phys. Rev. 56, 908 (1939). 

“K. B. Persson, Proceedings Sixth Annual Conference on 
Gaseous Electronics (Washington, 1953). 

FE. J. Lauer, J. Appl. Phys. 23, 300 (1952). 

‘© A. M. Tyndall, The Mobility of Positive Ions in Gases 
(Cambridge University Press, Cambridge, 1938). 
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2. Sulfur Hexafluoride 


The observed mobility of the negative ion in SF. 
was 0.57+0.01 cm*/v-sec. The only other experimental 
value is that of McAfee,” who finds a mobility of 
0.45+0.20 cm?/v-sec for negative ions in SF. and 
identifies the ion as SFs~. The effective polarizability 
of SF¢ is 42.3a,',"7 sufficiently high for Eq. (14) to 
be applicable, and (14) predicts a mobility of 0.69 
cm?/v-sec for SFs+ in SFs, which is much too high. 
However, inspection of all the available experimental 
information on mobilities of ions in their own gases at 
300°K suggests that the true mobility is about 65% 
of that calculated neglecting charge transfer. The data 
are presented in Table II. This strongly supports 
McAfee’s identification but requires substantiation by 
observation of the form of the temperature variation. 
It is most unlikely that the ion observed in our work 
is SFg~. The results of Table II, and the high symmetry 
of SF. suggest that orientation-dependent forces will 
be relatively unimportant. 

Solving Eq. (14) for the reduced mass gives p= 93.8 
+3.5 and hence the mass of the ion is m,:=262+30. 
The discussion of Sec. IB indicates that the only ions 
likely to be seen with mass in this range are the clusters 
(SFs:SFs)~ and (SF5:SF¢)~, with m.=292 and 273, 
respectively. We therefore suggest that either or both 
of these clusters may be present in our experiment. 


3. Sulfur Dioxide 


The most probable ion in this case would seem to be 
SO:-. Since the interaction is not of the R™* type, 
application of (14) and the 65% criterion must be 
unreliable. However, the polarizability is very large,** 
a~200a0°; it must therefore play a considerable part 
in determining the mobility in spite of the occurrence 
of orientation-dependent dipole-dipole interactions. In 
the absence of charge transfer, the theoretical value of 
the mobility of SO.- in SO. suggested by Eq. (14) is 
(0.46 cm?/v-sec. Application of the 65% criterion yields 
a mobility of 0.30 cm?*/v-sec. It is possible that S~ or 
O- ions might be present. They would have mobilities 
of 0.55 and 0.71 cm?/v-sec on the assumption of an 
R~ interaction. 

The single ion observed had a mobility of 0.35 
cm?/v-sec. Other workers”*~*> have obtained mobilities 
of 0.39 and 0.41 cm?/v-sec for negative ions in SO.-. 
It is tempting to identify our ion as SO, but a detailed 
study of the temperature dependence would be 
necessary before doing so. 


4. Hydrogen Chloride 


As in the previous case, it seems unlikely that the 
interaction is of the R~* type. As was noted in Sec. I, 


47 Calculated from the dielectric constant D, i.e., (dao) = 2.07 
X10'(D—1), so as to include the contribution, to the R™ term, 
of the permanent dipole moment. 

48 Smithsonian Physical Tables, Smithsonian Institution (1954). 





LOW-FIELD 
the only negative ion which has been identified in HCI 
by previous workers is Cl-. Charge transfer would not 
be expected to play a significant role if this were the 
ion in our experiment. The observed value of 0.71+0.02 
cm?/v-sec is to be contrasted with that of 0.88 expected 
if Eq. (14) is applicable. This suggests that an 
orientation-dependent R~ interaction is important in 
this case, so that the mobility should vary as 7’. If, 
however, these forces averaged out, so that only the 


PHYSICAL REVIEW VOLUME 


MOBILITIE 


S OF NEGATIVE IONS 1037 
R~“ term contributed, then the observed mobility of 
0.71+0.02 cm?/v-sec would be accounted for by the 
presence of (Cl-2HCI)~ clusters. We must also allow 
for the possibility that the initial Cl- ions might form 
permanent clusters with highly polarizable impurities, 
such as water vapor, since it is impossible to achieve a 
high degree of gas purity by baking our apparatus. 
Information on the temperature dependence would 
clarify the situation. 
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Cross Sections for the Li‘ (n, y)Li*® Reaction 


W. L. Imuor, R. G. Jounson, F. J. VauGHN, AnD M. WALT 
Lockheed Missile Systems Division Research Laboratory, Palo Alto, California 
(Received December 22, 1958) 


The neutron radiative capture cross section of Li’ was measured for neutron energies between 40 and 1000 
kev and at thermal energy. The reaction was detected by observing the beta decay of Li’ in a natural Lil 
crystal exposed to a flux of monoenergetic neutrons. The cross sections for the Li? (,y) Li® reaction were ob 
tained relative to the known cross sections for the Li®(,t)He* and the I'*7(n,v)I'*8 reactions which also took 
place in the crystal. The Li’(n,y) cross section decreases from a value of 50 10~6 barn at 40 kev to 5X10~° 
barn at 1000 kev. A maximum in the cross section was found at 250 kev, corresponding to a known level in 
Li’ at 2.28 Mev. The observed radiation width of this level was 0.07+0.03 ev. 


INTRODUCTION 


ADIATIVE capture of neutrons by Li’ leads to an 
unstable isotope, Li’, which decays with about a 

0.9 sec half-life by emitting electrons with a maximum 
energy of 13 Mev.! The residual nucleus, Be’, further 
decays into two alpha particles in about 10-!® second. 
Since the spin and parity of the ground state of Li’ are 
2, even,” and the spin and parity of the ground state of 
Li’ are 3, odd, the excited state of Li’ formed by s-wave 
neutron capture in Li’ will decay to the ground state 
by electric dipole emission. Calculations of the cross 
section for this process have been made by Thomas’ 
and his results predict a cross section which decreases 
smoothly with increasing neutron energy. However, a 
maximum in the capture cross section might be ex- 
pected near 250 kev because of a resonance in the total 
cross section of Li? at this energy:! The 2.28-Mev state 
in Li’, which is responsible for this resonance, has spin 
3 and even parity and may decay to the ground state by 


1W. F. Hornyak and T. Lauritsen, Phys. Rev. 77, 160 (1950) ; 
W. Rall and K. G. McNeill, Phys. Rev. 83, 1244 (1951); D. 
Bunbury, Phys. Rev. 90, 1121 (1953); Phys. Rev. 91, 1580 (1953) ; 
P. Bretonneau, Compt. rend. 236, 913 (1953); R. K. Sheline, 


Phys. Rev. 87, 557 (1952); M. M. Winn, Proc. Phys. Soc. (Lon- 
don) A67, 946 (1954); R. M. Kline and D. J. Zaffarano, Phys. Rev. 
96, 1620 (1954); J. F. Vedder, University of California Radiation 
Laboratory Report UCRL-8324, June, 1958 (unpublished). 

* Lauritsen, Barnes, Fowler, and Lauritsen, Phys. Rev. Letters 
1, 326 (1958); Barnes, Fowler, Greenstein, Lauritsen, and Nord 
berg, Phys. Rev. Letters 1, 328 (1958). 

3R. G. Thomas, Phys. Rev. 84, 1061 (1951). 

*#R. K. Adair, Phys. Rev. 79, 1018 (1950); P. Stelson and W. M. 
Preston, Phys. Rev. 84, 162 (1951). 


magnetic dipole or electric quadrupole transition, Ob- 
servation of an enhanced capture cross section in this 
energy region will give a measurement of the radiation 
width of the 2.28-Mev level in Li®. 

Capture of thermal neutrons by Li’ was observed by 
Hughes, Hall, Eggler, and Goldfarb,®> who obtained 
3345 mb for the cross section and 0,.89+-0.02 sec for 
the half-life of the Li’ product nucleus. In a more recent 
experiment a cross section of 42+10 mb for capture of 
thermal neutrons was reported by Koltypin and 
Morozov.® These authors also attempted to observe 
capture of fast neutrons and placed an upper limit of 
0.25 mb on the cross section at 275 kev. 


EXPERIMENTAL PROCEDURE 


Monoenergetic neutrons were produced by bombard- 
ing solid lithium and gaseous tritium targets with pro- 
tons from a 3-Mev Van de Graaff generator. With the 
lithium target, measurements at energies between 150 
kev and 1000 kev were made with neutrons emitted in 
the forward direction, whereas the neutrons emitted 
at 120° to the incident proton beam were used below 
150 kev. At 
Li’(p,n)Be? reaction produces a second group of lower 
energy neutrons. Corrections, which were always less 
than 10%, were made for the second group contribution 
to the counting rates. The H*(p,n)He*® reaction was 


neutron energies above 656 kev, the 


> Hughes, Hall, Eggler, and Goldfarb, Phys. Rev. 72, 646 (1947). 

6K. A. Koltypin and V. M. Morozov, Doklady Akad. Nauk 
S.S.S.R. 111, 331 (1956) [translation: Soviet Phys. (Doklady) 1, 
655 (1956) ]. 1 
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used as a neutron source for the measurements at 640 
and 980 kev. 

Occurrence of the radiative capture reaction in Li’ 
was detected by observing the beta decay of Li’ nuclei in 
a natural lithium iodide crystal exposed to the neu- 
trons. For the measurements with neutrons emitted in 
the forward direction a 2.5-cm diameter by 2.5-cm long 
Lil crystal was placed with its center at a distance of 
about 4.5 cm from the neutron source. This distance was 
increased to 7 cm for the measurements made at 120° 
to the incident proton beam. To reduce the background 
counts produced by room scattered neutrons the Lil 
crystal was covered with a 1 mm cadmium shell. The 
background counting rate was less than 5% in all cases 
and was measured by observing deviations from an 
inverse square law in the Li’(n,y)Li® reaction rate with 
the Lil crystal placed at distances of 15 cm and 30 cm 
from the lithium target. At these greater distances the 
background counting rate was also measured by in- 
serting polyethylene cones between the neutron source 
and the detector. The Li’(,y)Li® cross section at ther- 
mal energy was obtained by surrounding the Lil crystal 
with 25 cm of paraffin. The crystal was at the center of 
a paraffin block at a distance of about 60 cm from the 
neutron source and the reaction rate due to thermal 
neutrons was obtained from the observed difference in 
counting rate with and without a cadmium cover. In 
this measurement the epithermal neutrons contributed 
12% of the counting rate present when the cadmium 
cover was removed. 

Cross-section data were obtained in the following 
manner. The proton beam from the Van de Graaff gen- 
erator was allowed to strike the target for three-second 
intervals every 15 seconds, the interval and repetition 
rate being controlled by a cycling timer coupled to a 
shim magnet directing the proton beam. Pulses from 
the Lil crystal above a discrimination level of 4.5 Mev 
were recorded as a function of time after the end of 
each beam burst with the use of a slow time-to-pulse- 
height converter anda 100-channel pulse-height analyzer 
as shown in Fig. 1. Duringanormal run of approximately 
50 to 70 beam bursts enough counts were accumulated 
to establish the half-life and thus identify the process 
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Fic. 1. Block diagram of electronics used for observing the decay 
of Li® nuclei produced by the Li’(n,y)Li® reaction. 
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being observed. The results of such a measurement with 
a 25-second observation time are shown in Fig. 2. In 
this case the longer observation time was used so that 
short-lived activities other than the desired one could 
be detected more readily. As seen in the figure, the 
activity follows the 0.88 second half-life of Li® and 
shows no other short-lived activities. 

Cross sections for the Li’(n,y)Li® reaction were ob- 
tained from the number of Li® decay pulses observed 
relative to the number of Li®(n,t)He* reactions and 
I?7(n,y)I*8 reactions in the crystal. The Li®(,t)He‘ re- 
action rate was given by the number of pulses in the 
peak of the pulse-height distribution obtained during 
neutron bombardment of the crystal. The number of 
I!?7(n,y)*8 events was deduced from measurements of 
the 25 minute half-life I'* activity induced in the Lil 
crystal. The activity was followed through several half- 
lives in some cases to identify the half-life involved and 
to verify the presence of a negligible number of back- 
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Fic. 2. Counting rate of pulses above 4.5 Mev in the Lil crystal as 
a function of time after the end of the neutron bombardment. 


ground counts above the discrimination level of 660 kev. 
The fraction of I'** disintegrations with energy above 
this level was computed from the observed beta 
spectrum. 

The pulses produced by the beta decay of Li® repre- 
sent not only the beta particle energy but also the 
energy produced by the subsequent alpha decay of the 
daughter 2.9-Mev state of Be®. Since the alpha particle 
energy loss in the crystal is equivalent to an electron 
energy loss of about 1.8 Mev, the Li’ decay spectrum is 
equivalent to a 13-Mev allowed beta spectrum shifted 
to higher energies by 1.8 Mev. However, with the 
2.5-cm diameter by 2.5-cm long Lil crystal used in the 
experiment the observed spectrum is distorted by sur- 
face effects. To find the fraction of Li* decay events 
which produce pulses above the discrimination level of 
4.5 Mev, a measurement of the Li® decay spectrum 
was performed by connecting two 100-channel pulse- 
height analyzers to the output of the Lil crystal. One 
analyzer was gated to count for a short interval im- 
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mediately after the neutron bombardment while the 
other was gated to count for an equal interval several 
seconds later. The Li® decay spectrum was then given 
by the difference in the two pulse-height distributions. 
Figure 3 shows the results of such a measurement. The 
spectrum was obtained both with thermal and fast neu- 
trons to determine whether the heavy shielding action 
of the Li® nuclei in the crystal would result in a larger 
fraction of the Li® nuclei being produced near the sur- 
face and, therefore, a measureable difference in the 
shape of the spectrum. No significant difference in the 
shape of the curve was found. 


RESULTS 
In Fig. 4 are shown the Li’(n,7)Li® cross sections ob- 
tained from normalization to the Li§(,t)He‘* and to the 
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Fic. 3. The energy spectrum of Li® decay pulses observed in a 
2.5-cm diameter by 2.5-cm long Lil crystal exposed to a flux of 
thermal neutrons. 


I'?7(n,y)I'*8 cross sections. The neutron energy spread 
was about 40kev. The factors contributing to the energy 
resolution were the target thickness and the solid angle 
subtended by the crystal at the source. Cross sections 
for the Li®(,t)He* reaction were taken from the work 
of Blair and Holland’ in which the energy resolution was 
about 25 kev. The I?7(n,7)I"*8 cross sections used were 
those of Bame and Cubitt. When comparing the cross 


7J. M. Blair and R. E. Holland, data reproduced in Neutron 
Cross Sections, compiled by D. J. Hughes and J. A. Harvey, 
Brookhaven National Laboratory Report BNL-325 (Superintend- 
ent of Documents, Washington, D. C., 1958), second edition. 

8S. J. Bame and R. L. Cubitt (private communication); and 
Phys. Rev. 113, 256 (1959). 
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Fic. 4. Cross section for the Li’ (n,y)Li® reaction. The * sym- 
bols denote cross sections obtained relative to the Li®(n,t)He* re 
action, while the circles indicate the same points normalized to 
the I!27(n,7)I'*8 reaction. Data for both *’s and circles were taken 
with Li’(p,n)Be? neutrons. The triangles represent values ob 
tained with H®(p,m) He’ neutrons and are based on the Li®(n,t)He* 
cross section. 


sections obtained from normalization to the two differ- 
ent reactions, it should be realized that both values 
involve the same measurements of the Li’(n,y)Li® proc- 
esses. Differences in the two sets of cross section values 
are, therefore, due to errors in the present measure- 
ments of the I'?’(n,y)I?8 and Li®(n,t)He* reaction rates 
and to uncertainties in the previously measured cross 
sections. Compounding the uncertainties in these pre- 
vious measurements with the probable errors in the 
present experiment yields a standard deviation in the 
capture cross-section values of +20%. At thermal 
energy, from normalization to the Li®(,t)He* reaction 
only, the radiative capture cross section was found to 
be 40+8 mb, which is in reasonable agreement with 
the previously reported values of 3345 mb and® 
42+10 mb. 

The maximum at 250 kev was observed in each 
of three series of measurements which were averaged 
to give the points plotted in Fig. 4. In this energy 
region the cross sections based on the I!??(n,y)I!8 re- 
action are probably more reliable than those based on 
the Li®(n,/)He* cross sections since the latter reaction 
also exhibits a resonance near 250 kev. From the varia- 
tion of the Li’(n,y)Li® cross section near the resonance 
a radiation width of 0.07 +0.03 ev was obtained for the 
level in Li’ at 2.28 Mev. 

A half-life of 0.88+0.03 sec for the decay of Li® was 
found from a least-squares fit of the data obtained with 
the time-to-pulse height converter. 
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Study of Some Levels of C” Using the B’’(He’*,p)C'** Reactions 


FE. Atmgvist, D. A. Bromiry, A. J. Fercuson, H. E. Gove, anp A. E. LItHERLAND 
Atomic Energy of Canada Limited, Chalk River, Ontario, Canada 


(Received December 22, 1958) 


Studies of the B'(He’,p)C* reaction using 2-Mev He’ ions showed proton groups corresponding to 
levels in C® at 0, 4.43, 7.65, 9.60, 10.76, 11.82, 12.78, 13.37, 14.03, 15.10, 16.10, and 16.64 Mev+0.10 Mev. 
The ratio ',:T was measured to be 0.75(+0.20) for the 15.1-Mev state and 0.02(+0.01) for the 12.78-Mev 
state. No other alpha unstable level had a measurable f',:1; for the 7.65-Mev state a limit 0.01 is set on this 
ratio. The gamma-ray de-excitation of the 15.1-Mev state is both to the ground state (97%) and to the 
4.43-Mev state (3.1+0.6%). Only a ground state transition was observed from the 12.78-Mev level. These 
measurements support assignments, J, x, T of 1, +, 1 to the 15.1 level and 1, +, 0 to the 12.78-Mev state. 
The known properties of C” are in fair agreement with the intermediate coupling shell-model calculations 
of Kurath. The reactions C™*(He*,ay)C!2(15.1 Mev) and B'(He*,d)C" to the ground and first excited state 


of C" were observed. 


1. INTRODUCTION 


HE high Q-value of the B'°(He’*,p)C” reaction 
permits the use of low-energy He’ ions to produce 
C” in high excitations. Using 900-kev bombarding 
energy Bigham, Allen, and Almqvist' observed levels in 
C® at 4.43, 7.77, 9.61, 10.75, 11.83, 12.76, 13.31, 13.97, 
15.10, 16.04, and 16.57 Mev (+0.10). These have also 
been observed by Moak ef al.? at Oak Ridge using 1.25- 
Mev ions; in addition these authors reported a level at 
15.62 Mev. This level was not seen in the present work 
using 2.0-Mev He? ions. The levels of C” have also 
been studied in a number of other reactions listed in 
the review article by Ajzenberg and Lauritsen.* 

In the present studies of the reactions produced by 
He*® bombardment of B", 90° differential cross sections 
at 2 Mev were measured for the production of the vari- 
ous proton and deuteron groups as well as 90° excitation 
functions for all neutrons, 15.1-Mev gamma radiation 
and protons to the 4.43-Mev state over the range 
1.1-2.6 Mev. Detailed studies using coincidence tech- 
niques have been made of the properties of the states 
which de-excite by gamma-ray emission. These studies 
show that the (He*,dy) reaction via the first excited 
state of C" occurs as well as (He*,py) reactions via 
states in C” at 15.1 Mev, 12.78 Mev, and 4.43 Mev. No 
other state in C” below 16 Mev excitation was found 
with a gamma-ray width equal to or greater than 1% 
_ of its total width. 

Particular interest centers on the level at 15.1 Mev 
first observed by Johnson,‘ which is almost certainly 
the 7,=0 member of the isobaric triplet comprising it 
and the ground states of N” and B®. This level has 
sufficient excitation to break up into three alpha- 
particles, either directly or via states in Be® with an 
energy release of 7.8 Mev. However alpha-particle 
breakup is forbidden if isobaric spin is to be conserved 

1 Bigham, Allen, and Almqvist, Phys. Rev. 99, 631(A) (1955). 

*Moak, Galonsky, Traughber, and Jones (private com- 
munication). 

3 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 


4V. K. Johnson, Phys. Rev. 86, 302 (1952). 


and the effectiveness of the isobaric spin selection rule 
can be measured by comparing the widths for de-excita- 
tion by gamma radiation and alpha-particle decay. 

The first evidence that this state has a measurable 
gamma radiation width was the observation by Cohen 
et al. of a 15.1-Mev gamma ray produced by the bom- 
bardment of carbon by protons ranging in energy from 
30 to 340 Mev as well as in a number of other reactions 
in which C” may be formed in high excitation. In par- 
ticular the observation by Rasmussen ef al.° of a 15- 
Mev gamma ray from alpha-particle bombardment of 
Be® suggested that the 15-Mev state in C” has a gamma 
radiation width of similar magnitude to its alpha width. 
Barnes and Kavanagh’ reported measurement of the 
threshold for producing 15.1-Mev gamma radiation in 
the B"(d,n)C” reaction and Marion, Bonner, and Cook® 
measured the neutron threshold for the same reaction 
to correspond to 15.1-Mev excitation. Together all 
these measurements provide strong evidence for the 
existence of a level in C” at 15.1 Mev that has a gamma 
width of similar magnitude to its alpha width. This 
conclusion has been verified in the studies by Hayward 
and Fuller, and by Garwin and Penfold, of elastic 
scattering of 15.1-Mev photons by carbon’ and in the 
present work using the B'(He*,p)C”* reaction” by the 
direct observation of coincidences between protons 
feeding the level at 15.1 Mev and the de-excitation 
gamma radiations. The present paper reports studies of 
the de-excitation branching of this level. In addition 
the formation of the same level in the reaction 
C8 (He®ay)C” was observed but no detailed studies 
were carried out. 


5 Cohen, Mayer, Shaw, and Waddell, Phys. Rev. 95, 664 (1954) ; 
96, 714 (1954). 

6 Rasmussen, Rees, Sampson, and Wall, Phys. Rev. 96, 812L 
(1954). 

7R. W. Kavanagh and C. A. Barnes, Phys. Rev. 100, 1996A 
(1955); and to be published. 

8 Marion, Bonner, and Cook, Phys. Rev. 100, 847 (1955). 

®—. Hayward and E. G. Fuller, Phys. Rev. 106, 991 (1957) ; 
E. L. Garwin and A. S. Penfold, Bull. Am. Phys. Soc. Ser. IT, 2, 
351 (1957). 

” Gove, Litherland, Almqvist, Bromley, and Ferguson, Bull. 
Am. Phys. Soc. Ser. IT, 2, 51 (1957). 
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Gamma radiation ascribed to ground-state transi- 
tions from a level in C” at 12.78 Mev has been reported 
by Kavanagh and Barnes’ in the B!'(d,n)C” reaction, 
and by Waddell" in C?(p,p’)C!*. This assignment is 
confirmed by the present studies. In addition the mag- 
nitude of the gamma-ray width of the 7.65 level’ !?""* is 
particularly interesting because of its astrophysical 
significance."* An attempt was made to observe this 
width but it was found too small to be observed with 
the present experimental arrangement. 

Theoretical investigations of the levels of C” have 
recently been made by Kurath"® using an intermediate 
coupling shell model, and Glassgold and Galonsky'® 
using an alpha-particle model, and their predictions are 
compared with the measured properties of C”. 


2. EQUIPMENT 
A. General 


The experimental apparatus used in these measure- 
ments, except for minor alterations, is the same as that 
described in the study of the C’(He’,p)N"™ reactions!” 
and is only briefly outlined here. The target holder has 
been modified to include a thin heater that maintains 
the target at several hundred degrees centigrade and 
effectively reduces the rate of buildup of carbon on the 
target during bombardment. The elimination of this 
target contaminant was particularly important since 
the prolific reaction C?(He’,p)N™ produces a proton 
group of nearly the same energy as the protons from 
the reaction B'(He’,p)C” associated with the forma- 
tion of the 15.1-Mev level in C” under study. The 
targets were 99°% B" isotope deposited directly on the 
backings by the magnetic separator at AERE Harwell 
to thicknesses ranging from 20 to 100 microgram cm”. 
Targets on tantalum, nickel, and aluminum backings 
were used as indicated in the description of the 
experiments. 


B. Particle Detectors 


The proton detectors were CsI crystals covered by 
().0004 inch of aluminum and optically coupled to RCA 
6655 photomultipliers. One, with a solid angle of 9X 10-8 
steradian, was used to observe direct spectra and gave 
a resolution of 3.5%. The other subtended a solid angle 
of 5X10- steradian which made it more useful for co- 


'! Waddell, Adelson, Mayer, and Shaw, Bull. Am. Phys. Soc. 
Ser. If, 2, 181 (1957); C. N. Waddell, thesis, Radiation Labora 
tory, University of California (unpublished). 

12S. F. Eccles and D. Dobansky, Bull. Am. Phys. Soc. Ser. II, 
3, 188 (1958). 

18 Cook, Fowler, Lauritsen, and Lauritsen, Phys. Rev. 107, 
508 (1957). 

“FE, J. Opik, Proc. Roy. Irish Acad. A54, 49 (1951); E. E. 
Salpeter, Astrophys. J. 115, 326 (1952); F. Hoyle, Suppl. Astro- 
phys. J. 1, 121 (1954). 

15). Kurath, Phys. Rev. 101, 216 (1956); 106, 975 (1957). 

16 A. E. Glassgold and A. Galonsky, Phys. Rev. 103, 701 (1956). 

17 Bromley, Almqvist, Gove, Litherland, Paul, and Ferguson, 
Phys. Rev. 105, 957 (1957). 
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incidence studies when high counting efficiency is im- 
portant, albeit with slightly poorer resolution. 


C. Gamma Detectors 


The gamma radiation was detected using four-inch 
deep, five-inch diameter Nal crystals which have previ- 
ously been described.'* These with associated shielding 
were mounted on arms that could be moved about a 
vertical axis centered on the target and were therefore 
always coplanar with the horizontal beam tube. When 
studying (py) coincidences the proton counter was 
mounted at 90° to the beam either in this plane or 
perpendicular to it. 


D. Electronics 


The outputs of the detectors were delay line clipped 
and amplified using conventional circuitry and the 
pulse-height distributions displayed either on a 30- 
channel or on an 80-channel analyzer. The 30-channel 
instrument” has a dead time of ten microseconds and 
was used to determine absolute counting rates, while 
the slower 80-channel Hutchinson-Scarrot” type ana- 
lyzer was used to study details of the spectra. The 
circuitry was arranged so that either one or both 
analyzers could display the output from one counter 
that was in time coincidence with counts in a voltage 
gate which selected any desired part of the spectrum of 
a second counter. Measurements made with this ar- 
rangement are later referred to as ‘‘gated’’ coincidence 
measurements. The occurrence of a coincidence was 
determined by a ‘‘fast” coincidence circuit®! adjusted 
to a resolving time 27 equal to 40 millimicroseconds 
which would gate the “slow” circuit used for pulse- 
height selection and measurement. 


E. Calibrations 


Pulse heights were measured in terms of dial divisions 
of a stable mercury relay type pulse generator whose 
output was connected to the input of the amplifier 
system. In Fig. 1 is the proton calibration curve for the 
particle counter obtained by plotting the observed 
pulse height against the proton energy at 90° to the 
beam computed from known Q values.’ The reaction 
C”(He’,p)N“ provided calibration points at 6.020 and 
3.867 Mev, and the B'(He*,p)C” reaction to the 
ground state and the first two excited states provided 
points at 19.642, 15.572, and 12.692 Mev proton en- 
ergy. By joining these points with a smooth curve a 
proton energy scale was established for the detector 
system from which energies could be obtained with an 
102, 


18 Litherland, Paul, Bartholomew, and Gove, Phys. Rev 
208 (1956). 

9 Moody, Howell, Battell, and Taplin, Rev. Sci. Instr. 22, 
551 (1951) 

eG. We 
(1951). 

21 Bell, Graham, and Petch,)Can. J. Phys. 30, 35 (1952). 
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Fic. 1. The proton energy vs pulse-height calibration curve for 


the CsI particle detector covered by 0.0024 inch of aluminum. 
The calibration points are discussed in Sec. 2E of the text. 


accuracy of +0.10 Mev. The curve has been drawn to 
intercept the energy axis at a point corresponding to the 
energy of a proton just stopped in a 0.002+0.0004 inch 
aluminum foil combination which covered the CsI 
crystal. The computed stopping energies™ for protons, 
deuterons, and alpha particles are 2.6, 3.3, and 9.6 
Mev, respectively. This absorber therefore stops even 
the most energetic, 9.6 Mev, alpha particles from 
B'*(He’*,a) reactions. For some measurements the 0.002- 
inch foil was removed in order to study lower energy 
groups. These measurements also allowed unknown 
particle groups to be identified as protons or deuterons 
by comparing their computed loss of energy in the 
absorber with that obtained from measured changes in 
pulse height relative to the proton calibration groups. 

The NaI gamma-ray detectors were calibrated at 
high energies using the reaction B"(p,y)C” and at lower 
energies using C'(He*,p)N'*. These established energy 
points at 17.23, 12.80, 4.43, 2.31, and 1.64 Mev. Care 
was taken that counting rate conditions were similar 
and below a total counting rate of 30000 counts per 
minute during calibration runs and measurement runs 
to avoid counting rate shifts. This was necessary be- 
cause at the much greater counting rates which were 
readily achieved with these high efficiency detectors 
and B"(He’,p)C” reactions, the gain of the photo- 
multipliers would increase 5% or more over that ob- 
tained at lower counting rates. 

In order to obtain cross sections and to measure par- 

2 W. Whaling, Encyclopedia of Physics, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1958), Vol. 34 
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ticle to gamma-ray branching ratios it was necessary 
to know the absolute efficiencies of the detectors. The 
absolute efficiency of the proton counter had been de- 
termined previously” to be 0.073%. The efficiency of 
the 5-in.X4-in. NaI detectors was measured for 4.43- 
Mev radiation by the usual coincidence technique using 
the reaction B'(He®,p)C!* (4.43 Mev) which provides 
an isolated proton group coincident with the 4.43- 
Mev gamma ray from the first excited state of C™. 
Allowance was made for the measured angular correla- 
tion. Counting only pulses above 3.41 Mev, i.e., the 
total absorption peak plus the first escape peak an 
efficiency of 1.06% (+0.08) was obtained with the 
front face of the crystal at 6.2 inches from the target 
center. The crystal efficiency for 12.1-Mev radiation was 
similarly obtained by observing coincidences between 
the two gamma rays from the reaction B"(p,yy)C" at 
the E,=0.675-Mev resonance. An efficiency of 0.69 
(+0.06)% was obtained for a 12.1-Mev radiation if 
only pulses above 11.08 Mev are counted. Radioactive 
sources of known strength provided efficiency calibra- 
tions at several lower energies. 


3. RESULTS 
A. Direct Spectra 


Figure 2(a) is a pulse-height spectrum taken with the 
particle counter at 90° to the beam at a bombarding 
energy of 2.14 Mev. This shows proton groups corre- 
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Fic. 2(a). The pulse height spectrum from the CsI particle 
detector covered by 0.0024 inch of aluminum to stop all alpha 
particles from He® on B”. Each proton group is labeled by the 
excitation in Mev of the corresponding state in C”. The proton 
energy scale is at the top of the figure. (b) The pulse spectrum 
from the 5-inch diameter, 4-inch deep NaI gamma-ray detector. 
Each group is labeled by the energy of the corresponding gamma 
ray. 
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sponding to the levels at excitations in C” indicated in 
the figure and listed in Table I. The low-energy groups 
are superimposed on a continuum of protons extending 
out to the end point of 12.9 Mev which results from the 
multibody breakup, B'(He*,p)3He*, that may occur 
either directly or as a multistep process via unstable 
states of C”, B®, Be’, and N®. 

In order to display the low-energy groups more 
clearly the spectrum shown in Fig. 3 was taken with an 
expanded energy scale. Here in addition to the above 
proton groups appear a broad proton group to the 
16.57-Mev level in C” and a well-defined very intense 
group identified as due to deuterons by the amount of 
increase of its pulse height when the 0.002-inch ab- 
sorber was removed. Assuming that the response of 
CsI is equal for deuterons and protons one obtains a 
deuteron energy of 3.88+0.10 Mev from the measure- 
ments. This is somewhat lower than the value 4.02 
Mev computed from the known*® Q of the reaction 
B'(He’,d)C" and suggests that the pulse height of a 
4-Mev deuteron in CsI is a few percent smaller than 
that from a proton of the same energy. This effect is 
also observed with the 2.2-Mev deuterons from the 
same reaction going to the first excited state of C" 
which are observed in the coincidence measurements 
discussed in another section. These results were ob- 
tained using a target of 90 microgram cm™ of B"” on a 
nickel backing. Since the energy calibration was done 


with targets of similar thickness, the effects of the 
target thickness on the energy measurements are to a 
large extent compensated for and are much less than 
the +0.10-Mev error claimed for the measurements. 
Shown in Fig. 2(b) is the gamma-ray spectrum 
measured at 90° to a 2.14-Mev He’ beam. Three promi- 
nent gamma rays are observed of measured energies 
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Fic. 3. The pulse-height spectrum from the CsI particle de 
tector with twice the gain but otherwise the same conditions as 
Fig. 2(a). The very intense group in channel 10 was identified as 
deuterons from the B!°(He',d)C" reaction ag discussed in Sec. 3A 
of the text. 
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Fic. 4. The excitation curves observed at 90° to beam. The 
neutron detector was a BF; counter surrounded by paraffin!’ for 
which no absolute efficiency calibration was available. The differe- 
ntial cross sections for the particle groups and gamma radiations 
are listed in Table I for 2-Mev He* bombarding energy. 


2.02+0.05, 4.43+-0.05, and 15.09+0.15 Mev. The co- 
incidence experiments described in Sec. C show that 
the 2.02-Mev gamma radiations results from de-excita- 
tion of the first excited state of C", the 4.43-Mev 
gamma ray from the first level in C”, and the 15.09- 
Mev radiation from the lowest T=1 level of C” at 
15.10 Mev. 


B. Cross Sections and Excitation Functions 


The differential cross sections at 90° to the beam 
were determined using a Harwell target nominally 80 
microgram cm~ thick on aluminum backing. Its thick- 
ness was measured by the method previously described!” 
of observing the energy shift of the 993-kev Al?’(p,y) 
resonance when the proton beam passes through the 
boron layer, and found to be equivalent to 26 kev of 
proton energy at the resonance energy. Taking a value 
of 223 kev cm? mg™ for dE/dx” a target thickness of 
116 microgram cm is obtained in the direction of the 
beam. Since the target was at 45° to the beam this leads 
to a boron thickness of 82 microgram cm~ in good 
agreement with the nominal value of 80 microgram cm7~. 

The values of the 90° differential cross sections ob- 
tained for the various particle groups using the meas- 
ured target thickness are listed in Table I for a bombard- 
ing energy of 2.0 Mev. The excitation curves for the 
strong proton group to the 4.43-Mev state, for the 
15.1-Mev gamma radiation, and for neutrons of all 
energies are shown in Fig. 4. The curves show a smooth 
rise of yield with energy over the range studied with 
no evidence of any resonances below 2.5-Mev bombard- 
ing energy. The proton excitation curve has been ex- 
tended by Schiffer et al.” to much higher energies and 

% Schiffer, Bonner, Davis, and Prosser, Phys. Rev. 104, 1064 
(1956). 
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TABLE I. Differential cross sections at 90° to 2-Mev He*® beam 


Relative 
yield 
(90°) 


da /92(90") 


Excitation energy 
(mb /sterad) 


(Mev) 


Reaction 


Nm 


0.05 
0.57 
0.02 
0.11 
0.02 
0.05 
0.07 
0.10 
0.11 
0.07 
0.12 
0.14 
0.91 


B’ (He§, p)C" 0" 

B (He3, p)C# 4.43" 

B’ (He? p)C 7.65" 
B!(He3,p)C 9.60+ (0.10) 
B’ (He? p)C 10.76+ (0.10 
B” (He®, p)C 11.82+ (0.10) 
B’ (He®, p)C 12.78+ (0.10) 
BY” (He*, p)C 13.37+ (0.10) 
B" (He, p)C# 14.03+ (0.10) 
B” (He®,p)C” 15.10+ (0.10 
B® (He§,p)C 16.10+ (0.10 
B' (He? p)C 16.64+ (0.10) 
BB” (He d)C# 0 


Nm 


JN ee DW Us 


“IN 


= 


w 
oN s 


Sum = 100 


B»( He’, py CR 
B(] Te®, p> C2 
BY’ (He§ dy)C" 


15.09(+0.15) 


4.43* 24 
) 
2.02(+0.05) 2 


8 
* Used for energy calibration 


their results below 2.5 Mev are in agreement with those 
reported here. 

The 90° differential cross sections for the production 
of 15.1-Mev and 4.43-Mev gamma radiations are also 
listed in Table I. These cannot be directly compared 
with the cross sections for the corresponding proton 
groups without knowledge of the angular distributions. 
For the 15.1-Mev state these have been measured and 
found to be nearly isotropic as discussed more fully in 
the later section on angular distributions. Integration 
of the observed differential cross section of 15.1-Mev 
gamma radiation over 4m steradians gives a total cross 
section of 0.60+0.1 mb for its production at 2.0-Mev 
bombarding energy. Combining this result with Fuller 
and Hayward’s® value of 0.69 for the ratio of gamma 
width to total width of the 15.1-Mev level we obtain a 
total cross section of 0.87 mb at 2.0 Mev for the forma- 
tion of the 15.1 level in C” via the B'(He’,p)C'* 
reaction. 

It is of interest to compare this cross section with 
that of the reaction B'(He®,n)N” ground state which 
proceeds from the same compound nucleus to a final 
state presumed to be the analog of the 15.1-Mev level 
in C®, The (He*,n) reaction“ has a cross section at 2.56 
Mev of 5.242 mb. Using the yield curve of Fig. 4 one 
obtains for the (He*,p) cross section at 2.56 Mev a 
value of 2.0+0.25 mb. The ratio (He*,n)/(He®,p) = 2.6 
(+0.8) is to be compared with the value 2.0 predicted 
from the charge independence of nuclear forces.*® 
Similar comparisons’? have been reported previously 
for the C”?(He®,n)O" and C”(He*,p)N™ (2.31 Mev) 
reactions. 


*% Ajzenberg-Selove, Bullock and Almqvist, Phys. Rev. 108, 


1284 (1957). 
2° R. K. Adair, Phys. Rev. 87, 1041 (1952). 
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C. Identification of y-emitting States 
(7) General 


In order to determine which of the particle groups 
were associated with gamma emitting levels of the re- 
sidual nucleus, coincidence measurements were made 
using a gamma detector and a particle detector both 
mounted at 90° to but on opposite sides of the beam 
in the horizontal plane. In Fig. 5(a) is presented the 
spectrum of particles coincident with all gamma radia- 
tion greater than 1 Mev in energy while Fig. 5(b) 
shows only those particles which are coincident with 
gamma radiation of energy greater than 6.5 Mev. The 
distribution Fig. 5(a) shows three prominent particle 
groups of measured energies: 2.18+0.05 Mev, 5.63 
+0.10 Mev, and 15.48+0.10 Mev. Of these, only the 
group at 5.63 Mev is coincident with high-energy gamma 
radiation. These data together with the observation of 
three prominent gamma rays of energies 2.02 Mev, 
15.1 Mev, and 4.43 Mev in the direct spectra, Fig. 2, 
are consistent with the energies computed from the 


known masses? for the following reactions: 
B (He*,d)C!*—71— C"+2.0 Mev, 
B (He? p)C?*—1— C?+15.1 Mev, 


B"(He®,p)C!* i C"’+4.43 Mev, 
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Fic. 5(a). The distribution of pulse heights of particles co- 
incident with all gamma radiation. The groups are labeled by the 
excitation of the corresponding residual state. The proton energy 
scale is at the top of the figure. (b) The pulse-height distribution 
from particles coincident only with radiation above 6.5 Mev in 
energy. 
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which suggests that the 2.18-Mev particle group is due 
to deuterons from reaction (1) and the 5.63- and 15.48- 
Mev groups are due to protons from reactions (2) and 
(3), respectively. The weak group in channel 32 corre- 
sponds to protons of 7.8-Mev energy. Since they are 
coincident with radiation above 6.5 they are pro- 
visionally assigned on the basis of the data in Fig. 5 to 
the reaction: 


B” (He*,p)C?*—1— CP+12.8 Mev. (4) 
These assignments are confirmed by the results of 
gated coincidence measurements discussed below which 
were made with the ‘‘slow-fast” circuitry described in 
Sec. 2D. The data are presented in Figs. 6, 7, and 8. 
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Fic. 6(a). The pulse-height distribution from the gamma-ray 
detector expanded to display the region near 2-Mev gamma-ray 
energy. The shaded area indicates the part of the spectrum se- 
lected by the voltage gate. This spectrum was taken at 90° to 
the beam. The peaks at 1.6 and 2.3 Mev are due to carbon con- 
taminant on the target. (b) The pulse-height distribution from the 
particle detector showing only those pulses which are coincident 
with gamma-ray pulses in the voltage gate of (a). The two proton 
groups from the carbon contaminant are indicated and labeled 
by the corresponding excitation of the residual nucleus. The 
identification of the shaded group as deuterons from B" (He*,d)C"* 
is discussed in Sec. 3 C(ii) of the text. (c) The pulse-height dis- 
tribution of the gamma radiation coincident with the voltage 
gate set as indicated by the shaded area in (b). The peak corre- 
sponds to a gamma-ray energy of 2.02 Mev. The drop in intensity 
below channel 20 is instrumental. 
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Fic. 7. (a) The particle pulse spectrum showing the voltage 

gate set on the proton group which corresponds to the formation 
of the 15.1-Mev state in C®. (b) The distributiog of gamma-ray 
pulses that are coincident with the particle pulses in the gate 
shown by the shaded area in (a). Each group is labeled by the 
corresponding gamma-ray energy. 


(77) B'(He3dy)C! 


The data in Fig. 6 were taken with a target which 
had some carbon contaminant on it that provided 
proton calibration groups whose change in energy could 
be compared with that of the suspected deuteron group 
when absorbers were inserted in front of the detector. 
The voltage gate was set to accept only gamma pulses 
that fell within the shaded area near 2 Mev in Fig. 6(a) 
and the distribution of particles coincident with counts 
in the gate is shown in Fig. 6(b). Both of the groups 
from C?(He*,p)N'* appear since they are coincident 
with the tail of the 2.3-Mev gamma radiation from the 
N" first excited state falling within the gate, and the 
second state at 3.95 Mev de-excites*® mainly via the 
cascade transition through the 2.3-Mev first excited 
state. When a gate was set to include only the shaded 
particle group in Fig. 6(b) the coincident gamma spec- 
trum shown in Fig. 6(c) resulted. This result shows that 
the 2.02-Mev gamma radiation is coincident with the 
2.18-Mev particle group as expected for reaction (1). 
The observed energy shift of the particle group relative 
to the adjacent proton calibration group when a 0.0004- 
inch aluminum absorber was inserted is consistent with 
its being due to deuterons. Assuming that deuterons and 
protons produce the same response in CsI one obtains 
from the two measurements deuteron energies of 2.14 
and 2.19+0.05 Mev, respectively, which are to be 
compared with the value 2.23+0.05 computed using 


26 Gove, Litherland, Almqvist, and Bromley, Phys. Rev. 103, 
835(L) (1956). 
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Fic. 8. (a) The particle pulse spectrum showing the voltage 
gate set on che proton group corresponding to the formation of 
the 12.78-Mev state in C”. (b) The distribution of gamma-ray 
pulses that are coincident with the particle pulses shown by the 
shaded area in (a). Each group is labeled by the corresponding 
gamma-ray energy. The 4.43-Mev group is caused by random co- 
incidences and by tail from the corresponding proton group falling 
in the gate. 





2.02 Mev” as the excitation of the first state of C". 
Again the results suggest that a deuteron produces a 
somewhat smaller pulse height in CsI than a proton of 
the same energy. The measurements indicate a differ- 
ence of about 7% or 100 kev in the region of 1.5-Mev 
particles. 


(iii) B'°(He',py)C® (15.1 Mev) 


Figure 7 presents the results of coincidence measure- 
ments which confirm the formation of a state in C” at 
15.1 Mev that emits gamma radiation. The particle 
gate indicated by the shaded area was set to include 
the proton group of 5.63-Mev energy, and the coincident 
gamma spectrum presented in Fig. 7(b) shows a radia- 
tion of energy measured to be 15.09+0.15 Mev. The 
rise in the distribution at 4.43 Mev is consistent with 
the computed number of chance coincidences from the 
very intense 4.43-Mev gamma radiation from the target. 
The spectrum shows no evidence for 10.7-Mev gamma 
radiation which would result from a cascade transition 
from the 15.1-Mev state through that at 4.43 Mev. 
However, the statistical errors are such that less than 
15% branching via the cascade transition can not be 
cadaied. Consequently a gamma-gamma coincidence 
experiment was carried out to search for a 10.7-Mev 
radiation in coincidence with a 4.43-Mev gamma ray. 
The result shown in Fig. 11, which is disc ussed more 


27 Ajzenberg-Selove, Johnson, Rubin, and Mazari, Phys. Rev. 
103, 356 (1956). 
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fully in Sec. D on the branching of the 15.1-Mev level, 
shows a weak cascade branch via the 4.43-Mev state. 


(iv) C¥(He*,ay)C” (15.1 Mev) 


In measurements made to study the effect of possible 
carbon target contamination, a very low yield of 15.1- 
Mev y radiation was noticed and attributed to the 
reaction C'8(He*,ay)C™. This was verified by observing 
a greatly increased yield with a target enriched to 50% 
in the C" isotope.'” No detailed studies of this reaction 
were made except to observe the angular distributions 
of the 15.1-Mev radiation as discussed in Sec. E(z). The 
yield of 15.1-Mev gamma radiation from carbon con- 
taminant on the B” targets was negligible at all angles. 


(v) B’(He®,py)C” (12.78 Mev) 


Figure 8(b) shows the spectrum of gamma-rays that 
are coincident with the particle group corresponding to 
the 12.78-Mev level in C’. The observation of a gamma 
ray of 12.8-Mev energy confirms that the level in C! at 
12.78 Mev emits gamma radiation. There is no evidence 
for an 8.33-Mev cascade transition via the 4.43-Mev 
state of intensity greater than 20% the ground-state 
transition. Again the 4.43-Mev peak has an intensity 
consistent with the computed chance coincidence rate. 
Assuming isotropic angular distributions and using the 
measured counter efficiencies and proton counting rate, 
the expected coincidence rate which would be observed 
if the 12.78-Mev level decayed entirely by gamma 
emission may be computed. The largest uncertainty is 
in determining the counting rate of the appropriate 
protons since these are superimposed on a continuum 
and are not clearly resolved from adjacent groups. The 
measured coincidence rate is 2% of the computed value 
which implies that for the 12.78-Mev state of C'® the 
gamma width is 2 (+1)% of the total width. 

A second estimate of the value of ',/I of the 12.78- 
Mev level relative to ',/I' for the 15.1-Mev level can 
be made by comparing the ratios of intensities of the 
two corresponding particle groups in the direct spectrum 
to the same ratio obtained in the coincidence spectrum, 
Fig. 5(b). The latter was corrected for the relative 
efficiencies of the gamma counter to 12.78-Mev and 
15.1-Mev gamma radiation. Assuming Fuller and Hay- 
ward’s value,® [',/[=0.69 for the 15.1-Mev state, a 
gamma width for the 12.78-Mev state equal to 1.4% 
of its total width is obtained subject again to the 
assumption of isotropic angular correlations, but in 
good agreement with the value 2 (+1)% obtained by 
the more direct method. 


(v1) B"(He’,py)C® 
The coincidence particle spectrum Fig. 5(a) shows a 
weak group at 10.2 Mev which if from B!°(He’,p)C”* 
would correspond to a level in C” at 10.1 Mev. However 
its energy is that expected for the proton groups from 
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B" (He®,p)C!™* feeding the C'™* levels at 3.68 and 3.86 
Mev. To test this possibility a gamma-ray spectrum in 
coincidence with this group was measured; it consisted 
of a complex of gamma rays of maximum energy 3.86 
Mev and can be accounted for by the <1% B" in the 
target. 


(vii) B'(He*,py)C” (7.65 Mev) 


Apart from the well-known state at 4.43 Mev there 
is no evidence of any level in C” below 12.78-Mev ex- 
citation with a gamma width equal to or greater than 
2% of its particle width. Because I’, of the 7.65-Mev 
state is of particular importance in astrophysics, at- 
tempts were made to set an upper limit on the ratio 
I',:T for this state. If a 7.65-Mev ground-state transi- 
tion occurred the corresponding proton group would 
appear in spectrum 5(b) which shows particles in co- 
incidence with gamma radiation of greater than 6.5- 
Mev energy. This measurement shows zero counts in 
the region of the 7.65-Mev peak which allows a limit 
to be set for the ratio ', (ground state):T of <0.002 
assuming isotropy of the radiations. However a similar 
low limit on the cascade radiation via the 4.43-Mev 
state cannot be made from the data in Fig. 5(a) because 
of the tail of counts extending to lower channels from 
the very intense group in channel 63 corresponding to 
the feeding of the 4.43-Mev state. In this run the region 
of the 7.65-Mev peak after subtraction of background 
has zero +4 counts in it while the 4.43-Mev peak has 
2346 counts. Comparison of this result with the ratio 
of intensities observed in the direct spectrum allows a 
limit on the ratio I',:<0.04 to be set for the 7.65- 
Mev state. 

A second attempt to observe the cascade transition 
was made by searching for gamma-gamma coincidences 
using two Nal crystals facing each other and the “‘slow- 
fast” circuits to allow only those counts from one 
crystal to be recorded that were coincident with counts 
in the 4.43-Mev total absorption peak in the second 
crystal. This measurement showed a 4.43-Mev gamma 
ray in the coincidence spectrum which is attributed to 
the feeding of the 4.43-Mev level in C” by the beta 
decay of N” formed via B'(He*,n)N” as well as to 
chance coincidences. The high-energy beta rays or 
their bremsstrahlung may produce pulses that fall in 
the 4.43-Mev gate in one crystal and the coincident 
gamma ray was detected in the second crystal. No 
evidence was found for the 3.22-Mev cascade radiation 
from the 7.65-Mev state; the background due to true 
B-y coincidences precluded setting a limit lower than 
r',:T <0.03. In an attempt to gain further information 
on this ratio the same y-y coincidence arrangement was 
used with a Pu-Be source containing 1 g of Pu mounted 
between the crystals. The Pu-Be source was surrounded 
by boron-carbide loaded paraffin to minimize the 
probability of neutrons from the reaction Be*(a,n)C™* 
reaching the crystals and producing true neutron- 
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gamma coincidences. In runs totaling 90 hours dura- 
tion, no evidence was found for a 3.22-Mev radiation 
coincident with a 4.43-Mev y ray. Unfortunately the 
coincidence counting rate owing to residual true neu- 
tron-gamma coincidences and to accidental coincidences 
is such that no better than an upper limit of Ty: °<0.01 
can be established for the cascade gamma radiation 
from the 7.65-Mev state. These results are in agreement 
with the observations of Kavanagh and Barnes,’ and 
Eccles and Bodansky” who have established a limit of 
less than 0.1% for modes of de-excitation via gamma- 
ray or pair emission. 


(vit7) Other Reactions 


No evidence was found for any level in C” near 5.5 
Mev as required by the a-particle model.'® In Fig. 5 
there are weak particle groups of energy less than 5 
Mev that appear to be coincident with gamma radia- 
tion. Some of these may be associated with levels in 
C®, e.g., the 16.1-Mev level is known to have a gamma 
width of 1.4% of its total width*® and must contribute 
a small number of coincidence counts. However, 
contaminant reactions such as C!(He’,p)N™* and 
O'*(He’,p)F'® may also produce particle groups of less 
than 5-Mev energy that are coincident with gamma 
radiation. For this reason and because the correspond- 
ing region of excitation in C” is readily accessible and 
has been widely studied by the B"(p,y) and (p,q) re- 
actions,® no attempt was made to investigate the low- 
energy particle groups with the exception of the intense 
deuteron groups already discussed. 
D. Branching of the 15.1-Mev level in C’” 
@) Pach 

In order to measure the ratio of the gamma radiation 
width to the total width of the 15.1-Mev level in C’ a 
comparison was made between the yield of protons to 
the 15.1-Mev level and the yield of gamma rays from 
the level. For these measurements a fresh target, 80 
microgram cm~ of 99% isotopic B' on 0.006-inch 
aluminum was used to minimize carbon contamination. 
The bombarding energy was 2.0 Mev. The absolute 
efficiency of the proton counter had been determined 
as described previously” to be 0.073%; the absolute 
efficiency of the gamma detector for 15.1-Mev radiation 
was obtained from the measured efficiency at 12.1 Mev 
by assuming that the rate of change of efficiency is that 
given by the calculations of Wolicki, Jastrow, and 
Brooks.** Their calculations pertain to all interactions 
in the crystal while our measurements of efficiency use 
only the high-energy fraction of the pulse-height spec- 
trum because the low-energy part is masked by other 
low-energy gamma rays. The part of the spectrum used 
is indicated by the cross-hatching in Fig. 9. The lower 


28 Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report NRL-4833 (unpublished). 
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Fic. 9. The upper curve shows the pulse-height spectrum from 
the 16.5- and 12.1-Mev gamma radiations produced by 675-kev 
protons on B". The lower curve is the pulse spectrum due to 15.1 
Mev radiation from He’ on B". The expected positions of peaks 
due to 10.7- and 11.7-Mev radiations are indicated. The shaded 
area has a lower cutoff at 0.82 of the peak position in each case 
and represents the fraction of the spectra used in the efficiency 
measurements discussed in Sec. 3 D(ii). 


limit represents the fraction 0.82 of the peak pulse 
height. Since the two spectra are very similar in shape 
this is believed to correspond to very nearly the same 
fraction of the total number of interactions in each 
case, and hence the calculation of Wolicki ef al. can be 
applied to extrapolate the efficiency from 12.1 to 15.1 
Mev. In any case the extrapolation is very small; the 
results yield 0.93% at 12.1 Mev, and 0.97% at 15.1 
Mev for the fractions of the spectra indicated in Fig. 9 
with the crystal face at 6.2 inches from the target. 

To obtain the total rate of formation of the 15.1-Mev 
state in C® from the measured 90° yield of protons 
requires a knowledge of the angular distributions. For 
this reason spectra were taken at 0°, 45°, 90°, and 148° 
in the laboratory system using the 30-channel analyzer 
to view only the region of the proton spectra of interest. 
The results given in Fig. 10 show the distribution of the 
protons associated with the 15.1-Mev level to be nearly 
isotropic and that within the accuracy claimed for the 
branching measurement the total cross section is 4x 
times the differential cross section at 90°. This measure- 
ment was done using an 80 microgram cm™~ B” target 
on 0.0005-inch aluminum to permit the protons to be 
observed through the backing. The angular distribu- 
tion of the 15.1-Mev radiation was also observed and 
found to be of the form W (@)=1+0.07P2(cos#). 

Using the measured angular distributions together 
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with the counter efficiencies quoted above and the 
observed 90° yields of protons and gamma radiation 
from the same target a total yield of 15.1-Mev radia- 
tion equal to 0.75 (+0.20) that of the rate of formation 
of the 15.1-Mev state is obtained. The major uncer- 
tainty in this value is the estimate of the counts in the 
peak corresponding to the proton group feeding the 
15.1-Mev level in C” since it is superimposed upon an 
intense continuum of protons from the reaction 
B'(He’,p)3He* which may occur either as a multistep 
process or directly. 


(72) Tyo.7:T 15.1 


The gamma-ray branching of the 15.1-Mev level via 
cascade transitions through the 4.43-Mev state was 
obtained by observing gamma-gamma _ coincidences 
using two 5-in. diameter 4 in. deep Nal crystals. To 
minimize the chance coincidence rate a reduced beam 
intensity was employed and the crystals were moved 
in to 7.5 cm from the target. This geometry had the 
advantage that the detectors each subtended 40° at the 
target thus attenuating the effects of angular correla- 
tions so that a fair measure of the branching ratio was 
obtained. Measurements were made in two geometries; 
first with both crystals at 90° to the beam, and second 
with one crystal at 90° and one at 45°. In both cases 
the crystals were on opposite sides on the beam and 
coplanar with it. 

A voltage gate was set to accept from one crystal 
pulses corresponding in size to the total absorption and 
first escape peaks from the 4.43-Mev radiation. The 
spectrum from the second crystal coincident with pulses 
in the gate is shown in Fig. 11. Here appear gamma rays 
of energy 10.7 Mev and 4.43 Mev and a low intensity 
tail extending out to 15.1 Mev. All of the 15.1-Mev tail 
and some of the 4.43-Mev radiation is accounted for 
by the computed chance coincidence rate. A contribu- 
tion to the 4.43-Mev peak is also made by beta-gamma 
coincidences as discussed in Sec. C (vii). The 10.7-Mev 
radiation, however, can only be ascribed to the transi- 
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Fic. 10. The angular distribution of the protons that corre- 
spond to the formation of the 15.1-Mev state in C!. The He’ 
energy is 2.0 Mev. The distribution is near isotropic. Integration 
of either the dashed curve or the solid curve yields a total cross 
section equal to 4x times the differential cross section at,90° to 
the beam. 
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Fic. 11. The pulse distribution of gamma radiation that is 
coincident with gamma radiation of 4.43-Mev energy from He 
and B”. The 10.7-Mev peak is due to the 3.1% cascade branch 
from the 15.1-Mev state to the 4.43-Mev level. A small yield of 
11.7-Mev radiation due to the transition from the 16.1-Mev state 
to the 4.43-Mev level is also apparent. All of the tail extending 
out to 15.1 Mev and most of the 4.43-Mev peak is due to chance 
coincidences. 


tion between the 15.1 and 4.43-Mev states. The shoulder 
on the upper edge of the 10.7-Mev gamma-ray peak is 
attributed to the 11.7-Mev transition from the 16.1- 
Mev state to that at 4.43 Mev. The intensity of the 
11.7-Mev gamma ray is consistent with rough estimates 
that can be made by assuming that the formation proba- 
bilities of the 16.1- and 15.1-Mev states are in the ratio 
of the intensities of the corresponding proton groups at 
90° and using the known fact that 1.4% of the decays 
of the 16.1-Mev state give an 11.7-Mev radiation.* The 
major uncertainty of the measurement is in the sub- 
traction of the 11.7-Mev contribution from the ob- 
served data to obtain the yield of 10.7-Mev radiation. 

If a fraction x of the total gamma-ray de-excitations 
of the 15.1-Mev state gives the 10.7-4.43 cascade radia- 
tions, then it is easily shown that the ratio of 10.7-Mev 
quanta to 15.1-Mev quanta is: 


€15.1 1 


’ 


1 a Nis 


1 €10.7 €4.43 


where JV, is the true coincidence rate, .Vi5.; is the count- 
ing rate of 15.1-Mev quanta and e¢ is the efficiency of the 
de ior; for the indicated energies. The ratio €15.1/€10.7 
was obtained using the calculations of Wolicki ef al.”> as 
discussed above. The efficiency, 4.43, of the detector 
gate set to detect the 4.43-Mev radiation was experi- 
mentally determined, using the B"(p,yy)C” reaction 
at the 0.675-Mev resonance. Analysis of these data 
gives the intensity of the 10.7-Mev transition to be 
3.1(+0.6)% of the ground-state transition. If one 
assumes negligible 11.7-Mev radiation and includes all 
the counts in the 10.7-Mev peak an upper limit to the 
branching of 4% is obtained. The result was the same 
for the 90° and 45° angle of observation. 
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E. Angular Correlations 
(i) 15.1-Mev y Ray 


In this work no study of the angular distributions 
of the particle groups has been undertaken except that 
already mentioned in connection with the branching of 
the 15.1-Mev state. Angular distributions with respect 
to the beam of the 15.1-Mev gamma radiation measured 
at the 2.13-Mev incident energy gave a result of the 
form 1+0.07(+0.02)P2(cos@) and at 2.51 Mev the form 
1+0.04(+0.02)P2(cos6). These are illustrated in Fig. 
12. The ratio of 0° yield to 90° yield was also checked 
at 2.01 Mev and 2.26 Mev. The conclusion is that over 
this energy range there is no significant change in the 
form of the angular distribution with bombarding 
energy and therefore the 90° yield curve of Fig. 4 is a 
good representation of the variation with energy of the 
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Fic. 12. Angular distribution of the 15.1-Mev gamma radiation 
The angle @ is between the beam and the gamma detector. (a) is at 
2.51-Mev He’ energy; the solid curve is of the form Po+0.04 
P»(cos@). (b) is at 2.13-Mev He’ energy; the solid curve is of the 
form Po+0.07P2(cos@). (c) is a triple correlation measurement in 
which the 15.1-Mev gamma radiation coincident with particles 
emitted at 90° to the beam was detected. The two counters and 
the beam were coplanar. 


total formation cross section of the 15.1-Mev state in 
C® over the region shown. 

Also shown in Fig. 12 is the result of a triple cor- 
relation experiment in which protons feeding the 15.1- 
Mev level were detected in the particle counter at 90° 
to the beam and the yield of gamma radiation coinci- 
dent with these protons observed as a function of the 
angle with the beam. The result is an isotropic dis- 
tribution to within +3%. The counters and beam were 
coplanar. Since an isotropic correlation may arise in 
several ways, there is no information obtained from this 
measurement about the spin of the 15.1-Mev state. 

The angular distribution of the 15.1-Mev radiation 
from C#(He',ay)C” also was observed at He*= 2.26 
Mev and found to be of the form 1—0.13P2(cos@). No 
variation in the 0° to 90° ratio was detected between 
2.02- and 2.26-Mev He?’ energy. 
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Fic. 13. Angular correlations of the 4.43-Mev gamma radiation 
at 2.13-Mev He® bombarding energy. The angle @ is between the 
beam and the gamma-ray detector. (a) is an angular distribution 
about the beam; the solid curve is of the form 1+0.08P:2(cosé). 

b) is a triple correlation measurement made with the same 
arrangement of counters as in Fig. 12(c). (c) is a triple correlation 
measurement made with the proton counter at 90° to the plane 
containing the beam and the gamma-ray detector; the solid curve 
is of the form 1+0.25P.2(cos@) ; the dashed curve is 1+0.25P2(cos@) 

+0.1 P4(cosé). 


(it) 4.43-Mev y Ray 


The angular distribution of the 4.43-Mev radiation 
with respect to the beam at 2.13-Mev incident energy 
is shown in Fig. 13, to be of the form 1+0.08(+0.02) 
xX P2(cosé). A triple correlation measurement similar 
to that described above made with the counters and 
beam coplanar gave an isotropic result to +3%. A 
second triple correlation experiment was performed 
with the particle counter at 90° to the plane of the 
beam and the axis of the gamma detector. The result 
shown in Fig. 13(c) is strongly anisotropic. The solid 
curve is of the form 1+0.25(+0.02)P.(cos@). The 
dashed curve illustrates the effect of a small Ps term 
which might be expected in this case for a 2+—0+ 
transition and has the form 1+0.25P2(cos6)+0.1P, 
X (cos@); this shows that a P, term of less than 10% 
Po is not excluded by the observations. The main 
reason for carrying out these triple correlation meas- 
urements was to permit the efficiency of the Nal 
gamma-ray detectors to be determined from the ratio 
of the measured coincidence rate averaged over all 
angles to the measured counting rate of the particle 
group feeding the 4.43-Mev state. 


4. DISCUSSION 
A. Gamma-ray Branching 
(i) The 15.1-Mev State 
A 1+, T=1 assignment to the 15.1-Mev state. is 
strongly suggested by all available experimental evi- 
dence; in particular the studies of the inelastic scatter- 
ing by carbon of photons® and charged particles"! make 
it seem certain that it is the lowest T=1 state in C” 
and hence the analog of the ground state of B® which 
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has been shown’ to be 1+. This assignment is assumed 
in the discussion that follows and is supported by the 
present He’ studies. 

The measurements show that the 15.1-Mev state has 
a gamma radiation width that is 75(+20)% of the 
total width. Of this gamma radiation, 3.1(+0.6)% is 
via a cascade branch through the 4.43-Mev state and 
the remainder to the ground state. The strength of the 
ground-state branch is in agreement with the results 
of the photon scattering measurements® which give for 
it the fraction 69(+7)% of the total width. Hayward 
and Fuller® did not observe the cascade branch and put 
an upper limit of 10% contribution from radiation near 
11 Mev. However the 10.7-Mev cascade radiation was 
observed by Waddell" in the C?(p,p’)C”* reaction. 
At 80° to the proton beam the intensity of the 10.7- 
Mev radiation was 9(+1.5)% of the 15.1-Mev radia- 
tion. Since the angular distribution of the radiation from 
C”(p,p’)C* is not known an integration over 47 
steradians can not be carried out to obtain the branch- 
ing ratio to compare with the value reported here which 
was obtained in a geometry that minimized angular 
effects. Possible reasons for the disparity in the results 
are discussed more fully below. Garwin and Penfold? 
report the cascade transition is 3.5% the intensity of 
the ground-state branch in agreement with our results. 

Kurath!® using an intermediate coupling shell model 
has computed the gamma radiation widths for the 
transitions from the 15.1-Mev state to both the ground 
state and the 4.43-Mev levels as a function of the 
parameter a/K which measures the relative strengths 
of the spin orbit and central forces assumed. In Fig. 14 
the computed branching is compared with the experi- 
mental result and agreement obtained for values of 
a/K from 3.6 to 5.3. These values of a/K may be com- 
pared to those obtained from the measured width® of 
the ground-state transition which gives a/K in the 
range 5.5 to 6.5. A value 5.4 of a/K represents a reason- 
able compromise between these results; this value is 
appropriate for the mass-12 region as demonstrated by 
Kurath. The intermediate coupling shell model there- 
fore appears to give a fair quantitative description of 
the radiation widths of the 15.1-Mev state. 

Using this model with a/K =5.4 an £2 width of 1.1% 
of the M1 width for the 10.7-Mev transition is predicted. 
Assuming, therefore, that the ratio £2: M1 is much less 





Fic. 14. The values of 
the intermediate coupling 
parameter a/K that are 
consistent with the meas- 
ured branching of the 15.1- 
Mev state. The solid curve 
is obtained from the calcu- 
lations of Kurath'5; the 
cross-hatched area defines 
the limits set by the meas- 
urements. The range of 
values of a/K consistent 
with the measured width 
of the ground-state transi- 
tion’ is also indicated. 
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TABLE II. Comparison of the properties of states in C” in the region of 12-18 Mev excitation that has observable radiation widths. 
lr is the total width. y?(ao) and y?(a:) are reduced widths for alpha-particle emission to the ground state and first excited state of Be’, 
respectively. y,? is the reduced proton width. (yo) and I'(y1) are radiation widths for transitions to the ground state and first excited 
state. J=total angular momentum, r=parity, and T=isobaric spin of the C” state. The last five columns list the widths in single 
ernie units which were computed to be 770 kev for alpha particles, 1940 kev for protons, 0.021% for M1 radiation, and 0.578 E® for 

radiation. 











Level 
energy r 7 (ao) 7? (a) 
Mev kev kev KeV 


om <3 $3.7 

15.10 0.079 0.0071 

16.10" 5.00 0.016 1.30 30 
16.578 322. <0.008 27 540 
17.23 1270 7.00 190 0.010 


(a) yp? T'(yo) 
h?/pa? h?/ pat I'w 
<0.49% 
0.009% 

0.17% 


(a) 

E(y)/E® P(y)/E h®/ua? 
<0.021 

0.016 0.0014 

<0.0019 0.044 

<0.0003 0.0084 

0.008 0.010 


JnT 


(1+)0 
1+1 
2+1 
2-1 
1—(0) 





< 100% 

0.002% 1.5%, 

<0.001% 
0.9% 


3.5% 28% 


0.05% 


b Dearnaly, Dissanaike, French, and Jones, Phys. Rev. 108, 743 (1957). 


than unity it can be shown that the angular distribu- 
tions of the 15.1-Mev radiation and 10.7-Mev radiation 
from either the C"(p,p’)C* or the B'(He®,p)C!™ re- 
actions will in fact be very different from each other 
unless they are accidentally isotropic. The 1+ char- 
acter of the 15.1-Mev state restricts the angular dis- 
tributions to the form 1-++a2P2(cos@). The values of the 
a2 coefficients themselves cannot be computed without 
knowledge of the angular momenta involved in the re- 
actions, but the ratio a2(15.1 Mev)/a2(10.7 Mev) de- 
pends only on the spins'and multipole mixtures in- 
volved in the gamma transitions. The transition to the 
0+ ground state is pure M1, leaving the multipole 
mixture of the transition to the 2+ state at 4.43 Mev 
as the only unknown parameter. In Fig. 15 the ratio 
of the a2 coefficients” is plotted as a function of the 
multipole mixture. This shows that for £2 widths small 
relative to M1 widths, the 15.1-Mev radiation has a P2 
term in its angular distribution that is many times 
greater than that for the 10.7-Mev radiation and may 
be of opposite sign. The relative intensities at one angle, 
therefore, will differ considerably from the true branch- 
ing ratio. This effect probably accounts for the dis- 
crepancy between the results of Waddell" and the pres- 
ent work. The value of the multipole mixture could 
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Fic. 15. The computed ratio of the a2 coefficients of the 10.7- 
Mev radiation to that of the 15.1-Mev radiation as a function of 
the multipole mixture in the 10.7-Mev gamma radiation. The 
angular distributions are each assumed normalized to the form 
1+a2P2(cos6). 


* Computed using Sharp, Kennedy, Sears, and Hoyle, Chalk 
River Report CRT-556 (unpublished). 
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be determined by a measurement of the ratio of a» 
coefficients but the Nal scintillation detectors used 
can not resolve the weak 10.7 radiation in the presence 
of the strong 15.1-Mev branch except in the coincidence 
measurement. This measurement involves a quadruple 
correlation with the second radiation unobserved and 
its angular correlation can not be interpreted without 
knowledge of the angular momenta in the various 
channels and of J values of the compound states. There- 
fore no attempt was made to measure angular effects. 

The properties of the 15.1-Mev state are compared 
with other states that de-excite by gamma emission in 
Table II. The exceptionally small alpha-particle width 
of this level reflects the effectiveness of the isobaric 
spin selection rule which forbids alpha-particle emission 
and is evidence that the amount of 7=0 admixture in 
this state is extremely small compared with neighbor- 
ing 7 =1 states. 


(ii) The 12.78-Mev State 


The energy of this state is 2 Mev below the excitation 
of 15 Mev estimated for the lowest T7=1 state based on 
the masses of N” and B” and hence it should be a T=0 
state for which alpha-particle decay is allowed. More- 
over its breakup into three alpha particles yields an 
energy release of 5.16 Mev which is sufficient for it to 
de-excite to the 2+ first excited state of Be*® as well as 
the ground state. It is therefore somewhat surprising 
to find that this level de-excites 2% of the time via 
gamma-ray emission. The fact that gamma-ray de- 
excitation is observed in competition with alpha-par- 
ticle breakup suggests a large gamma-ray width and 
most likely a dipole transition to the 0+ ground state. 
Thus the spin is probably 1. This is supported by the 
fact that a higher spin would favor a transition, which 
is not observed, to the J/= 2+ state at 4.43 Mev. A 1— 
assignment requires an isobaric spin forbidden 1 transi- 
tion to the ground state while a 1+ requires a forbidden 
M1 transition.” The latter assignment seems more 
likely because conservation of spin and parity then 
rules out alpha decay to the ground state of Be* and 


2G, Morpurgo, Phys. Rev. 110, 721 (1958). 
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symmetry considerations inhibit direct breakup into 
three alpha particles leaving decay to the 2+ level at 
2.94 Mev in Be® as the most likely mode of alpha- 
particle emission. This might be tested experimentally 
by observing alpha particles in coincidence with the 
proton group feeding the 12.78-Mev state. It has not 
been attempted and would be difficult to interpret 
owing to the superposition of the proton group on a 
continuum presumably from four-body breakup of the 
compound state, N", into a proton and three alpha 
particles. However there is experimental evidence from 
photodisintegration studies* that the alpha decay of 
this state proceeds only through Be® at 2.94-Mev 
excitation. 

Taking the assignment 1+ favored by the available 
data we compute the single particle estimate® for the 
gamma-ray width ’,=44 ev for an M1 transition. Com- 
bining this with our measured value of 2% for the 
gamma-ray branch we obtain an estimate of the order 
of magnitude of the alpha-particle width, '4= 2200 ev 
for the 12.78-Mev state. Assuming decay via the 2.94- 
Mev state of Be® and an interaction radius of 4.5 107 
we obtain the reduced alpha-particle width, ya?=3.7 
kev which can be compared with the single particle 
unit of h®/wa?=0.77 X 10° kev. Usually measured alpha- 
particle widths are of the order of 1% of the single 
particle unit® and the obtained value of 0.5% is not 
uncommon. If, however, one allows a factor® of 100 for 
the isobaric spin inhibition of the gamma-ray transition, 
then the obtained alpha width becomes 0.005% of a 
single particle unit, which is unusually small. 

The large value of [,:I'. favors a 1+ assignment to 
the 12.78-Mev state but the reason for the unusual in- 
hibition of the alpha particle width is not clear. It has 
been shown by Christy* that any alpha-particle model 
state of C” which is 1+ can not decay to either the 
ground state or first excited state of Be® and hence 
would be expected to have a large ',: I’, ratio. However, 
the lowest 1+ state predicted by the alpha-particle 
model'® is above 20-Mev excitation, so this description 
does not appear to apply to the 12.78-Mev state. 


B. Level Structure of C'” 
(1) General 


The energy and other properties of the state at 15.1- 
Mev excitation identified it as the 7,=0 member of 
the isobaric triplet comprising this state and the ground 
states of N” and B™. Consequently all the ten states of 
lower excitation shown in the level diagram, Fig. 16, 


‘PD. L. Livesey and C. L. Smith, Proc. Phys. Soc. (London) 66, 
689 (1953); J. L. Need, Phys. Rev. 99, 1356 (1955). 

2 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 627. 

%R. W. Hill, Phys. Rev. 90, 845 (1953); J. R. Cameron, Phys. 
Rev. 90, 839 (1953); D. H. Wilkinson, Proceedings of the Rehovoth 
Conference on Nuclear Structure, edited by H. J. Lipkin (North- 
Holland Publishing Company, Amsterdam, 1958), Chap. IV. 

4 R. F. Christy (private communication). 
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have T7=0. Available experimental data permit the 
assignment of the indicated spins and parities to six of 
these states. 

The 1+ assignment to the 12.78-Mev state has 
already been discussed in detail. The broad state at 
10.1 Mev is not observed in the B'(He*,p)C” reaction 
possibly owing to its large width, but has been studied 
in the beta decay of B® by Cook ei al.'*:*° and assigned 
0+. The electron scattering measurements have been 
interpreted to suggest 2+ for the 9.61-Mev level* in 
disagreement with the B'"(d,n)C” stripping results*? 
which indicate negative parity for this state. It has 
been shown, however, by Ferrell and Visscher** that a 
1— assignment may be in accord with the electron 
scattering data and can not be ruled out. The prop- 
erties of the three lowest levels have been thoroughly 
investigated in a number of experiments* which strongly 
support the indicated assignments. 


(11) Alpha-Particle Model 


The application of the alpha-particle model to C” 
has been discussed in a paper by Glassgold and Galon- 
sky.'® This model satisfactorily correlates the ground 
state, the 2+ first excited state, 0+ level at 7.65 and 
the level at 9.61 with properties either 1— or 2+. This 
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Fic. 16. The experimental level structure of C”. The assign- 
ments are taken from reference 3 except for those levels discussed 
in the text. 


8° Cook, Fowler, Lauritsen, and Lauritsen, reference 13 and 
quoted by T. Lauritsen and F. Ajzenberg-Selove (to be published). 

36 J. H. Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 (1956) ; 
R. Hofstadter and D. G. Ravenhall, quoted by D. H. Wilkinson, 
reference 32. 

37 A. Graue, Phil. Mag. 45, 1205 (1954); Maslin, Calvert, and 
Jaffee, Proc. Phys. Soc. (London) A69, 754 (1956). 

%* R.A. Ferrell and V. M. Visscher, Phys. Rev. 104, 475 (1956). 
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correlation fixes the three arbitrary parameters of the 
model and the positions of other levels are then com- 
puted. Its weakest points are: (i) it predicts a 3— level 
at 5.5-Mev excitation which has never been observed, 
and (ii) it can not account for a J=1 level at 12.78 
Mev and indeed predicts no 1+, 7=0 levels below 20 
Mev. 


(11) The Intermediate Coupling Shell Model 


The experimentally observed level structure of C” 
may be compared with that computed by Kurath'® 
using an intermediate coupling shell model. This com- 
putation predicts only five 7=0 states lower than the 
first 7=1 state which is predicted correctly near 15 
Mev. The observed additional five 7=0 states may be 
attributed to configurations not included in the model 
used, such as states arising from the excitation of 
nucleons out of the 1p shell. These states may have odd 
parity (single nucleon removed from p shell) or even 
parity (two nucleons removed from Pp shell) and the 
latter will interact with the states of the same J given 
by the model. Therefore the energy values computed 
without including these interactions may differ con- 
siderably from the true excitations and close corre- 
spondence to the experimental values can not be ex- 
pected without more detailed calculations. The 1+ 
state observed at 12.78 Mev may be associated with 
the 1+ level predicted just below 14 Mev by Kurath, 
and the 0+ state at 10.1 Mev with that predicted at 
12 Mev. Only the 4+ state then remains to be assigned 
and experiment rules out all states below 10.76 Mev 
thus favoring the scheme with the value of L/K=5.5 
shown in Fig. 15(b) of Kurath’s paper. This puts the 
4+ state near 13 Mev and it would be of considerable 
interest if a J/=4 state could be identified in this region. 
In addition this scheme correctly puts the lowest 7= 1, 
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J=1 state near 15 Mev with a second 7=1, J=2 state 
slightly higher and remarkably well describes the 
gamma-ray branching of the 15.1-Mev level as already 
discussed. 


C. SUMMARY 


The bombardment of B" by 2-Mev He’ ions results 
in the formation of a large number of excited states of 
C” and C" via the reactions (He’*,p) and (He',d). At 
90° to the beam the (He*,d) ground-state reaction ac- 
counts for 39% and the (He*,p) reaction to the 4.43- 
Mev state for 24% of the summed yield of the proton 
and deuteron groups. The reason for the strong favor- 
ing of these two residual states is not known but it is 
also observed at lower bombarding energies!? and other 
angles to the beam. The ratio of the (He*,n) ground- 
state cross section to the analog (He*,p) cross section 
is in agreement with the value computed assuming 
charge independence of nuclear forces. 

An anomalously large ratio of gamma-ray width to 
alpha-particle width is observed for the 12.78-Mev 
state in C” which suggests the properties 1+. No other 
alpha-particle unstable 7=0 state is found with similar 
properties. The measured branching of the 15.1-Mev 
state is in accord with the predictions of the inter- 
mediate coupling shell-model predictions. Using the 
parameters a/A =5.4 and L/A=5.5 this model appears 
to have considerable validity in describing the proper- 
ties of C”. 
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Elastic Scattering of Deuterons from Mg, Al, Ti, V, Cr, Co, Ni, and Cut 
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Angular distributions of deuterons elastically scattered from Mg, Al, Ti, V, Cr, Co, Ni, and Cu have been 
measured at laboratory energies of 3.32 and 4.07 Mev. The measured cross sections show a smooth decrease 
below the Rutherford cross section for scattering angles greater than some critical angle which increases 
with increasing A and decreasing deuteron energy. Cross sections calculated with an optical model show 
satisfactory agreement with the measurements. The dominant feature of the model is the large imaginary 
part of the potential, implying strong absorption of deuterons interacting with the nucleus. From the 
measurements, however, it does not appear possible to identify the reaction mechanism giving rise to this 


absorption. 


HE elastic scattering of protons,' neutrons,’ and 

alpha particles*~’ has been studied now for a wide 
range of incident energies and target nuclei and the 
results have been found to be generally consistent with 
the predictions of an optical model.*~” Only a few meas- 
urements of elastic deuteron scattering have been 
reported."-!® Nishida!® has fitted the data of Rees and 
Sampson” assuming that electric breakup of the deu- 
teron is the only important interaction. On the other 
hand, Sowle!’ reports that some unpublished measure- 
ments by Wall can be adequately fitted by using an 
optical model calculation. 

The present measurements were intended as a survey 
of elastic deuteron scattering at the energies available 
in this laboratory. The analysis of these results indicates 
that an optical model can provide an adequate fit to 
the data, though the actual reaction mechanism in- 
volved in the scattering is not clear. 


APPARATUS 


The University of Rochester variable-energy cyclo- 
tron was used to provide a deuteron beam in the energy 
range of 3.2-4.2 Mev. The layout of the machine and 
associated equipment is shown in Fig. 1. The beam is 
extracted by an electrostatic deflector and after passing 
* On leave from “Institute R. Boskovic,” Zagreb, Yugoslavia. 
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through an iron shield in the fringing field of the cyclo- 
tron, is focused on slit A by a pair of quadrupole lenses. 
A wedge analyzer magnet then focuses part of the beam 
through slit B into two scattering chambers in tandem. 
The magnetic field in the analyzer is monitored by a 
proton resonance probe. The calibration of particle 
energy vs resonance frequency was obtained from meas- 
urements with Cm* alpha particles and by observing 
the (p,m) thresholds on Be® and C", and is believed 
accurate to +0.7%. 

Most of the present measurements were in the second 
of the two scattering chambers, a 36-in. diameter 
chamber containing 2 counters which could be inde- 
pendently rotated from outside the chamber. The zero 
of the angular scale for each counter was checked by 
observing Rutherford scattering each side of the beam 
and was determined to +}°. The angular position of one 
of the counters could be measured to +0.1°. The 
angular scale of the other counter was less accurate and 
may have been in error by +0.5° at large angles. With 
the procedure used in these measurements, even this 
large an uncertainty would introduce negligible error 
in the measured cross sections, An adjustable slit C at 
the entrance to this chamber defined the beam spot on 
the target. This was followed by an antiscattering baffle 
C’ which removed particles scattered by more than 
about 4° at the slit edges. The beam was collected in a 
lead-lined Faraday cup and measured with a conven- 
tional de feedback amplifier. Normally this circuit was 
used only to adjust the cyclotron operating conditions. 
The beam intensity was monitored by a CsI crystal and 
photomultiplier mounted in a port on the scattering 
chamber at an angle of 45° to the incident beam direc- 
tion. For measurements at forward angles, where very 
low beam intensity was needed, a gridded ionization 
chamber mounted on one of the rotating arms was fixed 
at an angle near 15° and was used as a monitor. 


Detectors 


For most of the measurements a CsI crystal bonded 
to a Dumont 6291 photomultiplier was used to detect 
the scattered deuterons. The multiplier was mounted 
on one of the rotating arms in the scattering chamber 
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Fic. 1. The University of Rochester 27-in. cyclotron and associated equipment. 


and could be set anywhere in the angular range from 
7.5° to 170°. The angular resolution of this counter was 
().6°. Signals were amplified in a conventional fast ampli- 
fier and analyzed with a commercial 100-channel pulse- 
height analyzer (RIDL Model 3300). The resolution of 
the detector was about 4%, allowing easy separation of 
the desired group from background, mainly protons 
from (d,p) reactions in the target. Typical spectra are 
shown in Fig. 2. 

For some of the measurements on Mg and Al it was 
necessary to use a magnetic spectrometer as will be de- 
scribed later. This instrument is a 180°, double-focusing 
instrument similar to that described by Snyder et al.!8 
It can be rotated about a small scattering chamber from 
0° to 150° and can be attached to the chamber by means 
of ports located every 15°. A CsI crystal at the exit slit 
was used to detect particles focused through the spec- 
trometer, so that both the energy and momentum of the 
scattered particles could be measured. 


Targets 
It was desired to investigate deuteron scattering from 
as wide a range of target nuclei as possible, but two 
limitations were apparent. For A> 70 the cross sections 
deviate very little from Rutherford, while for A<16 it 
has been shown that resonant compound-nucleus effects 
are important at our energies.” Within this range of 


~ 18 Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 
852 (1950). 

19 FE. Baumgartner and H. W. Fulbright, Phys. Rev. 107, 219 
(1957). 

2 J. B. Marion and G. Weber, Phys. Rev. 103, 1408 (1956). 


A, most elements that could be formed into thin, self- 
supporting stable foils were investigated. Aluminum, 
titanium, nickel, and copper were obtained as thin foils 
from commercial sources. Impurities in the form of 
heavy elements were stated to be less than 0.1%. Groups 
from carbon and oxygen contamination were never more 
than 1% of the elastic group from the target element at 
back angles where they were resolved. Other targets 
were made as follows: 

Magnesium.—Commercial foil 0.001 in. thick was 
electropolished in a bath comprised of phosphoric acid 
(60%) and ethyl alcohol (40%) to about 20% of the 
original thickness. The resultant foil showed many pin- 
holes but these were small compared with the dimen- 
sions of the beam spot and were uniformly distributed 
over the foil. Magnesium showed the greatest contami- 
nation of any target used. Carbon and oxygen groups 
had an intensity of about 4% of the magnesium elastic 
group at back angles. 

V anadium—Commercial foil 0.001 in. thick was elec- 
tropolished in a mixture of 85% concentrated hydro- 
chloric acid with 15% concentrated hydrofluoric acid. 
This foil also showed pinholes when polished to 20% 
of original thickness. Light-element groups showed 
about 2% of the intensity of the V elastic group. 

Chromium.—Foils were prepared by electroplating 
chromium to the desired thickness on thin copper foils. 
After annealing by heating gently in a Bunsen flame, 
the copper backing could be dissolved in dilute nitric 
acid to yield foils from 0.1 to 2.5 mg/cm? in thickness. 

Cobalt.—This was electroplated onto a polished 
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Fic. 2. Pulse-height spectra 
from Al and Cu. 
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CHANNEL NUMBER 


molybdenum 
peeled. 


sheet from which it could readily be 
Copper.—To look for possible isotope effects, copper 
foil enriched to 99.85% in Cu® 2! 
evaporating metallic copper onto a molybdenum sheet, 
from which it was later peeled. 

Carbon and oxygen groups from the chromium, 
cobalt, and copper targets showed no more than 1% of 
the intensity of the elastic group from the target ele- 
ment. Contamination from heavier elements was be- 
lieved negligible. The data on the targets used in the 
measurements are summarized in Table I. 


was prepared by 


PROCEDURE 


Initial measurements of the elastic scattering of deu- 
terons from gold were made to check the zeros of the 


ras_e I. Data on the targets used in the measurements. 


Thickness 
Target mg/cm? 


Mg 1.28+0.2 4° 
\| 0.68+0.05 bs 
1.36+0.05 

2.40+0.1 

2.20+0.1 1‘ 
1.84+0.15 i* 
1.88+0.1 i¢ 
2.10+0.1 1% 
1.13+0.05 0).2° 
2.26+0.1 ().2° 
1.13+0.05 ().2° 
1.0+0.1 0.5! 


Contamination® 


Cu (natural 
Cu® (99 85° / 


* Contamination refers to the intensity of carbon and oxygen groups 
relative to the elastic group from the target element at backward angles 


*! Obtained from Stable Isotopes Division, Oak Ridge National 
Laboratory. 


CHANNEL NUMBER 


angle scales for the detectors in the 36-in. scattering 
chamber. These measurements were continued to large 
angles and it was found that the elastic scattering from 
gold from 25° to 165° followed the Rutherford law to 
within the accuracy of the measurements. The curves 
iabelled “Au” in Figs. 3 and 4 show the measured cross 
section multiplied by sin‘(@/2). All other cross sections 
were then measured in terms of the Rutherford cross 
section by using a comparison method. Target frames 
carrying a gold target plus two other foils were used, 
and at each angle the number of particles scattered from 
each of the targets of interest was compared with the 
number from the gold target for a given number of 
monitor counts. The ratio of the number of counts from 
the target of interest to that from gold then is propor- 
tional to the ratio of the cross section from the target 
to the Rutherford cross section, at that angle, with only 
a small correction for conversion to center-of-mass co- 
ordinates. The main advantages of the method are that 
it eliminates the need for very precise angle measure- 
ments at forward angles, and for accurate beam 
integration. 

For Ti, V, Cr, Fe, Co, Ni, and Cu, data were taken 
down to small angles until the measured ratio of the 
counting rates became constant and the small-angle 
points were then normalized to unity. For Mg and Al 
this ratio did not become constant until such small 
angles that corrections for finite beam size and multiple 
scattering became quite large. For this reason the nor- 
malization of the Al and Mg curves was done by com- 
paring the yields from thick targets of these elements 
with that from copper using the magnetic spectrometer. 


Measurements on all targets were made at incident 


energies of 3.32 and 4.07 Mev. Results are shown in 
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Figs. 3 and 4 which show the ratio of the measured cross 
section to Rutherford cross section versus c.m. angle. 
Because of the more complex structure in the angular 
distributions for Mg and Al, another measurement was 
made on these targets with deuterons of lab energy 
3.73 Mev. These results, along with the initial measure- 
ments for comparison, are shown in Fig. 5. The c.m. 
energy at the center of each target is indicated beside 
each curve. Data were taken about every 5° and each 
point was measured at least twice. Measurements for 
Al and Ni were also taken with targets of different 
thicknesses as indicated in Table I. Within the accuracy 
of the measurements, no change in the distributions 
could be observed when the target thickness was 
changed. Angular distributions from Cu® and natural 
copper were identical indicating that isotope effects are 
small at this energy. 
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Fic. 3. Measured angular distributions at laboratory energy 
of 4.07 Mev. The center-of-mass energy is shown beside each 
curve, 
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Fic. 4. Measured angular distributions at laboratory energy 
of 3.32 Mev. The center-of-mass energy is shown beside each 
curve, 


ERRORS 


Since the comparison method was used to measure 
cross sections relative to that of gold at each angle, 
errors arising from uncertainties in the angular position 
of the counter or from the finite size of the beam spot 
and detector aperture were negligible. In using this 
method it was necessary to assume that the scattering 
from gold does follow the Rutherford law, but this is 
certainly indicated by our measurements. For copper 
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(Z=29) at 4.07 Mev, the deviation from Rutherford 
scattering is less than 20% and is seen to be decreasing 
fairly rapidly with increasing Z. The measured points 
for gold showed a scatter of 2 to 3% at a given angle, 
even though counting statistics were much better than 
this. This was found to be caused by variations in beam 
intensity over the area of the beam spot on the target. 
Within the accuracy of this measurement, there was no 
evidence for any deviation from the Rutherford cross 
section in the scattering from gold. 

A small correction for multiple scattering was neces- 
sary at forward angles, but the resultant uncertainty 
in the cross sections is negligible. 

Measurements were affected by two different types 
of background, both of which were more serious with 
Mg than with other targets. As is seen in Fig. 2, pulse- 
height spectra showed a background from (d,p) re- 
actions in the target. For the heavier targets this back- 
ground was low, and showed no prominent groups. All 
data were taken with the multichannel pulse-height 
analyzer, and background could be accurately estimated 
and subtracted with an uncertainty no greater than 1%. 
For Mg and Al, definite proton groups can be seen in the 
pulse-height spectra and the uncertainty in background 
subtraction is estimated to be about 3% at backward 
angles. At forward angles, the elastic scattering is so 
intense that this background can be neglected. 

The other troublesome background came from oxygen 
and carbon contamination on the targets. As already 
mentioned, these groups had an intensity of about 1% 
of that of the elastic group at angles greater than 90°, 
except for magnesium which showed 4%. Measurements 
of the O'*(d,d) cross section” show that it is never much 
smaller than Rutherford at 4 Mev for angles greater 
than 90°. Unless this cross section should increase very 
much above Rutherford at forward angles, target con- 
tamination would introduce no more than 1 to 2% error 
into the measured cross sections at forward angles. For 
all targets except vanadium, inelastic deuteron groups 
should have been resolved from the elastic peak, with 
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Fic. 6. Optical-model calculations for Ti and Cu, showing 
the effect of varying ro and a. 
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Fic. 7. Comparison of optical-model calculation with 
Ti results at 4.07 Mev. 


the detector used in these measurements. In fact, no 
inelastic groups were observable above the proton back- 
grounds, so that even in the case of vanadium inelastic 
scattering is not believed to introduce any significant 
error. 

For all elements except Mg and Al the over-all accu- 
racy of the measurements show in Figs. 3 and 4 is be- 
lieved to be about 3%. For Al and Mg the relative 
accuracy of the measured points in an angular distribu- 
tion is about 5%. The absolute differential cross sections 
for these two elements, as normalized with the thick- 
target technique, are believed to be accurate to about 
10%. 


CALCULATIONS 


The most striking features of the distributions for Ti 
and heavier elements are their over-all similarity and 
regular variation as a function of atomic number and 
deuteron energy. This behavior suggests that any reso- 
nance effects arising from compound nucleus formation 
are averaged over many states and that the measure- 
ments reflect some general properties of the deuteron- 
nucleus interaction. A program for optical model calcu- 
lations using an IBM-650 computer was available here, 
and an attempt was made to use it to fit the data. There 
is little @ priori justification for the application of an 
optical model to deuteron scattering, but its success in 
fitting alpha scattering measurements encouraged us to 
try it. 

An arbitrary potential may be used in the program 
but for most calculations the usual Woods-Saxon well 
was used: 


r—1rA 1 
V= Ve+(VotiWo) 1+ ep(" ~) j 
a 


V. was taken as the electrostatic potential of a uni- 
formly charged sphere of radius roA!. The program in- 
tegrates the radial Schrédinger equation out to kr=5.8, 
and matches the wave function to the Coulomb wave 
function at that point to obtain the phase shifts for 
partial waves through /=4. More partial waves could 
have been included but usually the real part of the 
phase shift for /=4 was less than 1°, with a correspond- 
ingly small imaginary part. In addition to the angular 
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distribution, the program calculated the reaction cross 
section for each partial wave. The program requires 
about 40 minutes to compute an angular distribution 
for a given set of parameters. 

Because of the running time required, it was not pos- 
sible to make an exhaustive search for sets of param- 
eters providing ‘“‘best fits” to the data. Rather, initial 
calculations were made to estimate the dependence of 
the calculated distributions on the various model param- 
eters. It was immediately found that the general form 
of the experimental curves could be reproduced if Wo 
was made large. A value of Wo=—15 Mev completely 
damped out any diffraction structure for all elements 
heavier than aluminum, and a further increase to 
Wo=-—20 Mev had no effect on either the angular dis- 
tribution or the absorption cross section. The other 
parameters were important mainly in so far as they 
affected the height of the Coulomb barrier at the nuclear 
surface. Increasing ro or a increased the barrier penetra- 
bility and decreased the backward scattering as illus- 
trated in Fig. 6. Another pair of calculations used 
identical potentials for r>roA!, but real central poten- 
tials differing by a factor of two for smaller r. The results 
were identical for the two cases. 

With these results as a guide, several calculations 
were made for titanium and copper at the higher deuteron 
energy. The best fits obtained are shown in Figs. 7 and 
8. The agreement is seen to be good for the Ti measure- 
ments, but the experimental points for Cu seem to be 
consistently below the calculated curve. Still better 
agreement for the Cu could probably be obtained by 
increasing ro or a or both, but the matching of the wave 
functions at kr=5.8 made it impossible to handle larger 
values with the present computer program. 

In connection with this analysis, a determination of 
the absorption cross section for 4-Mev deuterons on Cu® 
was made. This measurement, which is described in 
detail elsewhere,” gave the result oaps.149+22 mb, in 
fair agreement with the calculated value of 171 mb. An 
increase in 79 or a@ would increase the calculated or, but 
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Fic. 8. Comparison of optical-model calculation with 
Cu results at 4.07 Mev. 


27. Slaus and W. Parker Alford, Atomic Energy Commission 
Report NYO-8059 (unpublished). 
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Fic. 9. Optical-model calculations for Ti and Al at 4.07 Mev, 
showing the more complex angular distribution for Al. 


it is not clear whether better agreement for the angular 
distribution could be obtained without serious dis- 
agreement on or. 


DISCUSSION 


The angular distributions for Mg and Al are clearly 
more complex than those for heavier elements, and seem 
to show a more marked variation with energy. As a 
result, no serious attempt was made to fit these data 
with an optical model. It is interesting to note, however, 
that an early calculation for Al showed a more complex 
angular distribution than did one for Ti using the same 
parameters (Fig. 9). It might be possible to fit these 
measurements at forward angles but it probably would 
be difficult to fit the rise in the curves in the backward 
direction. It was observed that the cross section for in- 
elastic scattering was much greater for Al and Mg than 
for any other elements studied, and it may be that this 
backward rise is an indication of appreciable compound 
elastic scattering for these two nuclei. 

The most significant feature of these results, aside 
from the data for Al and Mg, is the monotonic decrease 
in the cross sections below Rutherford as the scattering 
angle increases. In the optical-model calculations, this 
behavior was found to require a large value for Wo, but 
the actual values chosen for Wo and Vo were not im- 
portant. This means that the principal information 
derived from the optical-model analysis is an estimate 
of the deuteron-nucleus interaction radius, plus the fact 
that deuterons reaching this nuclear surface are strongly 
absorbed. In particular, we do not learn much about 
the reaction mechanism involved in this absorption. 
The use of an optical model might seem to imply that 
we assume that the particles are absorbed by compound- 
nucleus formation. Since the calculations are insensitive 
to Vo, however, and since the dominating feature of our 
optical-model well is the large imaginary part that we 
are required to choose, it may be simply that such a 
well gives a satisfactory phenomenological description of 
absorption arising from stripping or electrical breakup. 
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It would be expected that the shape of the potential 
well should be different for these different reaction 
mechanisms. As long as the absorption is strong, how- 
ever, it will take place largely at the surface and the 
calculations will be insensitive to the details of the 
shape. It seems more likely that useful information 
about the reaction mechanism could be obtained from 
the energy and angular distributions of the reaction 
products, rather than from the elastically scattered 


particles. 
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Direct Radiative Capture of Protons by O' and Ne’’* 
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A study has been made of the O'°(p,7)F!’ and Ne®*(p,y) Na® reactions by counting the positron activities 
of F” and Na* following proton bombardment of oxygen and neon targets. The O'*(p,7)F"’ cross section was 
measured at a proton bombarding energy of 616 kev to be 0.29+0.03 microbarn and the Ne”®(p,7) Na*! cross 
section was measured at 1100 kev to be 1.30.7 microbarns. These cross sections are consistent with the 
reaction process in each case being one of direct radiative capture. In addition, the energy dependence of the 
O'*(p,y)F"7 cross section from 275 kev to 616 kev was also consistent with the direct-capture hypothesis. 

Both of these reactions are believed to be important at the thermal energies effective in stars. For such 
energies the cross-section parameter So was estimated to be Sy=5+1 kev-barns for O'*(p,y)F'’, and 


So~80 kev-barns for Ne®®(p,y) Na?! 


1. INTRODUCTION 


HE O'*(p,y)F' reaction is distinguished by a 

completely smooth yield curve up to a proton 
bombarding energy of 3 Mev,' and by a sin’@ angular 
distribution? for the y radiation to the first excited state 
of F'’, As Warren ef al.” have suggested, these facts are 
consistent with the direct radiative capture of p-wave 
protons. However, the explanation of the ten to one 
favoring of transitions to the first excited state (J = 43*)* 
over transitions to the ground state (J=}*) is not 
obvious, since both are electric dipole for incident p- 
wave protons. 

The calculations of Christy and Duck? predict both 
the absolute cross section and intensity ratio with re- 
markable accuracy. It was noted that the favoring of 
ihe excited state transition was a result of the low pro- 
ton binding energy (100 kev) of this state which leads 
to a considerable extension of the proton wave function 


* This work was supported in part by The Office of Naval Re 
search and the U. S. Atomic Energy Commission; and in part by 
The Air Force Office of Scientific Research. 

t Now at The Clarendon Laboratory, Oxford, England. 

'R. A. Laubenstein and M. J. W. Laubenstein, Phys. Rev. 84, 
18 (1951). 

? Warren, Laurie, James, and Erdman, Can. J. Phys. 32, 563 
(1954). 

3F. Ajzenberg and T. mpoad 
(1955). 


> 


Lauritsen, Revs. Modern Phys. 


Christy and I. M. Duck (to be published). 


beyond the customary nuclear radius. This suggested 
that Ne*(p,y)Na* should also have a large direct 
radiative capture cross section, as Na” has an excited 
state’ of J=}4* bound by 26 kev with respect to Ne”+ p. 
In addition, this state in Na”! is believed to have a large 
proton reduced width,® which is undoubtedly a neces- 
sary condition for a large cross section. 

Both of the reactions O'%(p,y)F"? and Ne” (p,y)Na™ 
are believed to be important in determining the element 
abundances in stars.’ The oxygen reaction is effective in 
returning any leakage through N!*(p,y)O'® from the 
C-N cycle by O'%(p,y7) F'7(8tv)O" followed by the fast 
reaction O!"(p,a)N"™. 

The Ne” reaction is the first step of the Ne-Na cycle 
and is principally interesting as the process for gener- 
ating Ne”. Ne” owes its importance to the exoergic re- 
action Ne?!(a,7)Mg** which is proposed by Burbidge 
ef al.” as the main source of neutrons for building heavy 
elements through neutron capture processes. 


2. EXPERIMENTAL 


As the cross sections for both reactions are quite 
small, the yields were observed by delayed counting of 


5 P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 

6 J. B. Marion and W. A. Fowler, Astrophys. J. 125, 221 (1957). 

7 Burbidge, Burbidge, Fowler, and Hoyle, Revs. Modern Phys. 
29, 547 (1957). 
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the I '"(7,=66 sec) and Na*!(7,=23 sec) positron ac- 
tivities after proton bombardment. The apparatus was 
designed by Pixley*® for studies of the N'(p,y)O" re- 
action. It consisted of a target mounted off-axis on a 
vacuum sealed shaft which could be rotated to move 
the target out of the proton beam and close to the 
8 counter. For the neon measurements the apparatus 
was modified to allow the target to be water cooled. 

The procedure was to bombard the target with a 
proton beam, monitored by a current integrator, for a 
time comparable to one half-life and then to record the 
decay curve of the 8 activity. Decay of the activity 
during bombardment was estimated from the bombard- 
ing time, or, more satisfactorily, corrected for auto- 
matically by the use of a “leaky integrator’ system. 
This system consisted of a current integrator with a 
resistor in parallel with the integrator condenser such 
that the RC time constant was equal to the mean life- 
time of the 6 decay. The condenser voltage is then pro- 
portional to the activity. A small correction was also 
necessary for the five to ten seconds lost turning the 
beam off and starting the count. 

The majority of the decay curves were taken auto- 
matically with a ten-channel timer. The output pulses 
from the usual discriminator were fed through a step- 
wise potential divider driven by a synchronous motor 
thus converting time into pulse height. A ten-channel 
pulse-height analyzer completed the system. For the 
timing channels used, it was necessary to run through 
the ten channels several times for a complete decay 
curve. 

At the lower bombarding energies the 650-kv Kellogg 
electrostatic accelerator provided a monoenergetic pro- 
ton beam of 50 ua. Above 650 kev it was necessary to 
use the 2-Mv electrostatic accelerator with a beam in 
the vicinity of 15 ya. 


3. PROTON CAPTURE BY OXYGEN 


The F"’ positrons were detected by a CsI scintillation 
counter consisting of a 10-mm diameter by 1-mm thick 
crystal located 1 mm away from the target when this 
was in the counting position. The discriminator was 
customarily set to reject electrons of less than a few 
hundred kev in energy. For this setting the counting 
efficiency was measured to be about 40%. 

It was necessary to correct all the experimental decay 
curves for the 10-min N" activity produced by proton 
bombardment of carbon on the target, as well as for 
background. Counts were taken in 30-sec channels for 
30 min after each bombardment, the last 20 min being 
a measurement of the N® activity for subtraction from 
the N® plus F"’ activities recorded in the first ten 
minutes. 

As O activity (74=120 sec, Emax= 1.70 Mev) could 
not be easily distinguished from F'"(74=66 sec, Emax 
= 1.75 Mev), a search was made for N"™ on the target 


8 R. E. Pixley (to be published). 
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by measuring the activity yield in the region of the 
280-kev resonance’ in N'4(p,y)O". Oxide targets made 
by heating beryllium in oxygen or tungsten in air 
showed no sign of N'4. 

Relative measurements were made with an oxidized 
disk of beryllium metal as target by comparing the 
F"? yield at 274, 352, and 550 kev with the yield at 616 
kev. This showed that the energy dependence of the 
cross section departed very little from the expression 


o=SE™ exp(—2rn), (1) 


where S is a constant! and n= Z,Zoe?/hv with Z,; and Z, 
the atomic numbers of the nuclei interacting with rela- 
tive velocity v and center-of-mass energy FE. Assuming 
such an energy dependence, the relative yield measure- 
ments could be converted into relative cross-section 
measurements by integrating the expression 


Eb 
Y f —dk, (2) 
0 : 


where FY is the yield, o the cross section, € the stopping 
power per oxygen atom, and &, the bombarding energy. 
The stopping power depends on the target composition. 
This was investigated by examining with a magnetic 
spectrometer the momentum distribution of protons 
scattered by the target. The distribution of oxygen was 
found to have a flat maximum at the front surface but 
a long exponential-like tail extending to a depth corre- 
sponding to an energy loss of about 100 kev for 600-kev 
protons. Assuming the composition BeO at the front 
surface, it was possible to integrate Eq. (2) numerically 
using the known stopping powers for beryllium and 
oxygen.’ 

Owing to the overlapping of the momentum distribu- 
tions of protons scattered by oxygen and beryllium, the 
composition was not very accurately determined. This 
had little effect on the relative measurements but left 
the absolute cross section with a large probable error. 

A target of oxidized tungsten was analyzed by com- 
parison of the yield of protons per momentum interval 
scattered from the oxide target and from an unoxidized 
tungsten target. The yield depends on the oxygen con- 
centration through ¢ in Eq. (2). As ¢ for tungsten has 
not been measured, the values of Bader ef al.” for 
tantalum were used as the closest approximation. The 
comparison showed that, to an accuracy of a few per- 
cent, the oxide target was uniform to a depth of at least 
150 kev for 600-kev protons and had a composition 
WO. 

The WO, target gave sufficient I!’ yield at 616 kev 
for the positron annihilation quanta to be counted, thus 
making it possible to avoid the awkward problem of 
measuring the 6-counter efficiency. A Nal scintillation 

9 Ward Whaling, Handbuch der Physik (Springer-Verlag, Berlin, 
1958), Vol. 34, p. 13 


1 Bader, Pixley, Mozer, and Whaling, Phys. Rev. 103, 32 
(1956). 
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counter was put in place of the 8 counter with a 
().015-in. sheet of tantalum in front of the 1 in.X1 in. 
crystal to stop the positrons. Background was mini- 
mized by use of a single-channel analyzer set on the 
0.51-Mev photopeak. The counting efficiency was meas- 
ured by the coincidence method. A Na” source on a 
tungsten backing was mounted in place of the target 
and an additional y counter set up to detect the 
1.28-Mev vy radiation from Na”*(6tv)Ne”*(y) Ne”. The 
rate of coincidences between the two counters, corrected 
for random coincidences and electron capture in the 
source, divided by the singles rate in the additional 
counter, gave the counting efficiency. 

The yield of annihilation quanta after bombarding 
the WO; target with 616-kev protons is plotted against 
time in Fig. 1. Background has been subtracted. The 
vertical and horizontal lines on each point indicate the 
statistical error and counting time, respectively. Using 
the counts after the first ten minutes to calculate the 
N® activity gave the F"’ yield. The cross section was 
obtained from the yield by numerically intergrating 
Eq. (2) using the known energy dependence and the 
known target composition. This gave o=0.29+0.03 
microbarn and S=4.2+0.4 kev-barns for E,=616 kev 
(laboratory bombarding energy). 

The values of S are plotted against center-of-mass 
proton energy in Fig. 2 and are consistent with S being 
a constant. This is in agreement with the earlier meas- 
urement of Warren ef al.? at 1270 kev and has since 
been confirmed by measurements from 132 to 160 kev 
by Hester, Pixley, and Lamb." The solid curve indi- 
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Fic. 1. Decay curve observed for positron annihilation quanta 
after bombarding a WO, target with protons at 616 kev. This is 
the sum of two runs corrected for background. 


" Hester, Pixley, and Lamb, University of California Radiation 
Laboratory Report UCRL-5074, April 1, 1958 (unpublished). 


TANNER 


cates the calculated value of S obtained by Christy and 
Duck.‘ 
4. PROTON CAPTURE BY NEON 


The neon target was prepared by Pixley, Hester, and 
Lamb” by bombarding a water-cooled aluminum sheet 
with 50-kev neon ions. Assuming all the current was 
Net the bombardment amounted to about 5X 10'8 Ne 
atoms/cm? which should have been adequate to saturate 
the surface of the aluminum."-" For the present inves- 
tigation small pieces were cut from the aluminum sheet. 
The stability of the targets under proton bombardment 
was remarkably good; e.g., a target which had been 
bombarded for 8 min with an energy dissipation ap- 
proaching 0.5 kw/cm? gave the same yield of Na” ac- 
tivity at the 1070-kev resonance for Ne”(p,y)Na” as a 
target which had been freshly cut from the sheet. A 
further check was made by heating a target for 18 hours 
at 300°C. According to the resonance yield of Na”, 
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Fic. 2. The cross-section parameter S for O!*(p,y)F!” plotted 
against center-of-mass proton energy. Over the range of the ex- 
perimental measurements, the cross section changes by five orders 
of magnitude while S remains approximately constant. 


about half the Ne?® had been evaporated by this process. 

A plastic scintillator 3 in. x} in. was used to detect the 
positrons, the size being chosen to be close to the range 
of the maximum energy positrons from Na”!(2.5 Mev). 
The plastic was mounted in a close-fitting lead cylinder 
and the surface exposed to the target covered with a 
0.001-in. aluminum foil. An energy calibration was ob- 
tained from the Compton distributions for the 2.62- 
Mev ThC” and 1.33-Mev Co® y rays and from the 
624-kev Cs'*7 conversion line. The latter gave a peak of 
20% width. An efficiency calibration was obtained by 
measuring the yield of F"” activity from a thick WOs 
target. Counts were taken with a discriminator bias of 
1.2 Mev to avoid counting back scattered electrons. 
For this bias the efficiency should be the product of a 


” Pixley, Hester, and Lamb, University of California Radiation 
Laboratory Report UCRL-4969, October 16, 1957 (unpublished). 

'8 Brostrém, Huus, and Koch, Nature 160, 498 (1947). 

' H. B. Greene, Oak Ridge National Laboratory Report ONRL- 
2275 (unpublished). 
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geometric factor and the fraction of the 8 spectrum 
accepted. 

The Na” counts were taken with a bias of 1.75 Mev 
which is the end-point energy of the F'” decay. How- 
ever, some F!’ was still recorded presumably due to the 
finite resolution and to the interaction of annihilation 
quanta in the scintillator. No 10-min N'™ was recorded 
with the bias at 1.75 Mev. A search for 7-sec Al®® and 
Al’* activity (Emax=3 Mev) was made at the strong 
resonances at 825 and 933 kev for Mg™(p,y)Al*> and 
Mg”(p,y)Al’®, respectively. No sudden increase in ac- 
tivity yield was observed at these energies which indi- 
cated that the amount of magnesium present was 
negligible. 
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Fic. 3. Decay curves of 8 activity after proton bombardment 
of a neon target. (a) Sum of forty runs near 1100 kev. (b) A single 
run at 1173 kev. Both curves are corrected for background. The 
timing intervals are indicated by the horizontal bars. 


Several attempts were made to observe Na”! activity 
after bombarding neon targets with 630-kev protons. 
In all cases the decay curves were consistent with 66-sec 
F" activity and gave no positive indication of Na?! ac- 
tivity. From the statistics of the counts recorded during 
the first 60 sec it was possible to place an upper limit on 
the yield of the reaction Ne*(p,y)Na*! as less than 
2.8X10- Na” per proton at a bombarding energy of 
630 kev. 

A second measurement was made in the region of 
1100 kev. Figure 3 shows the decay curve obtained near 
1100 kev and also the decay curve obtained after bom- 
barding at the 1170-kev resonance for Ne®(p,y)Na”!, 
previously observed by Brostrém, Huus, and Koch." 
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Fic. 4. The ratio of observed yield to the peak yield at resonance 
for Ne®(p,y)Na*!. The full curves indicate the expected variation 
of the yield for direct capture and for the tail of the resonance, 
both being fitted to the point at 1102 kev. 


As the resonance provided a strong source of Na”, it 
was convenient to measure the nonresonant yield by 
comparison. For the particular resonance energy in- 
volved here, the ratio of nonresonant yield to resonant 
yield is 0.29cA/wy, where o is the nonresonant cross 
section in barns, wy=ol',I',/T for the resonance, and 
A is the target thickness which is assumed to be larger 
than the resonance width. The apparent width of the 
resonance was observed to be 10+1 kev (see Fig. 4) 
and it will be shown later that the intrinsic width is less 
than 0.7 kev. Brostrém et al. give wy =2 ev but without 
any stated error.'° 

The yield was measured at 1042, 1102, and 1136 kev 
with a view to distinguishing nonresonant yield from 
any possible yield due to the tail of the 1170-kev reso- 
nance. At each energy ten decay curves were taken, the 
ten runs being preceded and followed by a resonance 
count. The nonresonant counts were summed and, after 
background subtraction, analyzed on the assumption 
that they represented Na”! plus F"’ activities. Figure 4 
shows a plot against bombarding energy of the ratio 
of Na” yield to Na”! yield at resonance. The energy de- 
pendence of the ratio for yield due to the tail of the 
resonance alone and due to direct capture alone is also 
shown. The direct-capture process is quite consistent 
with the data. It is possible that the resonance does 
contribute as much as 30% of the yield at 1136 kev, 
which would imply T,<0.7 kev. Interference between 
resonant and nonresonant processes is neglected on the 
assumption that the resonant state decays to a low- 

16 Note added in proof.—A gas target measurement by G. C. 
Thomas and N. W. Tanner (unpublished) has shown that 
wy=1.3+0.2 ev for the 1170-kev resonance of Ne®(p,y)Na*!. In 
consequence the cross section parameter (Table I) is reduced to 
S=11+43 kev-barns, including the error from wy. Extrapolating 
to thermal energies as above, So=43+12=55 kev-barns with an 
uncertainty of perhaps 20 kev-barns. 
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TaBLeE J. Calculated and experimental values of the nonreso- 
nance cross section parameter of Ne®(p,7) Na”. The experimental 
values are dependent on the value of wy measured by Brostrém 
et al. which may be uncertain by as much as +50%. 


S(kev barns) 
Cale 
(reference 4) 


Ep(kev) 
c.m. 
24 19 

600 

1050 


Expt 


lying state of Na* and that the nonresonant process is 
direct capture to the 2.43-Mev state of Na”. 

Values for ¢ and S for the nonresonant process were 
obtained by substituting the data of Fig. 4 into the 
expression given above for the ratio of nonresonant to 
resonant yield. The yield at resonance and the target 
thickness A gave a measure of the neon deposit as 
2X10"? Ne*/cm*, which was applied to the 630-kev 
yield measurement to give an upper limit for o and S 
at this energy. Results for both energies are given in 
Table I, along with values of S calculated by Christy 
and Duck.‘ It must be stressed that the experimental 
results are also subject to whatever uncertainty exists 
in the value of wy measured by Brostrém ef al. This 
may amount to a 50% probable error."° 


DISCUSSION 


The most striking feature of the two direct capture 
reactions that have been discussed is the agreement 
between calculation and experiment indicated in Fig. 2 
and Table I. Undoubtedly this is largely due to the 
extranuclear nature of the process, but we are forced to 
assume that the relevant states of F'’ and Na”! are very 
nearly pure single particle states. It is tempting to 
speculate that there may be some factor which enhances 
the cross section and is not described in the model used 
for calculations. 

The agreement of theory and experiment lends con- 
fidence to the extrapolation of the S value to the ther- 
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mal energies in stars (several tens of kev for these re- 
actions’). For O'*(p,y)F!7 we adopt So= (541) kev- 
barns which is very much larger than the estimate of 
So~0.1 kev-barns given by Salpeter.!® The consequences 
of the larger cross section have already been discussed 
by Burbidge et al.’ 

For Ne” (p,y)Na”! the cross section measured at 1100 
kev can be extrapolated via the calculations of Christy 
and Duck to give a value at thermal energies of So~66 
kev barns.'® The uncertainty in Sp amounts to about a 
factor of three. At thermal energies there will also be a 
contribution to So for Ne” (p,y)Na” through resonant 
capture by the tail of the 2.43-Mev state of Na*!. The 
resonance contribution was estimated by Marion and 
Fowler® as 12 kev-barns so that Sy»~80 kev-barns. It is 
reasonably certain that Sp is not less than 30 kev-barns 
and is probably larger. However, this is only half the 
answer required on the neon reactions. The real problem 
is the relative cross section of Ne(p,y)Na* which 
makes Ne”! and Ne”!(p,y)Na” which destroys it. There 
is no new evidence on the Ne”! reaction since the neon 
reactions were reviewed by Marion and Fowler.® They 
took S»=5.6 kev-barns for Ne*!(p,y) Na”, which would 
imply that Ne?! is destroyed less rapidly than it is pro- 
duced. However, if there is a resonance in Ne” (p,y) Na” 
near the thermal region, then the position would be 
completely reversed. 
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The y rays following thermal neutron capture in titanium have been studied with two high resolution 
spectrometers and with an angular correlation arrangement using two sodium iodide scintillation spec- 
trometers. The high resolution instruments were a pair spectrometer for the energy range 2.8 to 11.0 Mev 
and a double flat crystal diffraction spectrometer for the energy range 0.14 to 5 Mev. A total of 54 y rays 
were observed, 25 of which had not previously been resolved. A decay scheme for Ti® is given with energy 
levels at 1.378+0.001, 1.583+-0.001, 1.719+0.001, 3.172+0.002, and 3.261+0.005 Mev. The neutron 
binding energy of Ti* is concluded to be 8.132+0.006 Mev. Angular correlation measurements were made 


of the 1.378 and 1.719 Mev levels are $ and }, respectively. 


I. INTRODUCTION 


HE y rays following thermal neutron capture in 

natural titanium have been the subject of many 
previous investigations. The spectrum has been studied 
with high resolution spectrometers by Kinsey and 
Bartholomew,! Motz,? and by Adyasevich, Groshev, 
and Demidov.’ Other authors, Hamermesh and 
Hummel,‘ Braid,’ Reier and Shamos,® and Segel,’ have 
used various forms of sodium iodide scintillation 
spectrometers. In addition, Trumpy® has measured the 
circular polarization of y radiation following capture of 
polarized thermal neutrons in titanium. The present 
paper reports measurements made at the Chalk River 
Laboratories with two high-resolution spectrometers 
and with an angular correlation apparatus using two 
sodium iodide crystals in coincidence. The resolution of 
the present measurements, one percent or better over 
most of the energy range, represents a considerable 
improvement over that of earlier work and has led to 
the detection of some 25 previously unreported y rays. 
This, together with the high accuracy of the energy 
measurements (better than 0.1% for many of the lines), 
has provided useful information on the decay schemes 
of the titanium isotopes. The angular correlation 
apparatus was used to study three y-ray cascades in 
Ti*® and the results confirm that the spins of the 
1.378- and 1.719-Mev levels are $ and 3, respectively.’ 


II. APPARATUS 


The high resolution measurements were made using a 
collimated beam of y rays from a 3.5 kg target of 


* Now at Norman Bridge Laboratory of Physics, California 
Institute of Technology, Pasadena, California. 

1B. B. Kinsey and G. A. Bartholomew, Phys. Rev. 89, 375 
(1953). 

2H. T. Motz, Phys. Rev. 93, 925 (1954). 

’ Adyasevich, Groshev, and Demidov, Atomnaya Energ. 1, 40 
(1956). 

4B. Hamermesh and V. Hummel, Phys. Rev. 88, 916 (1952). 

5T. H. Braid, Phys. Rev. 102, 1109 (1956). 

6M. Reier and M. H. Shamos, Phys. Rev. 100, 1302 (1955). 

7R. E. Segel, Bull. Am. Phys. Soc. Ser. II, 2, 230 (1957). 

8G. Trumpy, Nuclear Phys. 2, 664 (1956). 


titanium metal’ placed in the NRX reactor. The two 
instruments used were a pair spectrometer” and a flat 
crystal diffraction spectrometer."' These were arranged 
at the same experimental hole of the reactor, the y rays 
being transmitted through the pair spectrometer to the 
crystal spectrometer. 


IIA. Pair Spectrometer 


The pair spectrometer has previously been described” 
and earlier measurements with it on the neutron 
capture spectrum from titanium have been reported 
in a previous paper.' The results presented here were 
obtained using the same spectrometer with a modified 
slit system in front of the stilbene crystals.” The 
modified slits made the spectrometer line approxi- 
mately a constant fraction of the energy and also 
improved the line shape by largely eliminating the 
low-energy tail. The majority of the measurements, 
Fig. 1., were made with a resolution of one percent. 
Some regions of interest were studied with a slightly 
better resolution, viz., 0.8%. The eariler results! were 
obtained with a constant line width of about 100 kev 
and hence the later measurements represent a sub- 
stantial improvement in resolution especially at the 
lower energies. The region from 9.5 to 11.0 Mev, 
which contains y rays of low intensity, was studied 
under conditions of higher efficiency but poorer reso- 
lution (line width of 180 kev). 


IIB. Flat Crystal Diffraction Spectrometer 


The low-energy region of the spectrum was investi- 
gated using the flat crystal diffraction spectrometer. 
Details of its design and operation are given elsewhere 

® Spectroscopic analysis of the target material showed that the 
most abundant impurities, Na, Al, Fe, and W, were present in 
concentrations too low to produce detectable ~ rays anywhere in 
the spectrum except near 7.7 Mev, see Table I. 

 B. B. Kinsey and G. A. Bartholomew, Can. J. Phys. 31, 537 
(1953). 

J. W. Knowles, Can. J. Phys. 37, 203, (1959) See also Bull. 
Am. Phys. Soc. Ser. II, 2, 16 (1957); and Chalk River Report 
GPI-42, 1957 (unpublished). 

2 Bartholomew, Campion, and Robinson (to be published). 
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Fic. 1. Gamma-ray spectrum from 2.8 to 11 Mev. The curves show the pair spectrometer counting rate 
uncorrected for spectrometer efficiency and absorption of the y rays. 


by Knowles." For the measurements shown in Fig. 2., 
three spectrometer arrangements were used. The y 
rays in the region A, 0.50 to 1.9 Mev, were Laue 
diffracted from the (211) planes of two 23-mm thick 
calcite crystals set in the antiparallel position. For the 
region A’, 1.80 to 5.1 Mev, it was more efficient to 
use two calcite crystals, each 62 mm thick. The thicker 
crystals did not give the best efficiency below 1.8 Mev 
because in this energy range they strongly absorb the 
diffracted beam and, in addition, broaden" the lines, 
thereby reducing the energy resolution. Because two 
sets of diffracting crystals of different thickness were 
used and because the diffraction line width decreases 
with the diffraction angle, the measured spectrum has 
nearly constant resolution, 0.4 to 0.6%, from 0.34 to 
5 Mev. In region B, 0.14 to 0.52 Mev, a single crystal 
urrangement consisting of a single calcite crystal and a 
system of Soller slits was used. The resolution for this 
arrangement, determined by the 45 second angular 
divergence of the slit system, was 2.2% in the region 
of 0.2 Mev. 


IIC. Angular Correlation Apparatus 


Angular correlation measurements were made on 
three of the strongest cascades emitted in the decay 
of the product nucleus Ti®. Full details of the apparatus 
used are given by Manning and Bartholomew." The 


8G. Manning and G. A. Bartholomew (to be published). 


measurements were made using a collimated thermal 
neutron beam which bombarded a target of titanium 
metal 0.5 inch in diameter and one inch long. The 
Nal (TI) crystals used were 4 inches in diameter and 
6 inches long and were mounted on 5-inch DuMont 
6364 photomultiplier tubes. The two counters were 
well shielded from general background radiation by a 
lead box with five-inch-thick walls surrounded by a 
ten-inch-thick neutron shield of paraffin wax and 
boracic acid. A Li® metal shield was placed between the 
target and the counters to absorb neutrons scattered 
from the target. The coincidence electronics used was a 
conventional fast-slow arrangement with a resolving 
time, 7, of about 2X10-® second. The spectrum from 
one counter in coincidence with a narrow pulse-height 
range in the other counter was recorded in a 100- 
channel pulse-height analyzer. The angle between 
the NaI detectors could be varied between 90° and 
220° permitting the measurement of angular correlation 
between coincident y-rays. 


III. EXPERIMENTAL DETAILS AND RESULTS 
IIIA. Pair Spectrometer 


The region from 2.8 to 11.0 Mev was examined with 
the pair spectrometer and a total of 34 y rays were 
resolved. The spectrum obtained, uncorrected for 

4F. S. Goulding, Nat. Acad. Sci. Nat. Research Council 
Publ. No. 467, 86 (1957). 
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Fic. 2. Gamma-ray spectrum from 0.14 to 5 Mev plotted on a linear MA scale. The undiffracted background has been subtracted from 
the measurements but no corrections have been applied for spectrometer efficiency and source absorption. For the double crystal measure- 
ments, in region A, 0.5 to 1.9 Mev, two calcite crystals 23 mm thick were used and in region A’, 1.80 to 5 Mev, the crystals were 62 mm 
thick. In the region B, 0.14 to 0.52 Mev, a single crystal arrangement was used which consisted of a system of Soller slits and a single 
calcite crystal. In all arrangements, the radiation was Laue diffracted from the (211) planes of the crystals. All y-ray energies 
are measured relaiive to that of the annihilation radiation, 0.51094 Mev.!7 


spectrometer efficiency and y-ray absorption, is shown 
in Fig. 1. Table I contains a list of the observed y rays 
and their absolute intensities together with the results 
of Adyasevich ef al.’ The absolute intensities were 
determined by comparing the counting rates of the 
titanium y rays with the counting rate for the 9.0-Mev 
y ray of nickel from a known mixture of titanium and 
nickel oxides. Details of this method'® have been 
published by Kinsey ef a/.'°:'® The estimated accuracy 
of the quoted intensities for strong well-resolved lines 
is nowhere better than + 20% and may be considerably 
worse for some of the weaker lines. The agreement 
between the pair spectrometer determinations of 
energy and intensity and those of Adyasevich ef al. is 
satisfactory. 


16 The thermal neutron capture cross sections of titanium, 
5.8+0.4 barns, and sodium, 0.536+0.010 barn, which enter this 
determination were taken from the tables of Neutron Cross 
Sections, compiled by D. J. Hughes and R. Schwartz, Brookhaven 
National Laboratory Report BNL-325, Suppl. No. 1 (Super 
intendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1958), second edition. 

‘6 Kinsey, Bartholomew, and Walker, Phys. Rev. 83, 519 
(1951). 


IIIB. Diffraction Spectrometer 


The diffraction spectrometer was used to study the 
region from 0.14 to 5 Mev. The observed spectrum is 
shown in Fig. 2. Table II contains a list of the resolved 
y rays together with the results of Motz? and of 
Adyasevich ef al.’ which are shown for comparison. 
All y-ray energies were measured relative to that of 
the annihilation y ray, 0.51094 Mev.'’ The absolute 
intensities of the y rays measured by the diffraction 
spectrometer were determined by a comparison method 
using a mixture of V.O; and TiO» of accurately known 
proportions. The intensity of the 1.378-Mev neutron 
capture y ray from titanium was compared with that 
of the 1.45-Mev y ray associated with the 8 decay of 
V® at equilibrium. In a previous comparison with 
sodium'*® it has been shown that the product of the 
cross section of natural vanadium and the number of 
1.45-Mev photons per neutron captured at equilibrium 
is equal to 4.73+0.15 barn photons per capture in 


natural vanadium. Using this value the corresponding 
‘7 Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 
(1952). 
18 J. W. Knowles (to be published). 
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TABLE I. Energies and intensities of titanium + 


Pair spectrometer 
Energy in Mev 


10.621+0.014 
9.37640.012 
9.189+0.011 
8.342+0.011 
8.252+0.010 
7.99640.012 
7.844+0.015 
7.73640.013) 
7.628+0.011) 
7.55 +0.02 

7.386+0.009 
7.319+0.010 
7.149+0.010 
6.996+0.010 
6.947+0.014 
6.753+0.005 
6.550+0.008 
6.413+0.005 
6.07 +0.02 

5.98 +0.02 

5.89 +0.02 

5.644+0.012 
5.460+0.014 
4.957 +0.006 
4.871+0.006 
4.706+0.013 
4.38 +0.02 

4.22 +0.02 

3.916+0.010 
3.733+0.014 
4.55 +0.02 

3.490+0.015 
3.23 +0.02 

3.028+0.014 


Energy in 
10.47 


9.39 
9.17 


Intensity' 


0.03 
0.08 
0.08 
0.05 
0.17 
0.08 
0.03 
(0.03)¢ 
(0.08 )* 
0.04 
0.3 
0.4 
0.3 
0.3 
0.17 
41 
5.9 
29 
0.17 
0.08 
0.17 


8.31 


7.16 


(4.3 


30 


* See reference 3. 
» Intensity in photons per 100 captures in natural titanium. 
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Compton spectrometer* 


ey 


+0.15 
+0.05 
+0.07 


+0.05 


+0.05 


6.756+0.01 
6.56 +0.03 
6.42 +0.02 


5.67 +0.06 


4.96 +0.02 
4.875+0.02 
4.68 +0.03 
+0.06) 


3.86 +0.02 
3.65 +0.02 
+0.03 
3.39 +0.03 
3.20 +0.04 
3.02 +0.04 
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rays above 3.0 Mev. 


Diffraction spectrometer 


Intensity Energy in Mev Intensity» 


0.01 
0.09 
0.13 


0.2 


CNtulrrie 
a wr: 


Ne te DO th 
CSDAQAN 


© These peaks may be produced in part by radiation from iron and aluminum. 


product for the 1.378-Mev neutron capture y ray in 
titanium was found to be 4.73+0.25 barn photons per 
capture; so that the absolute intensity of the 1.378 
Mev y ray is 0.82+0.08 photons per capture’ in 
natural titanium. The absolute intensities of the other 
y rays listed in Table II were calculated from that of 
the 1.378-Mev y ray.’* The accuracy of the relative 
intensities is approximately +15% for strong well- 
resolved lines but may be considerably worse for some 
of the weaker lines. A rough measurement was made of 
the y rays in the region of 4.9 Mev, see inset in Fig. 2. 
A measurement of the intensity of these y rays, see 
Table I, agrees favorably with those made with the 
Compton spectrometer,’ and with the present pair 
spectrometer. 

The greater resolution of the diffraction spectrometer 
enabled the line reported by Motz? and by Adyasevich 
et al.’ at 1.78 Mev to be resolved into two lines at 1.793 
and 1.760 Mev. Measurement of the shape of the 
1.586-Mev line, Fig. 3, showed it to be broader than a 


Tf it is assumed’® that 95°) of the total cross section of 
titanium is due to Ti, the absolute intensity of the 1.378-Mev 
y ray is calculated to be 0.86+-0.08 photon per capture in Ti*. 
This is in agreement with the decay scheme for Ti®, Fig. 8, which 
attributes at least 13° of the transitions to the ground state to 
y rays other than the 1.378-Mev transition. 


single y-ray line at that energy. The single y-ray line 
shape was measured at a mean energy of 1.586 Mev 
by using the spectrometer in its parallel position. A 
check that the parallel and antiparallel arrangements" 
gave the same line shape for a single y ray was made on 
the neighboring 1.378-Mev y ray. If it is assumed that 
the 1.586-Mev line is produced by two y rays, the data 
is best fitted by y rays of approximately equal intensity 
at 1.583 and 1.589 Mev. There is some disagreement 
between our results and those of Adyasevich et al.’ 
near 1 Mev and between 2 and 3 Mev, see Table II. 
A careful search of these regions failed to show some 
lines of energy and intensity quoted by these workers. 


IIIC. Angular Correlation Results 


Coincidence measurements between cascade y rays 
following thermal neutron capture in titanium have 
been made by Segel.? The measurements reported here 
confirm that the following pairs of y rays are in coin- 
cidence : 6.75-1.38; 6.41-1.38; 6.41-0.34; and 1.38-0.34 
Mev (the 6.75 and 6.41 y rays could not be resolved but 
the relative proportion of them accepted by a differentia! 
discriminator could be changed by varying the position 
of the discriminators). The position of these cascade 
pairs in the decay scheme of Ti® is shown in Fig. 8. 
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TABLE II. Energies and intensities of titanium y 


: Diffraction spectrometer 
Energy in Mev Intensity* 


2.95+0.04 
2.83+0.04 
2.22+0.03 
2.08+0.03 
1.78+0.02 


2.730 
2.165 


+0.002 
+0.002 


com 
a > 


1.793 
1.760 
1.589 
1.583 
1.497 
1.438 
1.378 
1.320 


+0.001 
+0.001 
+0.001 
+0.001 
+0.001 
+0.002 
+0.001 
+0.003 
1.119 +0.002 
0.984 +0.002 
0.3408+0.0003 
0.2530+0.0005 
0.2348+0.0005 
0.2260+0.0005 
0.2160+0.0005 
0.2040+0.0005 
0.1860+0.0005 
0.1805+0.0005 


1.60+0.01 


1.51+0.01 


SS Gi 
to OO he fe me ON 


=: 


to 
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1.18+0.02 
1.03+0.02 
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* See reference 3. 
b See reference 2. 
¢ Intensity in photons per 100 captures in natural titanium. 


Proton angular distributions from the Ti**(d,p)Ti® 
reaction studied by Bretscher ef al.”° indicated that the 
levels at 1.378 and 1.719 Mev have spins of } or 3 and 
negative parity. Trumpy® measured the circular 


0.001 Mev 


*0.001 Mev 


RATE 


COUNTING 


RELATIVE 


; Compton spectrometer* 
Energy in Mev 


1.39+0.005 


0.350.005 
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polarizations of the 6.75 and 6.41 Mev y rays following 
capture of polarized thermal neutrons and concluded 
that the 1.378- and 1.719-Mev levels are 3— and 3—-, 
respectively. In the experiments reported here three 


270, 2B Sec 
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Fic. 3. Measurements of the line shape of the 1.586- and 1.378-Mev 


1.61 


1.37 1.38 1.39 Mev 


rays plotted on a linear angle scale, in seconds of arc, and asa 


function of energy in Mev. The y rays were measured by Laue diffraction from the (211) planes of two calcite crystals. The measure- 
ments were made with the crystals in the antiparallel arrangement (solid circle @), which gives maximum energy dispersion, and again 
with the parallel arrangement (points *) which gives zero energy dispersion. The observed increase in width (W) of the antiparallel 


line is attributed to two y rays of 1.583 and 1.589 Mev of about equal 


intensity. For comparison, the 1.378-Mev y ray was measured and 


found to have the same shape in the parallel and antiparallel positions. 


‘% Bretscher, Alderman, Elwyn, and Shull, Phys. Rev. 96, 103 (1954). 





1070 KNOWLES, MANNING, BARTHOLOMEW, AND CAMPION 


| 8 | 6.41 ~ 0.34 Mev 


0.34 -1.38 


| A | 6.75 - 1.38 Mev 
Mev 


6.75, 6.55 & 


6.4) tes Fic. 4. Typical spectrum 


observed from a titanium 
target with one of the 
scintillation spectrometers 
used in the angular corre- 
lation experiments. The 
line at 2.23 Mev is from 
neutron capture in the 
hydrogen contained in the 
Lucite target holder. The 
line at 0.51 Mev is due to 
annihilation of positrons 
formed by pair production 
in materials close to the 
detector. A, B, and C show 
the position of the window 
of the differential discrimi- 
nator for the coincidence 
measurements indicated. 
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angular correlation measurements were made in order 
to confirm these spin assignments. The positions A, B, 
and C of the fixed differential discriminator for these 
measurements are shown in Fig. 4, which is a typical 
spectrum from one of the scintillation detectors. 
Typical coincidence spectra for these three positions 
of the differential discriminator are shown in Fig. 5. 
Position A was used to observe the correlation between 
the 6.75- and 1.38-Mev y rays.*! Position B was used 
for the 6.41-0.34-Mev correlation. The 6.75-Mev y ray 
is not in coincidence with the 0.34-Mev y ray and hence 
there is no complication due to its inclusion in the 

*1 There was also some contribution from the 6.41 with 1.38-Mey 
cascade. However, since the spin of the 1.719-Mev level is ulti 
mately shown to be 3 the contribution from the 6.41-1.38-Mev 
cascade is isotropic and does not greatly distort the 6.75-1.38-Mev 
correlation, 


Cc 
0.34 - 1.38 Mev 


Fic. 5. Typical coincidence spectra 
obtained with differential discrimi- 
nator settings as shown in Fig. 4. The 
spectra shown were obtained with 
an angle of 90° between the two 
detectors. The strong 0.51-Mev line 
is due to annihilation radiation pro- 
duced by high-energy y rays which are 

; in coincidence with the 1.38-Mev 
4 y rays. 
1 


= oe 


« 
et 


7 + 
30 40 50 60 


differential discriminator. Position C was used for the 
measurement of the correlation between the 1.38- and 
0.34-Mev y rays.” In each case the area under the peak 
in the coincidence spectrum corresponding to the y ray 
being studied was corrected for contributions from 
higher energy y rays and was plotted as a function of 
the angle between the counters. Figures 6(a), 6(b), and 
6(c) are the observed correlations for the 6.75-1.38, 
6.41-0.34, and 1.38-0.34-Mev cascade transitions, re- 
spectively. The observed correlations were fitted by 
least squares to a function of the form W (6) =ao+a2P2 


” There was a small contribution to the observed correlation 
from pulses from the 6.41-Mev y ray and other y rays which 
fall within the setting C. The amount of this contribution was 
estimated by moving the differential discriminator C to just 
above the 1.38-Mev y ray. The observed correlation was corrected 
for this contribution. 
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(cos#) where P:(cos@) is the Legendre polynomial 
of the second degree. The fitted functions are given 
by the full lines in Fig. 6. The expressions at 
the bottom right of Fig. 6 are the fitted correlations 
after corrections for the finite size of the target and 
counters have been applied. These corrections were 
evaluated using the formulas of Feingold and Frankel” 
and are approximately 18% of the value of a2/ao. 


IV. INTERPRETATION OF RESULTS 


IVA. Interpretation of Energy and 
Intensity Measurements 


Neutron capture in natural titanium leads to the 
formation of the product nuclei Ti’, Ti**, Ti, Ti, and 
Ti, The neutron binding energy of these nuclei and 
the contribution of the corresponding target nuclei to 
the capture cross section are given in Table III. 

If the binding energies of the product nuclei are 
multiplied by the fractional contribution of the target 
nucleus to the total capture cross section™ an average 
binding energy of 8.26 Mev is obtained. This figure 
can be compared with the sum of the products of the 
resolved y-ray energies times their intensities in y rays 
per capture. This sum is 7.66 Mev which indicates that 
93% of the total decay radiation has been resolved. 

It is clear from Table III that y rays with intensities 
significantly greater than 2.2% per capture in natural 
titanium must be emitted in the decay of Ti*® and that 
the most energetic y rays observed (>9 Mev, Table I) 
must be emitted in the decay of Ti** and Ti*. 

Consider first, the decay schemes of Ti*’, Ti*’, and 
Ti, (Fig. 7).2° For each of these three nuclei the ground 
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Fic. 6. Observed angular correlations for the 6.75-1.38, 6.41-0.34 
and 1,38-0.34-Mev cascades in Ti. The values in the bottom 
right are the correlation functions determined by least squares 
fitting to the experimental points after corrections have been 
applied for the finite size of the target and detector. 


2 A, M. Feingold and S. Frankel, Phys. Rev. 97, 1025 (1955). 

* Way, King, McGinnis, and van Lieshout, U. S. Atomic 
Energy Commission Report TID-5300, September, 1955 (un 
published). See also McGinnis, Andersson, Fuller, Mariou, Way, 
and Yamada, Nuclear Data Cards (National Research Council, 
Washington, D. C., 1958). 

25 The low-binding energy of Ti*!, together with the low cross 
section for its production, make it difficult to identify y rays 
emitted in the Ti®(,y)Ti®! reaction. 
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TABLE III. Contribution of target nuclei to thermal capture 
cross section and neutron binding energies of product nuclei. 


Contribution of 
target nucleus to 
cross section* 
(percent) 


Neutron binding 
energy” (Mev) 


Product 
nucleus 


Ti” 7 
Ti*® 2 
Ti*® 8.145+0.003 
Ti” a 10.938+0.003 
Ti! 0.3 6.36 +0.03 


8.885+0.004 
11.622+0.004 


* See for example reference 24. 

b See reference 27, 
state y ray is of too low intensity to be observed. Hence 
the identification of y rays emitted in transitions 
between excited states depends upon a comparison 
of the energies of the observed y rays with those 
predicted by combining the binding energies in Table 
III with known level energies. In Fig. 7, the energies 
obtained from other work are shown on the right of 
the levels. In general, the data are taken from the 
compilation of Way et al.”' 

The 10.621-Mev y ray can be fitted as a primary 
transition to the 0.986+0.003-Mev”® level in Ti‘ since 
the sum of these energies gives 11.607+0.015 Mev in 
reasonable agreement with the value 11.622+0.004 
Mev obtained from the mass measurements.”’ 

The most probable assignment for the 9.376-Mev 
y ray is to the primary transition in Ti” from the 
capturing state to the level found by Pieper’® at 
1.58+0.06 Mev. A y ray at 1.595+0.014 Mev observed 
in the Ti®(n,n’)Ti® reaction by Sinclair” is almost 
certainly emitted in the decay of this level. Assuming 
this more accurate value for the level energy, we obtain 
10.971+0.020 Mev for the neutron binding energy of 
Ti, a value which is some 33 kev higher than the value 
derived from the mass data, v7z., 10.938+0.003 Mev.?’ 

The y ray at 9.189 Mev must be emitted in the decay 
of either Ti** or Ti®. Sinclair®® has observed y rays at 
0.998+0.010, 1.329+0.010, and 1.449+0.018 Mev 
following the Ti*’(,n’)Ti** reaction, and has interpreted 
the third as a transition to the first excited state from 
a level presumed to lie at 2.447 Mev. Using the more 
accurate value, 0.986+0.003 Mev” for the energy of the 
first excited state the energy of the level emitting the 
1.449-Mev y ray becomes 2.435+0.018 Mev, in excellent 
agreement with the energy required to satisfy the 
9.189-Mev transition.” Since no argument is known 
for a level at 1.749 Mev in Ti”, the 9.189-Mev y ray is 
assigned to Ti** as shown in Fig. 7. We also note that 
the 0.984 and 1.438-Mev y rays fit very well as the 


26Van Nooijen, Konijn, Heyligers, Van der Brugge, and 
Wapstra, Physica 23, 753 (1957). 

27C, F. Giese and J. L. Benson, Phys. Rev. 110, 712 (1958). 

28 G. F. Pieper, Phys. Rev. 88, 1299 (1952). 

2” R, M. Sinclair, Phys. Rev. 107, 1306 (1957). 

# Since the capturing state in Ti** is 2- or 3- a relatively strong 
primary transition to the 2.435-Mev level is consistent with the 
2+ assignment suggested for this level by Sinclair.” 
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Fic. 7. Decay schemes for Ti*’, Ti**, and Ti®. The level energies are values measured by other workers (references to the literature 
are given below). The energies and intensities of the y rays are given on the lines indicating their positions in the decay scheme. Energies 
are in Mev and the intensities, shown in brackets, are in y rays per 100 captures in natural titanium. J and z represent the spins and 
parities of the levels. The broken arrows indicate assignments of doubtful validity. a, see reference 27; b, see reference 24; c, see reference 


29: d, see reference 26 


radiations emitted in the decay of the 0.986- and 2.435- 
Mev levels. However, such assignments cannot be made 
with certainty since other locations for these y rays 
are possible in the various decay schemes of the titanium 
isotopes. 

The y ray at 8.342 Mev may be emitted in the 
transition from the capturing state to the level at 
3.240+0.015 Mev** in Ti**. However, the computed 
level energy, 3.280+0.012 Mev for this transition is 
in rather poor agreement with the directly measured 
value and the possibility that this y ray is emitted in 
a transition to a previously unobserved level in Ti*’ or 
Ti® cannot be ruled out. 

Although the y ray at 8.252+0.010 Mev could be 
interpreted as a primary transition to the level at 
3.340 Mev in Ti* the high spin of this level?’ would 
appear to rule out such an assignment. A more likely 
explanation for this y ray is that it is emitted in a 
primary transition in Ti® to a level at approximately 
2.76 Mev for which evidence was found in the decay 
of Sc® by Morinaga and Bleuler.*! 

Various weak y rays in the energy range between 
7.996 and 6.947 Mev can be assigned to transitions 
involving known levels in Ti‘, Ti*’, and Ti”. For 

31H. Morinaga and E. Bleuler, Phys. Rev. 100, 1236A (1955). 


See also compilation by L. J. Lidofsky, Revs. Modern Phys. 29, 
773 (1957 


example, assuming the energy of the second excited 
state in Ti’ is 1.344+0.015 Mev as suggested by the 
measurements of Sinclair,”® the 7.55+0.02-Mev y ray 
may be the expected £1 primary transition to this level. 
However, for many of the other levels shown in Fig. 7, 
the errors associated with the level energies are large, 
and in view of the large number of y rays, little confi- 
dence can be placed in such assignments. 

Figure 8, shows the decay scheme for Ti*. The 
binding energy obtained by adding the energies of 
cascading y rays is 8.132+0,006 Mev in only fair 
agreement with the value obtained from mass measure- 
ments,”’ viz., 8.145+0.003 Mev. The decay scheme 
shown differs only in detail from those given by Motz,’ 
Adyasevich ef al.,’ and Segel.’ For most y rays the more 
accurate measurements reported here, especially at low 
energies, confirm the earlier assignments by these 
authors. The doublet at 1.586 Mev is shown as a 
cascade from a level at 3.172 Mev through a level at 
1.583 Mev. The former corresponds to a level at 
3.11+0.05 Mev found by (d,p) measurements.** If the 


vy ray at 4.957 Mev is assumed to be a primary transition 
to this level its excitation energy is 3.175+0.005 Mev. 
This is in good agreement with 3.172+0.002 Mev which 
is the sum of the y-ray energies assumed to cascade 


from the level. Previous (d,p) work has given no 
indication of a level near 1.586 Mev but the strength 
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Fic. 8. Decay scheme for Ti. The energies to the right of the 
levels are values measured by other workers (references to the 
literature are given below). The energies on the left of the levels 
were deduced from the y-ray measurements reported here. The 
energies and intensities are given on the lines indicating their 
positions in the decay scheme. Energies are in Mev and the 
intensities, shown in brackets, are in y rays per 100 captures in 
Ti. J and x represent the spins and parities of the levels. a, see 
reference 27; b, see reference 28. 


of the 6.550-Mev y ray strongly suggests that it is a 
primary transition to a level at 1.582+0.005 Mev. This 
value is in good agreement with the energy of the y ray 
assumed to depopulate it, v7z., 1.583+0.001 Mev. The 
1.497- and 1.760-Mev y rays are shown as a cascade 


TABLE IV. Summary of data relevant for the analysis of the (y-7 
the energies (in Mev) of the + 
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from the 3.261-Mev level to the ground state. The order 
of the y rays in the cascade and hence the position of 
the intermediate state was not determined. 

A plausible value for the spin of the 1.583-Mev level 
can be deduced from the details of the decay scheme. 
An upper limit to the intensity of a cascade y ray 
between the 1.583- and 1.378-Mev levels is 1% per 
capture. This is definitely less than the full intensity 
with which the 1.583-Mev level is fed (the primary 
transition to the level is 6%). If the 1.583-Mev level 
is assumed to have a spin of 3, it would be expected 
that the transition to the $— level at 1.378 Mev would 
be ~ 10° times as strong as the transition to the 3— 
ground state. The weakness of the transition between 
the 1.583- and 1.378-Mev levels therefore makes it 
seem improbable that the former level has a spin of 3. 
On the other hand, the strength of the primary transi- 
tion to the 1.583-Mev level makes a spin assignment of 
> improbable. (Using the Weisskopf formula and the 
observed intensity of the 6.753 and 6.413 Mev £1 
transitions, the expected intensity for an £2 transition 
to the level at 1.583 Mev is ~ 0.02% and the observed 
intensity is ~6%). The most probable spin of the 
1.583-Mev level is therefore concluded® to be 3. 

The intensities of the primary transitions to the levels 
at 3.172 and 3.261 Mev indicate that probably each 
level has a spin of either 3 or 3. 


IVB. Interpretation of Angular Correlation 
Measurements 


Table IV summarizes the data relevant for the 
analysis of the three correlation measurements. The 
procedure in the analysis was to use the (d,p) stripping 
results of Bretscher ef al.’ to limit the considerations 
of the spin of the 1.378- and 1.719-Mev levels to } or 3 


) angular correlation measurements of Ti. Columns 1 and 2 contain 


rays in the correlation measurement; columns 3, 4, and 5, the assumed spins and particles of the initial, 


intermediate and final states of the cascade respectively ; columns 6 and 7, the assumed form of radiation for the first and second y rays, 
respectively ; and columns 8 and 9, the theoretical and experimental values of a2/a, 


a2/ao Theory* a2/ao Expt 


0 
-0.06+0.02 
-0.071 


0.01 +0.02 


v?— 2v3x—1 
14(1+-2?) 
H 0.045+0.015 
2(1 


(15)4x) 


35(1-+-2?) 


«® The mixture parameter, x, is the amplitude of the quadrupole radiation divided by the amplitude of the dipole radiation. 


33 See, however, R. H. Nussbaum, Revs. Modern Phys. 28, 423 


% J. M. Blatt and V. M. Weisskopf, Theoretical Nuclear Physics (John Wiley & Sons, Inc., New York, 1952). 


(1956). 
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Fic. 9. Theoretical value for a2/ao (coefficient of P2(cos@) in 
correlation function normalized to unity at @=90°) for the 
0.34-1.38-Mev cascade in Ti, plotted against the multipole 
mixture parameter of the 0.34-Mev y ray. The shaded region 
represents the experimental value for a2/a) with its standard 
deviation errors. 
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and to fix the parity as negative. The observed corre- 


lations were used to choose between these two spin 
assignments. In Table IV, columns 1 and 2 contain the 
energies of the y rays in the correlation measurements; 
columns 3, 4, and 5, the assumed spins and parities 
of the initial, intermediate and final states of the cascade 
respectively; columns 6 and 7, the assumed form of 
radiation for the first and second y rays respectively ; 
and columns 8 and 9, the theoretical and experimental 
values of d2/ao. Correlation A, clearly indicates that 
the 1.378-Mev level is 3—. Correlations B and C are 
complicated by the fact that the 0.34-Mev y ray can be 
a mixture of M1 and £2 radiation. The multipole 
mixture parameter |Sg¢|/|Sy)\ is defined by Sharp 
et al.* and is designated by x. If the 1.719-Mev level 
is assumed to be $— no single value of x fits both 
correlations B and C. The 1.719-Mev level is, therefore, 
concluded to be }—. These conclusions confirm the 
spin assignments of ‘Trumpy* for both the 1.378- and 
1.719-Mev levels. 

Since the 1.719-Mev level is }— B is 
isotropic but correlation C can be used to determine the 
multipole mixture parameter for the 0.34-Mev y ray. 
Figure 9, is a plot of the theoretical value of a2/ ao for 


correlation 


4 Sharp, Kennedy, Sears, and Hoyle, Chalk River Report 
CRT-556, 1953 (unpublished). We have included the phase 
corrections of R. Huby, Proc. Phys. Soc. (London) A67, 1103 
(1954) 
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the 0.34-1.38-Mev correlation as a function of the 
multipole mixture parameter for the 0.34-Mev y ray. 
The experimental value is shown together with the 
estimated standard deviation error. The results indicate 
a value of x of —0.1 or +2.2, i.e., an £2, M1 intensity 
ratio of 0.01 or 5. 


V. DISCUSSION 


Ti® has 22 protons and 27 neutrons. The normally 
assumed shell model configuration for the nucleus is 
protons: f7/2* and neutrons: f7;2’. The neutron con- 
figuration may be considered as one hole in the [7,2 
shell and the ground-state spin and parity, }—, are 
those expected for such a nucleus. The lowest excitations 
expected are those corresponding to the promotion of 
the odd uncoupled /;,2 neutron into the next available 
shells, namely, p;, /;, and p;. Excitation of the protons 
is expected to occur at higher energies because of the 
pairing energy between the two f7/2 protons. The lowest 
levels of Ti*® do indeed include levels of }— and }— at 
1.378 and 1.719 Mev, respectively, but the energy 
separation between the two levels appears rather 
smaller than that expected theoretically. Schréder*® 
has calculated the energy level sequence for an odd 
neutron in a potential well, the shape of which was 
adjusted to obtain the magic numbers. The computed 
pi, p; splitting is about 2 Mev for 27 neutrons, while 
the observed value is 0.34 Mev. On the other hand, the 
observed splitting for Ca (closed proton and neutron 
shells plus one /7;2 neutron) is approximately that 
calculated by Schréder. This may indicate that the 
model is a reasonable approximation for nuclei near 
the closed shells at 20 nucleons but is much less valid 
in the region of Ti**. There is evidence*® that some 
collective motion may be present in Ti*’. The small 
splitting between the assumed p; and fp; states in Ti® 
and the possible presence of an £2, M1 mixture for 
the 0.34-Mev transition®’ between them may be indi- 


cations that collective effects are present in Ti®. 


8> A. Schréder, Nuovo cimento 7, 461 (1958). 

86 Van Nooijen, Konijn, and Wapstra, Physica 24, 231 (1958). 

57 The experimental correlation coefficient for the 0.34-1.378- 
Mev cascade is about 1.8 standard deviations from that expected 
for pure M1 radiation. The experiment gives an E2/M1 intensity 
ratio of 0.01 or 5 which is to be compared with the theoretical 
value of about 10°* for a single neutron transition between a pj 
and py orbit. 





PHYSICAL REVIEW VOLUME 


‘ee 


NUMBER 4 1959 


y-Transitions Between Corresponding States in Mirror Nuclei 
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It is shown that charge independence or charge symmetry give rise to the following relations connecting 
the strengths of y-transitions between corresponding states in mirror nuclei: (a) the strengths of corre 
sponding /:1 transitions are always equal; (b) the strengths of corresponding M1 transitions should not 
differ in general by more than a factor 1.5; (c) for transitions with |A7| =1 the strengths of corresponding 


transitions of any multipolarity are equal. 


The effects of the Coulomb and exchange corrections to the above rules are examined. The experimental 


data presently available are discussed. 


1. RELATIONS DUE TO CHARGE SYMMETRY 
AND CHARGE INDEPENDENCE 


HE invariance with respect to charge symmetry 

has, for selfconjugate nuclei, rather important 
consequences in connection with the strengths of y 
transitions; the £1 selection rule has been known for 
a long time and has been subjected to many experi- 
mental tests; recently we have shown! that an M1 
inhibition rule should also be true; such a rule has 
already found useful application.?* In particular the 
two rules are very powerful for determining the isotopic 
spin and the other characteristics of many nuclear levels 
in selfconjugate nuclei.’ 

The purpose of the present note is to point out that 
charge symmetry and charge independence also have 
consequences for transitions in mirror nuclei, and more 
generally in nuclei belonging to the same isotopic spin 
multiplet. The relations which we shall discuss may be 
considered the natural generalization of the rules holding 
for selfconjugate nuclei (7;=0). In this section we 
shall consider an hypothetical situation in which the 
Coulomb and exchange interactions are absent; in 
Sec. 2 we shall discuss the modifications which are 
implied by these neglected interactions; in Sec. 3 we 
shall compare our results with the experimental data. 

The matrix element for an electromagnetic transition 
between the levels a and 6 (with isotopic spin, respec- 
tively, JT, and 7,) in a nucleus with mass number A 
and with some value of 7T3[=(N—Z)/2] may be 
written in the form 


‘ 
Mav(Ts)= (aT al oi (Ho +A 73) (bT.)2,, (1) 
; 


where we have exhibited the fact that the interaction 
is the sum of a part proportional to 73") and a part 


1G. Morpurgo, Phys. Rev. 110, 721 (1958) ; this paper contains 
also references to work on the £1 rule; for a complete survey of 
the £1 rule compare also W. K. MacDonald. Isotopic spin selection 
rules (to be published in Nuclear Spectroscopy, edited by F. 
Ajzenberg-Selove). I thank Dr. MacDonald for a preprint. 

2E. K. Warburton, Phys. Rev. 113, 595 (1959). I thank Dr 
Warburton for having sent this paper before publication. 3 

3G. M. Temmer and N. P. Heydenburg, Phys. Rev. 111, 1303 
(1958). 


independent of 73°"); the index 7; specifies the value of 
T; for the nucleus in question. 

We are now interested in the relation between the 
values of INa,(7'3) corresponding to the same levels and 
the same A but different values of 7;. The relation in 
question is provided by the Wigner-Eckart* formulas; 
for discussing the selfconjugate nuclei, use was made 
only of a particular case of such formulas; here we make 
a more complete use of them. 

Writing, with an obvious notation, 


Maa(T3) = Mo(T3) +91 (73), 


where we have explicitly separated the two parts of the 
matrix element indicated in (1), we note the following 
properties of Mo(7'3) and INi(7): 


(a) Mo(Ts) is different from zero only if AT=7,—T, 
=(); it is independent of 73: 


WMo( T3) Mo. ( 2 ) 


(b) i(7s) is different from zero only if AT=0 or if 
AT = + i; 


In the first case (AT=0): 


Mi (73) = MTs. 


In the second case (AT= +1): 


M1(T3)= (T2—-T3)*M, (Ta=Tr+1). (4) 
In the above formulas (2), (3), (4), 3%, and IN, are 
quantities independent of 7, though, of course, de- 
pending on the levels in question. 

In the case of conjugate nuclei (nuclei with opposite 
sign of 73, in particular mirror nuclei) we can therefore 
make the following statements: 

(1) The matrix elements for transitions with | AT 
of any multipolarity are the same. 

(2) The matrix elements for transitions with A7=0 
in two conjugate nuclei are, respectively, Mo+IM,| 7 
and Mo—My| T;|. It follows that: 

(2a) the matrix elements in question are equal 


‘ Compare, e.g., E. Wigner, Gruppentheorie (Edward Brothers, 


Inc., Ann Arbor, 1944), 
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(aside from a sign) for /1 transitions; there in fact 
IM»o=0 (conservation of the total momentum) ; 

(2b) the matrix elements in question are nearly equal 
(aside from a sign) for M1 transitions: there in fact, 
My |<! I1!, as it has been shown in reference 1. 


The above inequality, due to an almost complete 
cancellation of the protonic, neutronic, and orbital 
magnetic moments, has the following meaning!: though 
individual deviations are possible, the average absolute 
value of My is expected to be 107 times smaller than 
that of 9IN,73. It follows that the ratio between the 
squares of the matrix elements for two corresponding 
(pure) M1 transitions should not deviate from unity, in 
the average, by more than 50%. 

The above statements will be called, when necessary, 
rule (1), rule (2a), rule (2b). 

It is appropriate at this point to remark that the 
interest of the above rules lies in the fact that they are 
model independent, being based only on the charge 
independence or charge symmetry; they may therefore 
be used as a tool in identifying states in conjugate 
nuclei. 

We should also add [ with reference to the rule (2b) | 
that in principle it is quite conceivable that |Mo)|<) IN, 

or vice versa) in transitions different from 1 or M1; 

our only point is that it is difficult to prove this without 
making use of particular models, that is through argu- 
ments having the same degree of generality as those em- 
ployed in the case of #1 and M1 transitions; perhaps 
in the case of ML transitions (L>1), Io can be small 
due to a partial cancellation of the protonic and neu- 
tronic magnetic moments;’ but for the EL transitions 
(L>1) we have not found any similar argument. 

It is reasonable, finally, to ask which ones of the above 
results depend simply on charge symmetry and which 
need charge independence. It is evident that all the 
results referring to AT=0 transitions can equally well 
be proved using only charge symmetry; on the other 
hand, charge independence is necessary to prove the 
equality of the matrix elements in conjugate nuclei for 
transitions with AT =1.° 

5 E. K. Warburton, Phys. Rev. Letters 1, 68 (1958). 

6 The rules (1), (2a), (2b) may be easily proved as follows 


without using the isotopic spin formalism: in the nucleus Z,N the 
matrix element 9n(Z,N) for the transition a — b may be written: 


Zz ‘ 
Di uit D; 7; |0(Z,N) 
1 Z+1 


a(Z,N) 


where the first Z coordinates are those of the protons, the last V 
those of the neutrons and w;, 0; are the operators inducing the 
transition. The above expression may be identically rewritten 
as the difference of two terms, say A and B where 
A 
1=(a(Z,N)| Y (uit+v;)|6(Z,N) 


1 


A Z 
B= a(Z,N) b 2 utd, 2, b(Z.N) . 


Z+1 1 


if the charge symmetry holds, the wave functions of the 
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2. COULOMB INTERACTION 


We shall now briefly consider the role of the Coulomb 
interactions.’ Our object is to give an estimate of the 
average effect of the Coulomb interactions on the elec- 
tromagnetic matrix elements. At the end we shall make 
some remarks concerning the individual deviations 
from the mentioned estimate of the average effect. 

We write 


Ma B( T;) = Maal T3)+ Kao T3), (5) 


where IWa.(T3) is the matrix element of the electro- 
magnetic interaction between two levels in the charge- 
independent approximation, and SMt4"(73) the corre- 
sponding matrix element when account is taken of the 
Coulomb interaction; Eq. (5) defines the Coulomb cor- 
rection Ka»(73) which we propose to calculate. 

To show the necessity of such a calculation it is im- 
portant to remark that on changing T; into —T7;, 
Kas(T3) does not simply transform as Mas(7); if this 
were the case, the Coulomb corrections would never 
affect the rules of the past section, quite independently 
of their magnitude. The fact that Ka,(7T3) does not 
transform in general as Mas(7T3), when 7; is changed 
into —T3, is physically clear and may be seen most 
simply on writing the first-order term in a perturbation 
expansion of K: 


( aah T3) MM n of T3) 
Kas(T) =I" * 
n E,—E, 


; WMan(T3)Cav(T3) 
E,- i 


, 6) 


where Can(73) is the matrix element of the Coulomb 
interaction between the states a and n of the nucleus T3; 
and the other symbols are obvious. It may be easily 
seen, writing the Coulomb interaction in the isotopic 
spin formalism, that Ca,(73) is the sum of two parts 
which transform with different signs when 7; is changed 
into —Ts. 

It is therefore necessary to give an estimate of Kuo, 
to be at least sure, that, apart from special cases, which 


states a, 6 of the mirror nucleus V,Z are obtained from the wave 
functions of the nucleus Z,N simply calling protons the particles 
with 7=Z+1 --- A and neutrons the particles with i=1 --- Z; 
therefore the matrix element B is, apart from a phase factor, the 
matrix element for the transition a — b in the nucleus V,Z. This 
proves the rules if the matrix element A vanishes or [case (2b) ] 
nearly vanishes. It is clear that this always happens for £1 and M1 
transitions because then the operator 2,4(#;+2;) vanishes or 
nearly vanishes; moreover this also happens for any multipole if 
the functions a and 6 belong to different representations of the 
group of the neutron-proton permutations because the operator 
Yi4* (ui+v;) is completely symmetrical; this last assertion is 
equivalent to saying that a and b have a different value of 7; it 
has a meaning only if the forces are charge independent. 

7 The problem here is rather different from the corresponding 
one for self-conjugate nuclei treated by L. Radicati [Proc. Phys. 
Soc. (London) A66, 139 (1953) ] and W. MacDonald [Phys. Rev. 
100, 51 (1955) ]; there, for instance, only a mixing with states with 
different T is important; this is not the case here. 
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will be illustrated later, the Coulomb corrections to the 
rules of the past section are not too large. 

We might try to give such estimate starting from the 
expression (6) and making use of wave functions for 
the nuclear states obtained from some model, for 
instance the shell model. However once we accept, as 
we shall do, the use of a shell model for constructing 
the wave functions, the following approach is much 
more reasonable. 

Suppose that we choose oscillator wave functions as 
our basis functions. This means that in our model the 
nuclear interaction between pairs of nucleons has been 
substituted with an average oscillator nuclear potential. 
It seems then also appropriate for our purposes, to 
substitute the sum of the Coulomb interaction between 
pairs of protons, by an average Coulomb potential in 
which each proton moves. This will be done in what 
follows. 

Accordingly the Hamiltonian of our model is written 


1 
H= 
2M 


A 4 Z 
Ds pets Ls kr2+L:; V-(r;), (7) 
1 1 ] 


where, for simplicity, we have distinguished between 
proton and neutron instead of using the isotopic spin 
formalism; the last term, summed over all protons 
(i=1--- Z) represents the average Coulomb potential 
in which each one of them moves; the first two terms 
represent the (charge-independent) Hamiltonian (5p) 
which one has in the absence of Coulomb forces. 

The Coulomb potential V. may be calculated as 
follows: consider for each state of Ho, the charge 
density p(r) in that state. The Coulomb potential 


V.(r) is then 
p(r’)dr’ 
V(r) = of S 
ie 


Here we shall make several approximations: (1) we 
shall first neglect the dependence of V,. from the nuclear 
state, always taking for p(r) its expression for the 
ground state; (2) we approximate the correct expression 
of p(r) with 

r<R 

r>R. 


p(r) = Ze/§rR’, 
p(r)=0, 


(8) 


In (8) the radius R is chosen so that the root mean 
square radius corresponding to the distribution (8) is 
equal to the root mean square radius corresponding to 
the correct expression of p(r). (3) The potential which 
is calculated from (8) is, as well known, 


(9) 


(10) 
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We assume that the expression (9) is valid for all r; 
this is an approximation similar to that of taking 
an oscillator nuclear potential for all r and not only 
for r<R. . 

It should be noticed that the approximations (1) and 
(3) can only increase the Coulomb effects; with respect 
to the approximation (2) it is a known fact that the 
shape of a distribution is not very important in low- 
energy phenomena. 

Inserting (9) in (7) and leaving out a constant the 
Hamiltonian may be written 


H=— 2pe+1 (11) 


.. Z A 
: Li k'r2?+} Li ker?, 
2M 1 1 Z+1 
where 
Ze 
k'=k——. (12) 
R 


The only difference between protons and neutrons 
appears therefore in this model as a difference in the 
elastic constants. 

In order to appreciate the value of this difference we 
must give a value for k; this can be done by fitting 
the root mean square radius a of the nucleus. 

Experimentally it is* 

a= (2)'rA}, 
with 7) around 1.35X10~% cm for the light nuclei, 
though not exactly constant. On the other hand, a is 


related to k by® 
h? 3 
ae 
Mk 


where x is a factor which varies only slightly with the 
mass number; it has the values 1.25, 1.5, 1.71, re- 
spectively, for He, O, and Ca. We approximate the 
above A dependence writing x as A’/7; one may check 
that in this way the above numbers are approximately 
reproduced. It follows [a= (3)'R ] that ; 


(13) 


2.8A*"*h? 
k= =. (14) 
MR‘ 


The ratio | k’—k! /k already gives an idea of the im- 
portance of the Coulomb corrections; this ratio is 


k’—k| = Z 
~ , 15) 
k 60A? 


For instance we have &£8X10~? for Z=10, 
for Z=20. 

This shows that, in general, in the Z region in which 
we are interested, the Coulomb corrections to the 


i107 


8R. Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1957), Vol. 7, p. 311. 

® Compare reference (8) and also E. Feenberg, Shell Theory of the 
Nucleus (Princeton University Press, Princeton, 1955). . 
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matrix elements are expected to be relatively small; 
we now try to get an estimate of such corrections. 

This is most easily done comparing directly the 
matrix elements Ma»(73) calculated putting k’=& in 
(11) [that is disregarding the difference (12) between 
k’ and k] with the corresponding matrix elements 
MW4e(73) calculated taking this difference into account ; 
in other words, in the notation of (5), we directly 
calculate the quantity N4%/Ma,s instead of calculat- 
ing Kap. 

It is easy to show" that in our model, an estimate of 
the ratio M4 %/Ma, may be obtained without specifying 
the particular states between which the transition takes 
place ; such estimate only depends on the multipolarity 
of the transition; the results are reported below for the 
various multipolarities. 

We may generally decompose M4g and Ma» into a 
proton part [suffix (p) ] and a neutron part [suffix (m) ] 
as follows: 


7 7. (p) Loy. (n on .— on. (Pp . in 
Map= Map?’ + Map" Mas= Mar? + Mar 


It is then possible to show that generally 


Map? =\AMas'? 9 1 
(10) 
Maps”? = Mar'” 


where the coefficient \ in (16) depends on the multi- 
polarity L. 
For magnetic transitions ) is generally given by 


d= (k/k’) D4 (14-8), (17) 


In particular no Coulomb corrections affect the M1 


matrix elements in this model. 
For electric transitions d is given by 


A= (k/R’)"4= (1+ €)-"4 (18) 

In particular, for L>1 the neutron contribution to 
an EL transition may be generally neglected in com- 
parison with the proton contribution, so that (18) 
gives the ratio between M4e(EL) and Ma,(EL). The 
same argument does not apply to the £1 transitions 
because there it is essential to consider the neutron 
contribution which arises from the conservation of the 
total momentum. 

In any case the formulas (16), (17), and (18) provide 
us with a general estimate of the Coulomb corrections 
to the matrix elements; as anticipated such corrections 
turn out to be rather small in the Z region of interest. 

To complete the discussion of the Coulomb correc- 


© To show this we compare the wave function corresponding to 
some given nuclear state when one takes into account or disregards 
the Coulomb interaction. We call these (normalized) wave func 
tions, respectively, #4 and 4,; both #4 and @, are in general con 
structed through products of Hermite and spin functions; the only 
difference between the two is that in one case (#,) the “unit 
of length” for the protons is (#?/kM)? in the other (#4) it 
is (h?/k’M)*; in other words the normalized ®, is obtained from 
the normalized #4 simply replacing everywhere (h?/k’M)* with 
(h?/kM )*; from these properties the simple proportionality relations 
(16) follow easily. 
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tions it is, however, essential at this point to note that 
so far we have only discussed the corrections to the 
matrix elements; in order to obtain the transition widths 
one has to multiply the square of the matrix element 
by some power of the energy difference of the two 
levels between which the transition takes place; this 
energy difference, which in general is different in the 
two conjugate nuclei which we are comparing, is in any 
case a known experimental quantity. We may therefore 
summarize the situation as follows: consider the widths 
for two corresponding transitions in conjugate nuclei 
and divide them by the appropriate power of the energy 
difference ; the two squares of the matrix elements so 
obtained should satisfy the rules of Sec. 1 with a 
precision expressed by the factor (1+ &)~"? for an EL 
transition and (1+¢)~-“~”? for an ML transition. 

It is important here to stress that, obviously, the 
above estimates represent only the average behavior. 
It is quite possible that the matrix element for some 
particular transition in the hypothetical absence of the 
Coulomb interactions is small (say, of the order &) 
with respect to the average matrix element for the 
same kind of transition ; this can be due to a particularly 
bad overlap of the two wave functions. In such casé 
the relations of Sec. 1 between the widths of the transi- 
tion for the nucleus in question and for the conjugate 
nucleus may be lost, the transitions being dominated by 
the Coulomb interactions. The existence of the special 
cases mentioned above may be described using (5) and 
(6): if Maes is small, Kas, given by (6), can become very 
important or even dominating. It should be remarked, 
however, that the intensity of the transition in these 
special cases should be smaller, by a factor say &, than 
the intensity of a normal transition of the same multi- 
polarity ; only for such weak transitions large deviations 
from the rules of Sec. 1 should possibly be found. 

To complete this section we have still to consider the 
possible effects due to the fact that the forces between 
the nucleons are transmitted through pions. We confine 
here to the case of £1 and M1 radiation. For the F1 
radiation a correction in principle arises! due to the 
fact that the total momentum of the nucleus may 
undergo small fluctuations around its average value 
zero; this is because the quantity which is conserved is 
not the momentum of the (dressed) nucleons only, but 
the total momentum of the dressed nucleons plus 
mesonic field. This effect has been already considered 
for the self-conjugate nuclei. It is difficult to calculate ; 
for an alpha particle to which the calculations of" 
refer, it turns out that the order of magnitude of the 
effect can be in some cases as large as the Coulomb one. 
The expression order of magnitude here, has however 
to be taken in an extremely loose sense on account of the 
very many approximations which are necessary in the 
computation. Moreover the effect should decrease 
rapidly with increasing A while the Coulomb correc- 


1G. Morpurgo, Nuovo cimento 12, 60 (1954). 
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tions increase. There is no evidence from selfconjugate 
nuclei for invoking this effect; so we may well neglect 
it here. 

For the M1 radiation one may have exchange current 
effects. However, as already pointed out by Gell-Mann 
and Telegdi,” the terms in the Hamiltonian responsible 
for them transform as the H, part in (1) and should not, 
therefore, modify the present rules. 


3. THE EXPERIMENTAL DATA 


There are very few data, presently, to compare with 
above predictions, and the most part of them is affected 
by rather large errors. 

Two kinds of measurements are of interest: (a) 
branching ratios in y de-excitation of corresponding 
levels of conjugate nuclei. (b) The absolute values of the 
lifetimes of corresponding levels in conjugate nuclei. 

We first discuss the class (a) experiments ; practically 
the only material to compare with our predictions is 
provided by some transitions in Al** and Mg”, in- 
vestigated particularly by Gove ef al."."! The similarity 
of the branching ratios, in the cases in which they are 
known in both nuclei, has been already stressed by 
these investigators and is apparent from the Fig. 1 
below [where we have reported all the information 
existing on the levels (1) to (5) which is of interest for 
the following discussion]; the results of the present 
paper show that such similarity, though expected, is by 
no means an obvious fact, and has to be discussed in 
each case. 

Because the values of the individual intensities are 
not known, the only thing which we may compare in the 
two nuclei are the ratios of the intensities (for each 
nucleus) of competitive decay modes in corresponding 
transitions. For instance, considering the de-excitation 
of level (2) we compare in the two nuclei the ratio 
I’. ;/T'2,9 of the intensities to the first excited state (1) 
and to the ground state (0); such ratio we call 21,0, 
where the left index refers to the de-exciting state and 
the right indices refer, in the order specified, to the 
states which are formed. We introduce also the symbol 
2m,0° to indicate again the ratio of the two widths 
I',, and Tso, each being divided, however, by the 
appropriate power of the energy difference between 
the relevant levels, as explained in the past section: 


Ts 1 T'o,0 
271, 0° = — 7 ee 
(E.— EF)! (E.— Fo)! 


where / and /’ depend on the multipolarity of the 
emitted radiation. 
The above notation, exemplified on a particular level, 


12M. Gell-Mann and V. Telegdi, Phys. Rev. 91, 169 (1953). 

13 Gove, Bartholomew, Paul, and Litherland, Nuclear Phys. 2, 
132 (1956-57); also: P. Endt and C. Braams. Revs. Modern Phys. 
29, 683 (1957). 

'4 Litherland, Paul, Bartholomew, and Gove, Phys. Rev. 102, 
208 (1956). 
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Fic. 1. The levels of interest in Mg” and Al. 


will be used generally in the following discussion where 
we shall compare the values of n and n°, for those transi- 
tions in Al and Mg which are relevant to the rules 
discussed in Sec. 1. (1) De-excitation of level (2): from 
the diagram 1 and 2 we see that all the transitions are 
M1+£2; obviously AT=0. If we can disregard the F:2 
fraction (this assumption is perhaps unjustified ; com- 
pare reference 14) the rule 2b should apply. We have 
ym, o(Al) = 1,38 and om, 0( Mg) =0,45 ; therefore on:, o(Al), 
om, o(Mg) = 1,45. More meaningful is the ratio om, 0°(Al) 
om, o°(Mg)=0.70. (2) De-excitation of the level (4): 
The similarity of the branching ratios in this case 
cannot be explained using our rules since the transition 
(4) — (1) is pure £2. We may still compare the values 
of 4ne,o in Al and Mg, which refer to M1+ £2 transitions, 
but the fact that the #2 transition is so strong raises 
doubts about the smallness of the amount of £2 radia- 
tion in the (4) — (2), (4) (0) radiation.* (3) De- 
excitation of the level (5): the decay scheme is not 
exactly the same in Al and in Mg, as it appears from 
Fig. 1. However we may safely assume that in the Mg”® 
case, the (5) — (2) radiation has been missed and com- 
pare the 16/84 ratio of Mg with a 13/87 ratio in Al. 
All the transitions are £1; they fall under the rule (2a). 
We have 5m. 0(Al)/sm.0( Mg)=0.79; for the ratio be-° 
tween the n°’s we have: 5m, 0°(Al)/sm, 0°( Mg) =0.76. 
that the 
agreement between the predictions and the experimental 


Summarizing the situation we may say 
data is fair, though not strikingly good; however the 
experimental branching ratios are probably affected 
by rather large errors: in the case of the de-excitation 
of the level (5) we have assumed in the discussion above 
that the (5) — (2) radiation has been missed in the Mg 
decay; this implies errors of the order of 20%; in the 
case of the de-excitation of the level (2) it is sufficient 

* Note added in proof.—Dr. H. E. Gove has kindly pointed out 
that, as explained in reference 14, the £2 contribution to the 4-2 
radiation in Al® is negligible. Assuming the same to be true in 


Mg”, one may then use also these transitions to test the rule; 
one gets ane, 0°(Al)/4n2, 0° (Mg)=1.5. 
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to say that Maeder and Stahelin’® give for 2m, o0(Mg) the 
value 0,44+0,07 instead of the value 0.95 quoted above. 

In view of this it is better to wait for more precise 
data to continue this discussion; we note only that in 
any case one would like to have the branching ratios 
estimated also in other pairs of mirror nuclei possibly 
with a lower Z and with small £2-M1 admixtures; 
from the 1955 complication of Ajzenberg and Lauritsen’® 
we learn that the only other reported case in which a 
branching ratio in corresponding transitions in mirror 
nuclei is known is one in N", C; the radiations in- 
volved are here M1 and F1. No disagreement with the 
results of the present paper exists, but again the data 
are not sufficient to say more. 

Finally only in one case the values of the lifetimes of 

16 T). Maeder and P. Stahelin, Helv. Phys. Acta 28, 193 (1955). 


16 F. Ajzenberg and T. Lauritsen, Rev. Modern Phys. 27, 77 
(1955) 
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corresponding excited states in mirror nuclei are 
known": those of the Be’ and Li’ first excited states 
whick go into the ground state through an M1 transi- 
tion; they are, respectively 2.7 X 10~ sec with an error 
of +50% and 7.7X10-" sec with an error of +20%. 
To compare the two values we multiply the latter by 
(4.77/4.3)°, the cube of the ratio of the energies in- 
volved; we therefore have to compare 2.7 X10~" with 
1.05X 10~%, Within the errors no discrepancy with the 
rule (2b) exists. 

We end these considerations by stating that it would 
be interesting to collect more precise data of the kind 
discussed; we notice that once the rules have been 
checked accurately in some cases, they can become a 
useful tool in several circumstances. 

17S. Devons, Proceedings of the Rehovoth Conference on Nuclear 


Structure, edited by H. J. Lipkin (North-Holland Publishing 
Company, Amsterdam, 1958). 
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Formulas of Allowed Beta Decay* 
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The corrections due to the relativistic matrix elements are given for the various formulas describing all 
phenomena of allowed beta decay. It is shown that without explicit calculation one can derive these correc 
tions from the formulas for the first forbidden transitions, which have been published in many papers. It is 
suggested that a generalization of the present work to the higher forbidden transitions can be made. 


HE corrections to the beta spectrum and the beta- 

alpha and beta-gamma directional correlations 
for the allowed transitions of beta decay due to the 
second forbidden matrix elements have been investi- 
gated recently by many authors.’ The relativistic 
(momentum-type) matrix elements are especially im- 
portant in connection with Gell-Mann’s theory of beta 
decay.’ In this short note, we give a rule with which the 
corrections due to the momentum-type matrix elements 
are derived for all beta-decay phenomena. Namely, the 
formula with these corrections for the allowed transi- 
tions can be obtained from that for the first forbidden 
transitions of the relevant phenomenon, with the 


* This work partially supported by the U. S. Atomic Energy 
Commission. 

1 J. Fujita and M. Yamada, Progr. Theoret. Phys. (Japan) 10, 
518 (1953). 

2M. Morita and M. Yamada, Progr. Theoret. Phys. (Japan) 13, 
114 (1955). 

3M. Gell-Mann, Phys. Rev. 111, 362 (1958). In the expression 
for the electron-neutrino angular correlation, Eq. (20), the term 
in cos@ should be multiplied by the factor in the bracket { } of 
Eq. (21). 

ty. Bernstein and R. R. Lewis, Phys. Rev. 112, 232 (1958). 

5M. Morita, Bull. Am. Phys. Soc. Ser. II, 4, 79 (1959), and 
Phys. Rev. 113, 1584 (1959). 


following replacements: 
M(e-r) ~WM(a-r), 
M(exXr) —M(aXr), 


Mr) > Miysr), M(Bi;) -M(A,,), 


ee Wy 
6 e = 4 ae 


Oe =s Oe 
This rule can be easily proved by the fact that the 
interaction Hamiltonian, 
H= pi .* (Cv +ysCv' Wy 
—yp,top w*a(Cy +y5C\ yp, 
t+y,*ob W*o(CatysCa' Wy, 
—W py Wh erys(CatysCa’ Wt+H.c., 


is invariant under the transformation 


Vn i YW n, Wy = YW, 
and that y, and ys, satisfy the same equation of 
motion with m,=0. For example, 
(Yp*ay,)*(vp*oXry,)[y.*(—a)(Cy+ysCv' Ww }* 

Xl FeX P(CatyCa’ WJ 


Cy re —Ca, Cy’2 —C,4', 
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corresponds to 


(p,*oy,)*(p,*aXny,)[y.*0 CatysCa' Wy }* 
x Ly.*(—aX P)(Cyt+ysCv’ Wy]. 


Here P is the momentum of the electron-neutrino 
system. The minus signs come from the Hamiltonian. 
All coefficients are omitted in the procedure of decom- 
posing the Hamiltonian into the irreducible parts. Since 


(0X P)(1—a-(q))(—e)=(—aXP)(1—a- (q))e, 


etc., the lepton parts of the two terms are the same, 
except for the coupling constants. (The middle factor 
in the above identity is the projection operator for the 
neutrino. (q) is the unit vector in the direction of the 
neutrino momentum.) This means that the electron 
energy dependence of the former is the same as that of 
the latter with the replacement Cy @ C4 andCy’@ C4’. 

Using the above rule, we can reproduce the formulas 
for the beta spectrum':*~* and the directional correla- 
tions?*> from those in the previous works on the first 
forbidden transitions.*~* Assuming only the matrix 
elements of rank one, a few other examples are given 
below: 


(1) Electron-neutrino angular correlation, W (@).8 


p 2CyW(aXr) 1 
W(6)=1— col (20)—4- ) 
3W 3 CyAM(e) W 


2 iM (ysr) 1 
+ (a1 $ )| 
3 WM(e) W 


(2) Circular polarization of gamma ray in coincidence 
with beta ray, P 


y° 


1CyWt(eXr) 2 
P,o + [1 (+ ) 
W 3 C4M(e) W 


2 iM (yer) 1 
A (w- )I 
3 Mie) Ww 


For simplicity, the effect of the P2(cos@) term is 
neglected here. 


(3) Longitudinal polarization of electron, P;. 


p 2 IM (yor) 
PL=F f ae (+ = )} 
W 3W Mio) 


6 For the electron-neutrino angular correlation, see e.g., M. 
Morita, Progr. Theoret. Phys. (Japan) 9, 345 (1953); Phys. Rev. 
90, 1005 (1953), with erratum Phys. Rev. 91, 1580(E) (1953). 

7For the beta spectrum, beta-alpha, and beta-gamma direc 
tional and beta-circularly polarized gamma correlations, see e.g., 
M. Morita and R. S. Morita, Phys. Rev. 109, 2048 (1958) and 110, 
461 (1958). 

8 For various kinds of beta-gamma correlations with polarization 
of beta and gamma rays, see, e.g., T. Kotani and M. Ross, Progr. 
Theoret. Phys. (Japan) 20, 643 (1958). 

9 For the longitudinal polarization of the electron, see, e.g., R. B. 
Curtis and R. R. Lewis, Phys. Rev. 107, 543 (1957), and Alder, 
Stech, and Winther, Phys. Rev. 107, 728 (1957). In the latter 
reference, care should be taken since their definition of //Bq@ has a 


CyM(aXr) 


CAM (a) 


ALLOWED 8 


DECAY 1081 
The upper (lower) signs refer to the electron (positron) 
decay. p, W and W, are the electron momentum, its 
energy, and its maximum energy, respectively. We 
have assumed that Cy=Cy’ and C4=C,’ and that 
they are real. The Coulomb corrections cancel each 
other. The finite de Broglie wavelength effect is not 
taken into account. 

In the above, the second forbidden matrix elements, 
Mor), MC(o-r)r), M(Rij), M(Ti;), and M(Sijx) are 
neglected entirely. These ‘coesliantotype matrix ele- 
ments give, roughly speaking, a contribution of the 
order (pp)’~10~‘p? compared with the main terms in 
the formulas for the allowed transitions, while those of 
momentum type. give a contribution of the order 
(v/c)(pp)~10-*p. (Here v is the average velocity of 
nucleons in the nucleus, p is the nuclear radius in units 
of the electron Compton wavelength, and p is the 
electron momentum in units of mc). Therefore, this 
contribution of coordinate type matrix elements should 
also be taken into account. (In this case, there is a 
similar rule such as that described here.) It may, 
however, be omitted if we want to know only how the 
corrections to the formulas of allowed transitions de- 
pend on the sign of the charge of the electron.” 

A generalization of the present work to the higher 
forbidden transitions is obvious. The formulas of the 
first forbidden transitions with contributions from the 
third forbidden momentum-type matrix elements can in 
principle be derived from the formulas for the second 
forbidden transitions. Unfortunately, the latter are 
given incompletely for this purpose. For example, the 
term Cy*Cyi*(oxXr)MC(a-r)r) is equivalent to the 
term Cy*C Dt* (axXr)M((e-r)r), which appears in the 
second forbidden transitions and is usually not given in 
the literature. On the other hand, the term 


Ct CW (B, MU, ;) 


3) 


can be derived from the term Cy*C WA; M7 
which is given in the literature.'' Here A ;;, B,;, and T;; 
are the standard symbols in the theory of beta decay,’ 
while U’,; is tentatively assigned as the second rank 
spurless tensor constructed with @Xr and r. 
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Note added in proof.—The beta ray angular distribu- 
tion from polarized nuclei is given in a form, 1+ A cos#, 
where A is proportional to the expression for P,. All 
formulas involving the Fermi and Gamow-Teller transi- 
tions will be published elsewhere. 


different sign from that given in references 6 and 7. The original 
definition given by E. J. Konopinski and G. E. Uhlenbeck, Phys. 
Rev. 60, 308 (1941), coincides with that of references 6 and 7. The 
present rule is valid when we use the original definition of (Ba. 
10 A more detailed discussion is given in reference 5. 
1. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 
(1941). 
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lo study the effect of nucleon number on nuclear levels of odd-mass rare-earth isotopes, enriched isotopes 
of Er and Yb were irradiated with protons in the ORNL 86-inch Cyclotron. After chemical separation, the 
decay chains leading to stable isotopes were analyzed with internal-conversion, photographic-recording, 
permanent-magnet spectrographs. Precise energy values as well as photometrically measured intensities of 
conversion lines of 8 to 1600 kev energy were obtained. Very light isotopes of Lu and Tm, each eight mass 
units from the mass stability line, were produced. The following activities were studied: Tm!® (~30 min), 


Ho!4l" 


(£3, 211 kev), Tm'® (2 hr), and Lu'® (54 min), all previously unreported, as well as Tb!*!, Ho!*, 


Tm!*5.167, Yh'6?, Lut 171173, Hf!73, and possibly Yb!®". Genetic relationships and partial level schemes for 
decay chains of masses 151 to 173 are shown. Where comparison is possible, excellent agreement with the 
predictions of Mottelson and Nilsson is obtained, particularly for the case of the various isotopes of Tb 


(Z=65), Ho (Z=67 Z=69), 


, and Tm 


I. INTRODUCTION 


E reported previously on the radioactivities of a 

number of neutron-deficient rare-earth nuclides.' 
We have extended our investigation utilizing new 
permanent magnet spectrographs (with fields of 64 
and 360 gauss) capable of recording conversion electron 
lines of energy from 8 to 1600 kev. Separated isotopes 
of erbium and ytterbium were irradiated in the ORNL 
86-inch cyclotron with proton beams varying in energy 
from 12 to 22 Mev, and the radioactivities were 
separated chemically. 

Separation of even-A isotopes of Er and Yb was 
simply achieved by using the 180-deg mass spectro- 
graph designed for enrichment of transuranic isotopes. 
Performance parameters of this 60-cm radius separator 
are an ion collection rate of 40 ma (2 beams), a process 
efficiency of 7%, and an enhancement for 1 mass 
difference [A:(A+1) ] of 36. By comparing spectra of 
two enriched targets, a factor of (36)? in the intensities 
of radiations of two adjacent isotopes is obtained.? 

Improved source preparation techniques and the 
ability to record the conversion lines of higher energy 
have made the data complete enough in many cases 
to begin the construction of level schemes. It is most 
logical to present our data for odd-mass nuclei at this 
time; our results on even-mass nuclei will be reported 
in the near future. 

Our energy measurements (good to 0.15%) along 
with our intensity measurements suggest level struc- 
tures which are consistent with these data. Coincidence 


* Operated for the U. S. Atomic Energy Commission by Union 
Carbide Corporation. 

tOak Ridge National 
summer 1957, 1958. 

t Work supported by the U. S. Atomic Energy Commission. 

1 Mihelich, Harmatz, and Handley, Phys. Rev. 108, 989 (1957). 

2 During the course of this investigation, enriched isotopes of 
Er and Yb have become available from the Division of Stable 
Isotopes at Oak Ridge National Laboratory. 


Laboratory temporary employee, 


where striking similarities in the level structure are- observed 


experiments were sometimes impractical due to the 
extreme complexity of the photon spectra and short 
half-lives of the activities. Figure 1 displays a typical 
set of spectra obtained from targets of various 
enrichments. 

The experimental procedure was much the same as 
that described previously,! and the remarks made 
concerning uncertainties in intensities are still valid. 
The 64-gauss spectrograph makes the data on L 
conversion line intensities more reliable due to the 
improved resolution. 

The intensities of the conversion lines must be used 
with some discretion, except for the case of lines which 
are not too different in energy and intensity. The 
tabulated lines encompass a wide variation in intensity 
(10° or more for a given activity) and are read on a 
series of spectrograms of various exposures which must 
be normalized to each other. Furthermore, only peak 
heights (corrected for radius of orbit and film response) 
are given since a detailed analysis of each of the 
thousands of lines reported here would be impractical. 
The electron data presented are not meant to be 
complete, but should be of use in the postulation and 
interpretation of the relevant level schemes. 

An ideal source for an internal conversion spectro- 
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Fic. 1. Reproduction of internal conversion spectra obtained 
with 127-gauss spectrograph for sources produced by proton irra- 
diation of targets of Er of varying isotopic enrichment. 
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graph will fulfill two basic requirements: (1) the source 
will be free of solids to prevent line broadening; (2) 
the time of preparation should not be long compared to 
the half-lives involved. 

The target usually consisted of 20 to 50 mg of 
carefully purified rare-earth oxides. Following bom- 
bardment, the oxide was dissolved in HCI and the acid 
removed by evaporation. The target was then adsorbed 
on a previously conditioned ion exchange column. 

The column of Dowex 50*12%, <400 mesh, with 
resin bed 12 cmX1 cm was used in a setup similar to 
that of Boyd and Kettelle.* The elution was performed 
at 90°C at a flow rate of 1 ml/cm?-min. The eluting 
solutions ranged from 0.2M alpha-hydroxy-isobutyric 
acid, pH 3.8, for Lu-Yb separation to 0.4M, pH 4.4, for 
Pr-Ce.4 When the half-life of the product permitted, 
a second separation was performed under almost 
identical conditions. This separation gave a much 
purer and more solid-free product. Two separations 
are to be preferred since one may obtain the desired 
degree of purity more quickly and easily than with a 
single separation. Removal of the product from the 
eluting solution was performed by adjustment of the 
pH to 6 and extraction with 0.5M TTA in xylene, and 
back extraction into 1M HCl. This step afforded 
considerable time saving over previous methods of 
using a second ion exchange column to remove the 
eluting agent. Following evaporation of the HCI and 
gentle ignition, the product was dissolved in 0.2M 
formic, 0.15M ammonium formate? for electroplating 
onto a 10-mil Pt wire, 2 cm long. 

Especially purified reagents were necessary in all 
this work. Triple-distilled water was used in make-up 
of the solutions. The TTA and alpha-hydroxy-isobutyric 
acid were purified by vacuum distillation. Previous to 
the use of purified reagents, considerable difficulty was 
encountered in the reliability of plating, and often 
solids other than rare earths caused considerable 
difficulty. The time required for separation and de- 
position was two to four hours. 

We shall discuss the various activities of a given 
atomic mass, correlating our data with those obtained 


by other means, such as studies of beta decay and the 


Coulomb excitation process. In particular, we shall 
discuss the radioactivities for masses 161 to 173, and 
shall discuss as a corollary the levels in nuclei of masses 
151 to 159. 

During the course of our rather lengthy experimental 
investigation, Mottelson and Nilsson® have performed 
an analysis of the intrinsic states of odd-A nuclei which 
possess an ellipsoidal equilibrium shape. Many of our 


3B. H. Kettelle and G. E. Boyd, J. Am. Chem. Soc. 69, 2800 
(1947). 

4G. R. Choppin and R. J. Silva, J. Inorg. & Nuclear Chem. 3, 
153 (1956). 

5 R. Ko, Nucleonics 15, No. 1, 72 (1957). 

6B. R. Mottelson and S. G. Nilsson, Mat. fys. Skr. Dan. Vid. 
Selsk. 1, No. 8 (1959). 
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data complement the predictions and conclusions they 
present. They have described the relevant levels in 
terms of the asymptotic quantum number notation; 
in general, we indicate only spin and parity for the 
levels discussed here unless there is need for a fuller 
description. 

These “asymptotic” quantum numbers will describe 
the particle states in the assumed nonspherical field in 
the limit where the nuclear potential becomes a very 
anisotropic axially symmetric harmonic oscillator. In 
the limit, the quantum numbers (written NV, ,, A) are 
N, the total number of nodes in the wave function, m,, 
the number of nodal planes perpendicular to the sym- 
metry axis, and A, the component of the particles 
orbital angular momentum along the symmetry axis. 


II. EXPERIMENTAL RESULTS 


> Er'®! (3 hr) 
, Dy 


A. Tm'®' (~30 min) > Ho'®! 


(2.5 hr) 


A target enriched in Er'® gave rise to an activity 
which we assign to Tm'*, The half-life is 30+10 
minutes and a number of internally converted gamma- 
ray transitions were observed to follow the electron- 
capture decay of Tm!'*. Table I presents our data. 

We have analyzed the radiations of Er'® (using both 
the descendant of the Tm!® decay and the Er fraction 
of the target), and find an internally converted (in Ho) 
transition of 211 kev. In all Er targets, there is produced 
an appreciable amount of Tm!'® (9.6 day), which 
decays by electron capture to a metastable level in 
Er'®’, which is depopulated by a 208-kev £3 transition. 
The conversion lines! of this transition serve as a 
convenient half-life standard for the unknown lines. 
The K/L ratio and L structure of the transitions of 211 
and 208 kev are very similar, if indeed, not identical. 
Hence, it seems reasonable to designate the 211-kev 
transition as an isomeric transition, probably of #3 
character, occurring in Ho'®. The energy difference of 
the AK and ZL lines is clearly characteristic of Ho. The 
half-life of the isomeric level is unspecified except that 
it is less than 3 hours. The 208-kev level in Er'® has a 
half-life of 2.5 seconds, and one should expect the 
half-life of Ho'™™ to be somewhat comparable. 

For Ho (Z=67), the Nilsson’ diagram indicates a 
pair of close lying levels (;— and $+) which are 
consistent with the existence of £3 isomers. Hammer 
and Stewart® have observed a 305-kev transition in 
Ho'® (7, 


data, also of 43 character. 


0.8 sec) which is, on the basis of conversion 


A very reasonable assignment of [521, 3—] for Er'®! 
may be made, which then permits a first-forbidden 
unhindered electron capture to the 211-kev isomeric 


7§$. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys 
Medd. 29, No. 16 (1955). 
8C. L. Hammer and M. G 


(1957). 
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TABLE I. Conversion electron data for decay chain Tm!®, Er'®!, Ho!®, Ho!®™, Dy!®, and Tb!®. 


Transition energy (kev) ‘ Li Lu 


Tm'®™ (~30 min) — Er’ 
84.4 
143.9 
146.8 
172.1 


Er'® (3 hr) — Ho!®! 


Ho! (2.5 hr) — Dy'®! 


~ 650° 


oe ho Un Ge ee 0 


~~ 


[pt 


7 days) 


5 


520 
d 
<240" 


50 


* Multipole assignments were made on the basis of K/L or L ratios, unless noted otherwise. 
activity. Comparison may not be made between data for different nuclides. ‘‘w"’ 


b Intensity data are internally consistent for lines of the same ¢ 
a weak line 

¢ Conversion line is not completely resolved 

4 Conversion line is a composite of two or more lines 


level in Ho'™ [(411,3+ ]. If Tm'®™ has a spin of 3, 
[411, 3], as may be the case, then a first-forbidden 
unhindered electron capture to the Er'®™ ground state 
is expected. There are several orbitals® available for the 
region of 91 to 95 neutrons, and possibly the transitions 
observed in Er'® are between these intrinsic levels. 

Ho'™ has a half-life of 2.5 hr and decays to levels! in 
stable Dy'®, whose levels have been studied with 
Coulomb excitation" as well as with Tb'®™ which decays 
via beta decay":” to Dy'®. A comparison of the levels 
reached in these three ways is interesting. We have 
produced intense sources of both Tb'®™ and Ho'® and 
compared the conversion electron spectra. 

The decay of Tb'® to Dy'™ has recently been reported 
by Hansen, Nathan, Nielsen, and Sheline." Our data 
agree well with theirs except that we were able to 
employ more intense sources and were able to observe 
a few transitions not reported by them. Furthermore, 


Bés® has shown that the level structure in Dy'® is in 


10 FE. M. Bernstein and S. Buccino, Bull. Am. Phys. Soc. Ser. IT, 
3, 55 (1958). 

1! Hansen, Nathan, Nielson, and Sheline, Nuclear Phys. 6, 
630 (1958). We are indebted to Dr. Sheline for a preprint of this 
paper. 

12 Cork, Brice, Schmid, and Helmer, Phys. Rev. 104, 481 (1956). 

18), R. Bés, Nuclear Phys. 6, 645 (1958) 


Lin M Remarks*.> 


#3 isomeric transition in Ho 


El 


Coulomb-excited 


M1+E2(3- 
M1+E2(9/2— 


E2(9/2- 


El 


~ : Coulomb-excited 
2700 M1 
310 
100 Fl 
25 M1+£E2 


indicates 


accord with the predictions of the unified model," 
with the inclusion of Coriolis-force effects.!® 

Figure 2 indicates the genetic relationship of the 
activities of mass 161, as well as those for masses up 
to 173. We have indicated in each case the most reliable 
information available, and have specified a lower 
limit on the energy of the highest level populated by 
electron capture or beta decay. We have included the 
predicted energy (Mev) available for decay in square 
brackets to the right of the nuclide designation. These 
energies are obtained from the mass tables of Cameron'® 
and, although these values are not expected to be 
exact, do serve as a guide. Where known, the energy 
difference of two nuclei as determined from beta-decay 
energies are indicated with vertical dashed lines. 

Level spins which are underlined are measured 
values and those in parentheses are the values read 
on the Nilsson’ diagram. Spins not indicated in one of 
the two manners mentioned are values deduced from 


4 A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd 30, No. 1 (1955). 

165A. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 30, No. 15 (1955). 

16 A. G. W. Cameron, Atomic Energy of Canada Limited 
Report AECL-433, 1957 (unpublished). 
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1086 HARMATZ, 
beta decay or electron capture selection rules or from 
the rotational nature of the levels. 

Data shown on Fig. 2 are taken from the Table of 
Isotopes,'” from data reported in this paper, or from 
unpublished work in our laboratories. 


B. Tm'® (2 hr) — Er'® (75 min) — Ho'™ 
(?) — Dy'* 


It is worth mentioning here that in our series of 
irradiations of very light stable Er isotopes, no evidence 
of any activity attributable to the even-mass isotopes 
Tm!'® or Tm'™ was observed. Obviously, either the 
associated half-lives are too short (<} hr) or the 
energies available are not sufficient to allow decay to 
levels which depopulate with observable internally 
converted transitions. There is, for example, a level!:'* 
of 91.0 kev (2+) in Er'™ which might be reached from 
im. 

Proton irradiations of targets enriched in Er 
rise to an activity of 2.0-hr half-life which, on the basis 
of activation data is due to Tm'®, The conversion lines 
of the 9.6-day Tm'® served as a convenient half-life 
standard. Table IT is a tabulation of our conversion 


164 gave 


electron data. 
We have indicated a possible partial level scheme 


in Fig. 2 proposed solely on the basis of energies and 


intensities. The spins and parities assigned to the Tm'® 
and Er'® are consistent with those predicted from the 


Nilsson? formulation, but the reliability for these very 


HANDLE 


Y, AND MIHELICH 
neutron-deficient nuclei might be open to question. 
(Tm'® is six mass units from the stability line.) 

Er'® (75 min) has been found to emit gamma rays 
of 430 and 1100 kev" following electron capture. We 
were able to observe by internal conversion a 432.5-kev 
transition which may be attributed to this activity. 

The electron capture of Er'® to Ho'® is expected to 
be an allowed unhindered transition [523,$]— 
[ 523, 3]. Accordingly, one should expect intense Auger 
lines characteristic of Ho resulting from the Er'® 
daughter of Tm!®. Although we do observe Ho Auger 
lines, the complexity of the internal conversion spectra 
does not allow one to draw any conclusion as to the 
mass of the responsible activity. Since Er'® constitutes 
1.56% of the natural element, even an enriched target 
includes considerable Er'® and Er'®’, so that appreciable 
amounts of Tm!'® and Tm'® are present. 

Hammer and Stewart® have produced [by a (y,2n) 
reaction in Ho'®] an isomeric level of 0.8-sec half-life 
which is depopulated by a 330-kev transition. The 
indicated multipolarity (£3) is consistent with the 
predicted levels ($— and $+) for this nucleus. We 
have not observed this transition; this fact is consistent 
with the spin assignments shown. 

No evidence of the decay of Ho'® to Dy'® was 
observed. This confirms a previous conclusion that the 
half-life of Ho'® is very long,':'’ and that the energy 
available may be too small to permit A capture. The 
mass tables of Cameron’ indicate that very little energy 
is available for this electron capture. 


TABLE IT. Conversion electron data for decay of Tm'® (2.0 hr) to Er'®. 


Transition 
energy (kev) 


104.4 
145.3 
164.4 
190.1 
239.7 
241.: 

240. 

300.4 

335.4 
393.5 
471.2 
505.1 
549.9 
579.9 
656.4 


wh 


RNR OUwuu 


Remarks*:! 


* Multipole assignments were made on the basis of K/L or L ratios, unless noted otherwise. 
b Intensity data are internally consistent for lines of the same activity. Comparison may not be made between data for different nuclides. ‘“w’’ indicates 


a weak line. 
¢ Conversion line is not completely resolved 
4 Conversion line is a composite of two or more lines 
¢ Probable 


‘7 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 585 (1958). 


18 H. Brown and R. L. Becker, Phys. Rev. 96, 1372 (1954). 
1” T. H. Handley and E. L. Olson, Phys. Rev. 92, 1260 (1953). 
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Transition r 
energy (kev) Li Li 


15.45 


30.05 
S50 
47.15 
53.2 
54.45 
59.15 
60.4 
70.6 
77.2 
82.25 
86.9 
88.2 
113.6 
151.0 
165.8 
196.0 
210.3 
219.3 
243.3 
279.4 
296.5 
297.8 
307.3 
Be | 
331.1 
347.3 
356.9 


Energy (kev) 


526.8 
542.6 
558.4 
564.3 
575.0 
590.0 
623.5 
665.3 
677.5 
681.3 
699.3 


Energy (kev) 


365.9 
389.7 
420.7 
442.6 
448.4 
456.1 
400.3 
471.5 
477.4 
487.1 
513.4 


we OWN in we 


a 


6. 
4. 
1 

i- 
ie 
LF 
Fe 
iY 
2. 
5. 
a 


* Multipole assignments were made on the basis of K//. or L ratios, unless noted otherwise. 
» Intensity data are internally consistent for lines of the same activity. Comparison may not be 


a weak line. 
¢ Possible. 
4 Conversion line is a composite of two or more lines 
¢ Conversion line is not completely resolved. 


C. Tm!® (29 hr) — Er'® (10 hr) — Ho!® 


The partial level scheme shown in Fig. 2 is consistent 
with the energies and intensities of transitions listed in 
Table III and with the results of preliminary y-y 
coincidence measurements; however, the level at 77 
kev has not been established with coincidence measure- 
ments. Incidentally, the 77-kev transition appears to 
be a pure £2 transition. Two of the most intense 
transitions (those of 54.4 and 297.8 kev) are very 
tentatively placed as shown. 

It may be remarked here that the decay of Tm!® 
to Er'® is one of the most complicated we have thus far 
observed. The number of transitions is in excess of 60. 

Confirming our previous results,! no evidence was 
obtained for electron capture of Er'® (10 hr) proceeding 
to any excited levels (>20 kev) in Ho!®. The only 
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TABLE III. Conversion electron data for decay of Tm'® (29 hr) to Er!®. 


Lin Remarks*-> 


NuNin 
(F1)° 
(E)e¢ 


(£2+ M1)° 


tn 
MmnNmnv 


E2 
(E2+ M1) 
(£2) 


L Energy (kev) 


d 791.5 
d 807.4 
ul 838.4 
1.3 893.1 
933.5 
953.4 
1132.6 
1186.0 
1381.4 


0.45 


~().2 
0.45 


> made between data for different nuclides. ‘‘w"' indicates 


measured spin”! in this decay chain is that of Ho'® 
(I=}—). Possible spins’? for Er'® (97 neutrons) are 
$+, although caution must be employed since the level 
ordering is sensitive to the assumed deformation. The 
short half-life and apparently small energy difference 
between Er'® and Ho'® are consistent with an allowed 
K capture, and this indicates that the spin of Er'® may 
be 3—. Mottelson and Nilsson® conclude that this 
transition is an allowed unhindered one: [523, $]— 


(523, 3]. 
D. Lu'® (54 min) — Yb!®’ (18 min) - 
(9.6 day) — Er'®’ 


Irradiation of targets enriched in Yb!® gave rise to 
an activity attributable to Lu'® which initiates the 


x Tm! 


20 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 
21 J. M. Baker and B. Bleany, Proc. Phys. Soc. (London) A68, 
257 (1955). 
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TABLE IV. Conversion electron data for decay chain Lu'*’, Yb!®’, and Tm'* 


Transition energy (kev) ; Li 
Lu'® (54 min) — Yb! 
29 
56. 
123. 
178. 
188.! 
213.0 
222.8 
239.1 
258.3 
261.6 
278.1 
317.4 
401.4 


(18 min) — Tm!* 
25.8 
37.1 
62.9 
106.1 
113.3 
116.5 
131.9 
150.5 
176.2 


Tm'* (9.6 day 
280 
; 
0.35 


® Multipole assignments were made on the basis of K/L or L ratios, unle 


b Intensity data are internally consistent for lines of the same activity. € 


a weak line 
e Conversion line is a composite of two or more lines. 
4 Probable 
© Possible 


f Conversion line is not completely resolved 


decay chain ending with stable Er'®’. The conversion 
electron data for these activities are presented in Table 
IV. Because of the short half-life of Yb'®’, the only 
criterion for assigning transitions to Yb or Tm is the 
difference in of the observed K, L, and M 
conversion lines. 

The conversion electron spectrum of Yb! decaying 

» Tm'*? is quite interesting. The data are consistent 
with the premise of an anomalous” rotational band 
based on a ground state with spin of 3. This value of 
spin for the ground state of the odd-mass Tm isotopes 
is consistent with the measured” and deduced" spin 
of Tm'® and Tm", respectively. 

The levels at 179 and 293 kev, as shown in Fig. 2 
are consistent with the energies and intensities of the 
observed transitions. The spins and parities shown 
are very tentative and are perhaps analogous to the 
169 6 


energy 


case of Tm 

It may be remarked that the rather complete data 
obtained on the decay of Yb'*? to Tm'* were possible 
because of the fortuitous occurrence of the Lu'®? 
parent of 54-min half-life. 

The ground state of Lu'® is probably [404, 3+ ] or 
(514,9/2—] while Yb! may be a [523,$—] or 
[ 642, $+ ] state.® 


Lin M Remarks*.> 


(M1+ £2) ($+ — §+)¢ 
(E1)e 

(E2) ($+ — $+)¢ 
(E2) ($+ — $+)e 


M1+22 
E3(4— — 3+) 
€,=0.036+0.015 


ss noted otherwise. 
‘omparison may not be made between data for different nuclides. ‘‘w"’ 


indicates 


The ground state of Tm'® decays with a half-life 
of 9.6 days to levels in Er'®’, as has been discussed 
previously.! The existence of a 208-kev E3 isomeric 
transition in Er'® has been established, and since the 
ground state is a 3+ level, the isomeric state is very 
reasonably }—. Two additional transitions of 57 kev 
and 532 kev have been observed. The electrons have 
been tabulated in Table IV. The experimental internal 
conversion coefficient (based on the value of 0.48 for 
the K conversion coefficient of the 208-kev transition) 
of the 532-kev transition is 0.036+0.015, which is 
consistent with the value” for an M1 transition, or 
possibly £1+ M2. At any rate, one should not expect 
more than one unit of angular momentum change to be 
associated with this transition. The Z ratio of the 
57-kev transition is consistent with an assignment of 
M1(87%)+E2(13%) 

It is probable that the spin of ‘Tm!® is 3. The possi- 
bility exists that the 57-kev transition arises from the 
first rotational excitation level ($—) of the intrinsic 
}— level at 208 kev. In this case, the postulated spin 
of Tm'® (3+) would not allow electron capture to the 
3— level of this rotational family. 

Internal Conversion Coefficients (North-Holland 
Amsterdam, 1958). 


2M. E. Rose, 
Publishing Company, 
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TABLE V. Conversion electron data for decay of Lu'® (1.5 day) to Yb'®. 


Transition 
energy (kev) ; Li Li 


24.23 > 650 
62.75 250 530 
70.85 > 260 < 6804 < 2504 
75.0 w 315 
87.4 > 1000 480 130 
90.75 > 280 80 ~ 20 
92.0 340 ~ 60F 
104.35 290 50 
108.0 40 7 
110.9 840 150 
133;5 ~ 808° 10 
144.6 140 20 
157.0 115 
161.7 d 
165.2 145 
166.5 20 
191.4 290 
198.4 30 
226.2 ~ 7a 
244.9 d 
258.7 27 
291.6 24 
369.6 24 
379.2 54 


Energy (kev) 


Energy (kev) 


656.2 
691.2 
708.9 
726.9 
729.5 
762.1 
822.6 
881.1 
891.2 
962.4 
1062.5 
1066.3 
1072.0 


404.6 
456.8 
470.8 
480.5 
484.0 
489.7 
549.1 
563.8 
af | 
591.4 
623.7 
636. 

647.5 


wouvwsnu 


=) 


nn 


| 
— eA Wee Oe) A 


wu 


Liu Remarks*.> 


> 630 FE3(4— — $+)° 
510 M1+E2(3— — 4-)¢ 
210 

~320! » hay 
90 
d 


F2(s- 


Energy (ke K 


~1.3 
~0.4 


1075.9 
1080.2 
1173.5 ~1.2 
1178.1 ~).9 
1186.6 3.0 
1190.0 0.5 
1207.4 A.5 
1272.8 0.6 
1292.4 ~0.7 
1380.2 ~0.9 
1385.3 w 
1394.1 ~0.9 
1592.6 w 


* Multipole assignments were made on the basis of K/L or L ratios, unless noted otherwise 


b Intensity data are internally consistent for lines of the same activity. Comparison may not be made between data for different nucleids. ‘‘w"’ 


weak line. 

© Possible. 

4 Conversion line is a composite of two or more lines 
e Conversion line is not completely resolved. 


The placement of the 532-kev transition is also 
uncertain. No transitions of energy equal to the sum or 
difference of 208 and 532 kev were observed within the 
limits of our detection thresholds. One then has the 
choice of the 532-kev transition being in cascade with 
the “208,” in cascade with both the “57” and “208,” or 
simply proceeding to the ground state. The transition 
of 532 kev is far less intense than the one of 57 kev. 

The B-decay of Ho'®’ (whose spin is possibly }— or 
3+, in analogy with other Ho isotopes) does not 
populate any of the levels reached by electron capture. 
Ho'* (3.0 hr) has been reported* to decay with two 
B-branches (end points of 280 and 960 kev) and photons 
of 350 and 700 kev. 


E. Lu'® (1.5 day) — Yb'** — Tm! 


It was previously mentioned!’ that Lu'® had been 
produced by irradiating natural Yb with protons. 


*3 Handley, Lyon, and Olson, Phys. Rev. 98, 688 (1955). 


indicates 


Subsequent experiments with separated isotopes indi- 
cated the existence of a complex de-excitation spectrum. 
Table V lists our internal conversion data. The most 
likely spin for Yb'® is 3+, as deduced from its decay 
to Tm'®, and in agreement with the prediction of 
Nilsson.? An isomeric state is predicted for Yb'®; 
isomeric states also arise from similar configurations 
of 99 neutrons in Dy'® and Er'®, 

A 20- to 30-kev radiation of 50-sec lifetime has been 
observed by others!’ in Yb, mass unknown. Conversion 
spectra of mass 169 show radiation at 24.2 kev of 
half-life and L-M 


conversion data, this isomeric transition is possibly 


electric character. From subshell 
of £3 multipole order and may populate the level 
[521,3—] above the ground state [633,3+ ]. The 
conversion electron data indicate an intense rotational 
band (K=4) which has the 9/2— 


11/2— levels populated. We have shown on Fig. 2 a 


and possibly the 


scheme consistent with these premises. 
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TABLE VI. Conversion electron data for decay of Lu'™ (8.1 day) to Yb!. 


Transition 
energy (kev) 4 li 


19.3 > 120 
27.0 w 
46.45 20 
55.65 115 
66.7 115 
72.3 90 
75.9 50 
85.5 5 18° 
91.3 d 
109.2 5 13 
142.6 7 w 
154.6 ‘ 0.6 
163.8 a 0.5 
170.6 .2e 0.2 
183.2 
195.0 
499.1 
518.2 
627.4 
668.2 
690.0 
713.6 
740.9 
768.5 
782.0 
786.0 
795.1 
827.3 
841.6 
854.4 


A) 


™urIUbd & 


p= oS 
~~ 


® Multipole assignments were made on the basis of K/L or L ratios, unless noted otherwise. 
» Intensity data are internally consistent for lines of the same activity. Comparison may not be made between data for different nuclides. 


a weak line. 
© Possible 
! Conversion line is a composite of two or more lines 
* Conversion line is not completely resolve 


F. Lu” (8.1 day) — Yb'” 


In previous publications! we have reported on the 
electron capture of Lu’. The data then available 
indicated the presence of highly converted transitions 
of 66.7 and 75.9 kev. The multipolarity of the 66.7-kev 
transition was assigned as M1 and £2, and the 75.9-kev 
transition appeared to be of £2 or £3 multipole order, 
with the latter choice being preferred on the basis of 
rather uncertain K/L ratio criteria. Subsequent data 
obtained by us using enriched Yb targets and recently 
reported experiments of others have led to re-examine 
the 75.9-kev transition. It is more likely that this 
transition is of E2 multipole order and may proceed 
between the 3 and 4 levels of a ground state rotational 
band in Yb" (Jo= 3). Higher levels, | and 9/2, may be 
populated by radiations observed in the conversion 
spectrum. Agreement of calculated and experimental 
values for the higher rotational states is very close; 
likewise, the multipole character of the radiations are 
consistent with the above premise.§ 


§ Note added in proof.—An anomalous rotational spectrum has 
been observed in a similar configuration of 101 neutrons in the 
electron capture decay of 73Ta!® (2.5 hr) to 72Hf'*. One may postu- 
late levels above the ground state (Jo=4) in Hf!” of 69.8 kev 
(Jy +1), 81.5 kev (Jo +2), 241.8 kev (Jo +3), and 262.3 kev (1o+4). 


Lin Remarks*.> 


(Ele 
My~Myy1=2.5 


22 
J 
S 


W1+E2(3 > 4) 
E2(§ — 4) 


tr 
R= 
ReUMw PO 
on 


x2 
= 


M1+E2(} > §) 
E2(} — 3)° 
F2(9/2 — $)¢ 


“w"' indicates 


The beta decay of Tm!” leads to a level of 66.7 kev 
in Yb, and Smith ef al.** concluded that this level was of 
rotational nature. Elbek ef a/.?> have measured the 
inelastically scattered protons from a Yb" target, 
employing a high-resolution heavy-particle spectro- 
graph. They observed proton groups corresponding to 
levels of 67 and 76 kev which they interpreted as the 
first two levels of a A=} rotational band. Recent 
Coulomb excitation experiments by Chupp ef a/.?° also 
are consistent with this interpretation. 

Since the 75.8-kev level does not appear to be the 
expected $+ isomeric state, the obvious question may 
be raised as to why no such level is populated since Lu'”! 
should have a spin of $+ or 9/2—. The answer lies in 
the fact that the low-lying $}— and 3— levels of the 
K=}4 ground-state band may destroy the “metasta- 
bility” of the 3+ level, despite the fact that the 
transitions to the rotational levels will be A-forbidden. 

Let us assume for sake of argument that the $+ 
level were at ~ 175 kev. An £3 transition to the ground 


* Smith, Robinson, Hamilton, and Langer, Phys. Rev. 107, 
1314 (1957). 

25 Elbek, Nielson, and Oleson, Phys. Rev. 108, 406 (1957). 

26 Chupp, DuMond, Gordon, Jopson, and Mark, University of 


California Radiation Laboratory Report UCRL-5171 (un- 


published). 
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TABLE VII. Conversion electron data for decay chain Hf!”, Lu'”, and Yb!”. 


Transition energy (kev) 4 Li Lu Lit M Remarks*-» 


Hf!”8 (24 hr) > Lu’ 

78.0 
123.8 
135.0 
139.8 
162.1 
297.3 
307.0 
311.8 
357.5 
423.3 


2 


32 e. Fl 

33 M1+£2 

54 t M1+E2 

PU As (E1)° 

~ 2 
0.45 
0.7 
0.25 


_ 


un WN 


) 
wn 


2 
= 


* oprenSSS— 


Energy (kev) K 


762.5 0.18 
767.0 ~0.06 
823.7 ~0.05 
855.3 0.12 
859.5 
877.2 
881.6 


Energy (kev) K 5 


1041.3 0.32 0.05 
1073.2 0.065 w 
1208.4 0.21 0.037 
1213.3 0.08 w 
Cc 1351.2 ~0.014 
0.07 1485.1 ~0.018 


0.13 1551.0 


901.2 


0.10 1036.7 


Transition energy (kev) 


Lu (1.4 yr) > Yb" 


78.7 > 1650 


636.8 


~0.015 
1780.8 w 


Remarks*.> 


® Multipole assignments were made on the basis of K/L or L ratios, unless noted otherwise. 


b Intensity data are internally consistent for lines of the same activity. Comparison may not be made between data for different nuclides. ‘‘w"’ 


a weak line. 
¢ Conversion line is not completely resolved. 
4 Conversion line is a composite of two or more lines. 


¢ Probable. 


state will have a transition probability?’ corresponding 
to a half-life of 2.5 sec for the 3+ state (if we assume 
a retardation factor of ~500).28 The F1 transition to 
the § (K=3) level would have to be retarded by more 
than 10" in order to have comparable intensity. Such 
a retardation is not consistent with the change in 
K-number (AK = 3). Also, the M2 transition (-+—3—) 
might become important. A retardation of 10° would 
make such a transition compete with the “#3.” 

Table VI is a tabular presentation of Yb'”' conversion 
electron data. Gamma-ray transitions of energy as 
great as 854 kev are observed. One may conjecture the 
existence of a rotational band based on the 3+ state. 
Such a sequence is possible with M1+ £2 transitions of 
85.5 plus 109.2 kev with an £2 crossover at 195 kev. 
However, the connection to the ground-state K=4 
band is not clear. 


27S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North-Holland Publishing Company, 
Amsterdam, 1955), Chap. 13. 

28 J. W. Mihelich and B, Harmatz, Phys. Rev. 106, 1232 (1957). 


indicates 


G. Hf!7? Lu!” — Yp!73 


We have analyzed the radiations of Hf!” (24 hr) with 
more intense sources and have been able to obtain 
considerably more data. A complex gamma-ray spec- 
trum (the most energetic transition seen thus far being 
one of 1780 kev) has been observed. Table VII presents 
the conversion electron data. 

The multipolarity' of the 123.9-kev transition has 
been confirmed, and the half-life? of the level from 
which it originates has been measured as 70 usec. Hence, 
the F1 transition is retarded?” by a factor of 10°. 
Furthermore, the 140-kev transition, contrary to our 
previous report,” is found to be a prompt (7,;<5X 10-5 
sec) transition of M1 multipole order with some F2 
admixture. 

The ground state of Lu'® (1.33 years) decays to 
levels in stable Yb! (J)=3).*°*! The essential features 


173 


29 Ward, Mihelich, Harmatz, and Handley, Bull. Am. Phys. Soc. 
Ser. IT, 2, 341 (1957), and to be published. 

%® A. H. Cook and ue G. Park, Proc. Phys. Soc. (London) A69, 
282 (1956). 

31K. Krebs and H. Nelkowski, Z. Physik 141, 254 (1955) and 
Ann. Physik 15, 124 (1954). 
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TABLE VIII. Empirical constants for rotational energy formula. 
E, = E+ (h?/2 9) {1 (1+1) +a(—1)/*4(7+4)}+B(7(7+1) +a(—1)44(7 +9) }2, 


where £, is the energy of state of spin J, 9 is the moment of inertia, E° is a constant, and a is the decoupling parameter which is nonzero 
only for K =}, [)=4 cases. 


Predicted *) 
next level S / kev 


270.1 (19+3) 
252.4(Io+3) 
236.8 (Io+3) 
344.9 (To+4) 
351.7 (Io +4) 
343.9(Io+4) 
240.2 (1o+4) 
246.7 (Io +4) 
302.1 (Io+3) 


Bev Reference 


—0.014 
—0.021 
—0.020 
+0.028 
+0.034 
+0.030 
— 0.008 
— 0.004 
—0.003 


~ 


E(Io +2) 


155.8 
143.9 
137.5 
116.5 
118.2 
116.7 

75.0 

75.9 
179.5 


E(1o+1) 


65.4 
60.8 
58.0 
10.5 

8.4 

5.6 
62.8 
66.7 
78.7 


Nuclide E(Io +3) 


Tb!55 
Th1s7 
Tb'9 
Tm!* 
Tm! 
Tm"?! 
Yb!69 
Yb! 
Yb! 


woo 
=) 


GN in\ 


—0.71 
—().77 
—(0).86 
+0.79 
+0.85 


142.3 
139.0 
129.1 
219.7 
230.5 


IQn~ss ss 
oN oO 
fo -) 


1 ++++++ 
a8 ° 


| 
“spre "Pp & ® fp 


72.4 
67.6 


RO{UT ROI Rl Rol BI Rohm RoIGo Bo/Go Roles 


| 


«EF. N. Hatch and F. Boehm, Phys. Rev. 108, 113 (1957). 

» Cranston, Bunker, and Starner, Phys. Rev. 110, 1427 (1958). 
i Reference 30. 

k Reference 31. 


® Spin listed is consistent with decay or excitation data. 
b Reference 33. 

¢ Reference 1. 

4 Reference 20. 


¢ Reference 34. 
f Reference 26. 


of this decay chain are shown in Fig. 1. It is most 
reasonable to designate the ground state of Lu'™ as 
9/2— [514,9/2—], with 123.4-kev 1 transition 
possibly originating at the [404,3+ ] level. A more 
detailed discussion of the features of the A4=173 decay 
chain will be discussed in a subsequent publication. 


III. DISCUSSION 


It has become apparent, as we extend our studies 
further, that the low-lying (<2.0 Mev) excitation of 
the rare-earth nuclei is very complex. This complexity 
makes the construction of unique level schemes difficult, 
particularly when the decay involves several dozen 
gamma-ray transitions, some of which differ in energy 
by very small amounts. At the present stage of the 
experiment, one may postulate only partial schemes 
in most cases. It is certainly hoped that further experi- 
ments on coincidence sequences, level half-lives, photon 
intensities, directional correlations of radiations, spins 
and magnetic moments of radioactive nuclei, etc., will 
shed more light on the nature of these closely spaced 
levels. Levels due to vibrational excitation™ of these 
odd-mass nuclei should be observed; these levels should 
lie considerably lower than is the case for even-even 
nuclei. The occurrence of a number of /2 transitions 
(see tabular data) may indicate that such levels are 
being populated in these decays. 

The general features of the low-energy excitation 
spectra of these nuclei is becoming more clear as 
improvements in experimental data and_ theoretical 
interpretation continue. 

The internal conversion the 


electron spectra of 


|| Note added in proof.—Similar rotational and intrinsic states 
are populated in odd A(N=103) nuclides 7Yb'%+7.Hf!". 
Transitions following electron capture of Ta!”> (11 hr) to Hf!7® 
indicate a rotational sequence based on the ground state (/»=3) 
of 81.5 kev (4), 185.8 kev (9/2), and 312.4 kev (11/2). Intrinsic 
excited states are found at energies of 348 and 622 kev in Hf!79, 
Also present are an anomalous rotational band with spins 4 
through 9/2 and an excited state at 1045 kev. 


i Assume J =} is at 0 kev for comparison with Yb!7! 


transition de-exciting the levels in these nuclei are, in 
most cases, necessary before carrying out further 
investigation. Therefore we are publishing, at this time, 
our results which are fairly complete. Of course, in all 
cases, there are probably a number of weaker transitions 
which have not been detected. In general, where 
possible, we have tabulated electron lines which are 
™~10~° times as intense as the most prominent one. It 
is obvious that only an instrument which records and 
integrates the radiations over a considerable range of 
energy simultaneously is able to effectively analyze 
these spectra which are very complex and sometimes 
due to a short-lived activity. Furthermore, very often 
the energy available for electron capture decay is 
sufficient to allow the population of rather high-energy 
levels. 

We have attempted to indicate on Figs. 2 and 3 
some of the genetic relationships of the radioactivities 
in the odd-mass rare earths between A=151 and 
A=173. We have indicated the level structure which 
seems most reasonable at the present time. The some- 
what awkward display of 8~ decay (up and toward the 
left) is necessitated by our desire to plot the various 
nuclei in such a fashion as to maintain a given proton 
number in a horizontal line and a given neutron number 
vertically. It is felt that such a plot displays rather 
graphically the over-all picture of the odd-A rare earths 
and affords a perspective which is useful. 

Figure 2 displays the rather striking regularity in 
the low-energy levels of ¢9Tm'*'®!7; in each case the 
development of an anomalous K=}4 ground-state 
rotational band is observed. Table VIII, which displays 
the empirical data on energy levels, shows the consistent 
trend in the moments of inertia, second-order correction 
B, and decoupling parameter a in the rotational energy 
formula. Parameters for anomalous 
quences in 7oYb!® #4 17! are also tabulated. With regard 
to the value of a, the experimental data indicate, when 
comparison is made with the curve of Mottelson and 


rotational se- 
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TABLE IX. Mixed M1+-22 transitions (155<A<173). 


Energy 


Nucleus (kev) Levels involved 


Li:Lu:Lin M1: 2a 


5. 35:2 
2 00: 


g4Gd 55 
6 Th! 
6s Pb 


00.1 
60.5 
58.0 


1.0: >0.27:0.2 
1 


1.0: >0.14:0. 1 
1.0:0.18:0.12 65:1 
77.5 0.3:1.0:1.0 0.9:1 
57.1 1.0:0.9:0.9 54 
106.2 1.0:0.14:0.06 45:1 
62.8 0.4 .0:0.96 5:1 
66.8 0.55:1.0:0.95 pA | 
78.7 = 1.0:0.25:0.17 20:1 
135.0 0.6:1.0:0.9 0.6:1 
139.8 1.0:0.25:0.16 8:1 


f 
4 | 


/ 
5 


ios (of photon intensities) obtained from L ratio 
Not a ground-state rotational band 


Nilsson,” who have calculated the expected value of a 
for Z=69 as a function of deformation (6), that the 
deformation of the Tm nuclei decreases with decreasing 
mass. 

Another series of nuclides with fixed atomic number 
and differing by pairs of neutrons is that of the Tb 
isotopes of mass 155, 157, and 159. Here, the spectra 
observed (see Fig. 3) are consistent with a ground-state 
spin of ; (stable Tb'* has a measured spin of 3). The 
Nilsson’? level ordering would predict two low-lying 
states: [411, 3] and [532, § ]. In each of the Th isotopes, 
the data are consistent with a 3 state at about 300 kev, 
the position varying smoothly with neutron number. 

The level schemes of the three odd-A isotopes of 
Tbh (155, 157, and 159) show a strong similarity. The 
decay of Dy’ to Tb'®® has been reported by Toth and 
Rasmussen.” Although no multipole order data were 
given, the levels may be tentatively arranged as shown, 
with rotational levels at 65 and 156 kev and two other 
levels at 227 and 271 kev. Levels which are possible 
here, besides the [411,3+ ] ground state, are those 
designated as [ 532, 5, [ 523, Z|, or [ 413, 5. 

The levels in Tb!’ are postulated on the basis of 
transition energies. The transitions from the level of 
327 kev are all dipoles (with the possibility of quad- 
rupole mixing); hence, the 327-kev level is 5+. The 
level at 364 kev in Tb!’ has been established as a 
$— state.* 

Of the two postulated levels for Dy! (134 days), 
[521,$—] and [523,$—], the former most 
probable since electron capture occurs to the 58-kev 
$+ state in Tb!, but not to the 138-kev 3+ state. 
Assuming a small energy (<500 kev) for this decay, 


seems 


“2 B. R. Mottelson and S. G. Nilsson, Z. Physik 141, 217 (1955). 

8 K.S. Toth and J. O. Rasmussen, Bull. Am. Phys. Soc. Ser. IT, 
2, 386 (1957). Also Dzhelepow, Preobrazhenskii, Rogachev, and 
Tishkin, Bull. Acad. Sci. U.S.S.R. 22, 210 (1958). 

‘Jordan, Cork, and Burson, Phys. Rev. 92, 315 (1953). N 
Marty, Compt. rend. 241, 385 (1955). 


RANDEEY, 


AND MIHELICH 
the data are consistent with the expected first-forbidden 
unhindered classification. 

In a previous publication! we have reported on the 
spectra following electron capture of odd-mass Tb 
isotopes of mass 151 through 155. We have plotted on 
Fig. 3 the levels indicated by these data. The levels in 
Gd'® are proposed on the basis of energies; the levels 
in Gd'®> were established with coincidence measure- 
ments.*® 

As regards the level in Gd isotopes (Z7=64), only 
those of mass 155 and 157 have been investigated to 
very great extent; Gd'®’ levels are not populated by 
electron capture of Tb'®*’, so that the only data are 
those from Coulomb excitation experiments.'? A partial 
level scheme is shown in Fig. 3. The lower lying levels 
have been discussed by Mottelson and Nilsson®; we 
should like to remark that there is evidence for the 
existence of expected levels of [660, 3] and [521, 3 
in Gd!®, 

A possible level ordering is shown for Gd'®, and the 
first excited state of Gd!*! is indicated on Fig. 3. 

Another question of interest is that of M1 and £2 
mixtures. In general, the existence of an appreciable 
amount of £2 radiation to M1 radiation is due to an 
‘‘unusual”’ situation as regards the relative probability 
for these two kinds of radiations. The ‘‘enhanced” F2 
probabilities are, of course, intimately related to the 
collective excitation described by the ‘‘unified’’ model." 
We have tabulated in Table [IX the mixing ratios for 
the various M1+ 2 transitions observed in our work 
on masses 151 to 173, giving, where possible, the 
description of the levels involved. In all cases, the 
mixing ratios have been obtained from the measured 
L ratios. 

Another interesting question is that of 1 transitions. 
Since these transitions proceed between levels of 
different parity, when electric dipoles are observed one 
should expect, in general, two intrinsic levels close 
together. Where the data are reasonably good, we have 
indicated in the tables (I to VII) which transitions are 
consistent with this assignment. 
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Longitudinal Polarization of Positrons from the Decay of O'}* 
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The longitudinal polarization of 1.2-Mev positrons from the well-known 0+ — 0+ transition of 72-second 
O" has been measured. Positrons, selected by a magnetic spectrometer, were allowed to annihilate in a 
plastic scintillator. Annihilation-in-flight photons were analyzed for circular polarization by Compton 
scattering from magnetized iron. The positrons were found to have right-handed longitudinal polarization 


(+0.73+0.17)v/c. 


F the beta-decay interaction does not conserve 
parity, electrons emitted from an_ unpolarized 

radioactive source will be longitudinally polarized along 
tbeir direction of motion, the amount of polarization 
heing related to the amount of parity-nonconserving 
interaction present. In a pure Gamow-Teller or a pure 
Fermi transition, provided only a single interaction 
type is present, full longitudinal polarization (v/c) 
indicates that the beta-decay interaction can be 
described satisfactorily in terms of a simplified “‘two- 
component” neutrino theory.' 

Following the experimental discovery that parity is 
not conserved in beta decay, numerous measurements 
of electron polarization in pure Gamow-Teller and 
mixed Fermi-(Gamow-Teller) beta transitions have 
been made. Similar measurements for pure Fermi 
transitions, more difficult because of the short lifetimes 
of the best known examples,” have been made only for 
Ga® and Cl] up to the present time.*~* 

To obtain further information about parity in the 
Fermi interaction, we have measured the longitudinal 
polarization of the positrons from 72-second O" which 
result predominantly® from the well-known 0+ — 0+ 
transition to the 2.3-Mev first excited state of N™. 
The positron polarization was determined from a 
measurement of the circular polarization of the radiation 
of positrons annihilating in flight. 


I. EXPERIMENTAL METHOD 


Figure 1 is a schematic diagram of the apparatus 
employed in measuring the O" positron polarization. 
1.2-Mev positrons from the source were focused on a 
plastic scintillator-annihilator with a small magnetic 


+ This work was supported in part by the U. S. Atomic Energy 
Commission. 

* A preliminary account of this work was presented at the Los 
Angeles Meeting of the American Physical Society, December, 
1958 [Bull. Am. Phys. Soc. Ser. IT, 3, 406 (1958) }. 

1T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 

2A summary of the known pure Fermi transitions has been 
given by J. B. Gerhart, Phys. Rev. 109, 897 (1958). 

8’ Deutsch, Gittelman, Bauer, Grodzins, and Sunyar, Phys. 
Rev. 107, 1733 (1957). 

4 Frankel, Hansen, Nathan, and Temmer, Phys. Rev. 108, 1099 
(1957). 

5S. S. Hanna and R. S. Preston, Phys. Rev. 110, 1406 (1958). 

6 Sherr, Gerhart, Horie, and Hornyak, Phys. Rev. 100, 945 
(1955). (0.64+0.1)% of the O' decays are to the N“ ground state 
via a Gamow-Teller transition. 


spectrometer. Positrons which annihilated in flight 
were counted selectively in the plastic scintillator, 
and the coincident annihilation radiation, after 
Compton scattering from the magnetized iron cylinder, 
was detected by a NalI(TI) scintillation detector. By 
means of a conventional fast-slow coincidence circuit, 
positrons which lost only a small amount of energy 
in the plastic scintillator before annihilating were 
counted in coincidence with high-energy scattered 
gamma rays.’ Coincidences were recorded for each 
direction of magnetization, and the resulting asym- 
metry served as a measure of the circular polarization 
of the annihilation quanta. The latter is related to the 
initial longitudinal polarization of the positrons. 
Further experimental details are discussed below. 
The O* activity was produced by a (p,m) reaction 
on nitrogen gas, in a continuous flow system, by 
bombardment with 22-Mev H,* ions in the University 
of Washington 60-inch cyclotron. The active gas passed 
from the cyclotron target through a hot CuO filter to 
convert unwanted C" activity to COs, an Ascarite filter 
to remove the active COs, a hot platinum catalyst to 
convert oxygen to HO, and into the source chamber 
shown in Fig. 1 where the radioactive water vapor was 
frozen out on the end of a j-inch diameter copper rod 
the other end of which was immersed in liquid nitrogen. 
Finally, the remaining activity and sweeping gas were 
discarded through a pump to the outside atmosphere. 
A small quantity of oxygen gas was added to the 
nitrogen flow ahead of the target chamber to act as a 
carrier. The interior of the aluminum target chamber 
was gold covered to inhibit exchange reactions with the 
aluminum oxide of the walls. Just ahead of the platinum 
catalyst hydrogen gas was added as a carrier in the 
conversion to water vapor. With a 100-ua beam of 
H;+ ions, 3 to 7 millicuries of O" were frozen out at the 
spectrometer source. Not more than 9% of the total 
activity present under equilibrium conditions was O". 
The principal purpose of the magnetic spectrometer 
was to separate the positrons from the coincident 


7In addition to two-quantum annihilation radiation, single 
quantum annihilation radiation and bremsstrahlung are detected 
with this apparatus. However, for positrons in plastics, only a few 
percent of the total radiation can be ascribed to these sources 
For estimates of these effects see Gerhart, Carlson, and Sherr, 
Phys. Rev. 94, 917 (1954). 
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Fic. 1. Schematic diagram of apparatus. 


2.3-Mev gamma radiation’ of O''. This was necessary 
because the cross section for Compton scattering of 
the 2.3-Mev photons in the plastic scintillator- 
annihilator is greater than the cross section for two- 
quantum annihilation in flight. The spectrometer is 
one sector of the ‘“‘orange-peel’”’ type,’ with resolution 
about 17% and transmission about 0.7%. As shown in 
Fig. 1, the vacuum chamber was made large to minimize 
background from scattered gamma rays. A 0.001-inch 
thick aluminum foil separates the source chamber 
from the spectrometer vacuum. The copper rod, on 
which the active water vapor was deposited, projects 
through a hole in a 0.001-inch stainless steel foil, the 
latter providing thermal insulation between the source 
rod and the source chamber walls. A sliding shutter 
intercepts the positrons when desired. 

The plastic scintillator-annihilator was machined in 
the form of a shallow open-faced box with about {-inch 
thick walls. The sides do not receive direct beta radia- 
tion, but serve to reduce spurious small pulses caused 
by backscattering. The scintillator is connected to an 
RCA 6810A photomultiplier by a Plexiglas light guide. 
Extensive lead shielding is provided between the source 
and the scintillator to reduce background pulses. 


* The beta transition to N'* is followed by a prompt £1 gamma 
transition to the ground state. See F. Ajzenberg and T. Lauritsen, 
Revs. Modern Phys. 27, 77 (1955). 

® Kofoed-Hansen, Lindhard, and Nielsen, Kgl. Danske Viden 
skab. Seleskab, Mat.-fys. Medd. 25, No. 16 (1950); O. B. Nielsen 
and O. Kofoed-Hansen, Kgl. Danske Videnskab. Selskab, Mat.- 
fys. Medd. 29, No. 6 (1955). 


A cylindrical iron magnet analyzed the circularly 
polarized annihilation photons by the intensity change 
of radiation Compton-scattered into the NalI(TI) 
detector when the magnetization was reversed.!? A 
lead plug in the center intercepted direct radiation. 
Test coils, wound integrally into the magnet, were used 
to determine the magnetization. A 3X3 inch cylindrical 
Nal(Tl) crystal, connected through a 26-inch long 
Plexiglas light guide to an RCA 6810A photomultiplier 
was used to detect the scattered radiation. The reso- 
lution for Cs"? gamma rays was about 25%. 

Anode pulses from the two multipliers fed to a fast 
coincidence circuit of resolving time 27 about 107% 
second. Integrated pulses from the fourteenth dynode 
of the gamma counter were selected with a 20-channel 
pulse analyzer; pulses from the fourteenth dynode of 
the positron counter by a single-channel analyzer. The 
output of the latter was placed in ‘‘slow” coincidence 
with the “fast” coincidence output; the combination 
gated the 20-channel analyzer. The chief reason for 
adopting this coincidence method was that the total 
gamma-ray counting rate in the NalI(Tl) counter was 
the true Most of counts 
originated in the large background 
companying cyclotron operation, and were caused, in 
part, by both fast and slow neutrons even though the 
entire apparatus was located behind heavy shielding 


many times rate. these 


radiation ac- 


walls some 40 feet from the cyclotron. 


1 F, Boehm and A. H. Wapstra, Phys. Rev. 106, 1364 (1957); 
H. Schopper, Nuclear Instr. 3, 158 (1958). 
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The sensitivities of both the gamma-ray counter and 
the positron detector to reversal of the analyzer 
magnetic field were studied in detail. For both, no 
changes in gain greater than 0.1% were observed. 

To insure that coincidences between positrons and 
2.3-Mev gamma rays were negligible, the analyzing 
magnet together with the center lead plug were re- 
moved, but the extensive lead shielding between the 
source and the gamma-ray detector was left intact. The 
gamma-ray coincidence spectrum was then measured, 
both with and without a one inch thick lead disk placed 
directly in the path of gamma radiation originating in 
the annihilator. With the former geometry only 
radiation scattered and degraded to energies well below 
the range selected for analysis produced coincidences. 
Without the lead disk, a gamma-ray spectrum charac- 
teristic of annihilation-in-flight plus annihilation-at-rest 
was observed. With the single-channel analyzer selecting 
positron counts set for small pulse heights, the strong 
511-kev radiation was reduced by a factor of about 10 
from its intensity when the entire positron pulse 
spectrum was used to gate the gamma-ray spectrum. 

The pulse-height spectrum of 1.2-Mev positrons 
recorded in the plastic scintillator is shown in Fig. 2. 
The portion selected for gating the gamma-ray spectrum 
is indicated by the shaded area. For purposes of analysis 
it was necessary to determine from this spectrum the 
probability that a positron losing a particular amount 
of energy in the scintillator would generate a gating 
pulse. The dashed curve of Fig. 2 shows this probability. 
The maximum rate at which data could be collected 
was determined by limitations imposed by the electronic 
circuits on the integral rate in the positron counter. 
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Fic. 2. Pulse-height spectrum of 1.2-Mev positrons in the plastic 
scintillator-annihilator. The shaded area represents the portion 
of this spectrum used to gate the gamma-ray spectrum. The 
dashed curve shows the relative probability that a positron losing 
a given energy will actually produce a pulse in the shaded region. 
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Fic. 3. Gated gamma-ray pulse spectrum. The interval from 
600 kev to 1000 kev was used for determining the asymmetry in 
Compton scattering. 


With a beam of 100 ua of H,* ions, this rate was about 
70.000 counts/sec. The differential rate about 
4000 counts/sec. 

Figure 3 shows a typical gated gamma-ray pulse 
spectrum with the analyzer magnet and lead center 
plug in position. It represents the sum of four runs as 
described below. The sharp rise below about 550 kev 
is caused by Compton-scattered 511-kev radiation. 
The energy band from 600 kev to 1000 kev, which was 
chosen for analysis of the polarization, represents 
scattered annihilation-in-flight radiation. About 20% 
of the spectrum in this range is caused by accidental 
coincidences. These were measured, in separate runs, 
by inserting delay cables first in one leg of the fast- 
coincidence circuit and second in one leg of the slow- 
coincidence circuit. As was expected, the latter circuit 
(resolving time 27~4X 10-6 sec) contributed accidental 
counts due mainly to 511 kev radiation. 


Was 


II. ANALYSIS OF DATA 


To minimize any effects of undetected, long-period 
instabilities of the electronic equipment, data were 
collected in a series of short runs in which the analyzer 
field was reversed from run to run. Each run 
stopped when 4X 10° positron differential counts had 
accumulated and ordinarily lasted 15 to 20 minutes.” 
As described in Sec. I, the portion of the gamma-ray 
pulse spectrum chosen for analysis ranged from 600 to 
1000 kev. At the lower boundary the contamination 
from Compton-scattered 511-kev radiation was less 


was 


1 A few runs were for positron counts less than 4X 10°, 
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Fic. 4. The upper diagram is a histogram of the individual 
determinations of the asymmetry coefficient for the unpolarized 
annihilation-at-rest radiation. The lower diagram is a similar 
histogram for the high-energy annihilation-in-flight radiation. 
The Gaussian curves shown were fitted to these data. 


than 5%. The number of true coincidences beyond the 
upper boundary was negligible. Each run was normal- 
ized to the number of differential positron counts. 
Because the time for individual runs varied with 
cyclotron conditions, a correction for accidental 
coincidences based on that time was calculated sepa- 
rately for each run. 

An asymmetry coefficient was calculated for groups 
of three runs according to the prescriptions 


Rigo—} (Ligi t+ Lis) 


Riget} (Lint Lins) 


§(Ri+ Rize) — Lig 
iRARud+Las 


i+] 


Here the normalized, corrected counts for the sequence 
of runs are designated by Ry, Lo, Rs, La, Rs, Le,---, 
where R and L refer to opposite directions of the 
analyzer magnetic field.” These prescriptions were used 
because they eliminate any linear instability. A histo- 
gram of the asymmetry coefficients, representing about 
23 000 counts for each direction of magnetization, is 
shown in Fig. 4. No runs were discarded on statistical 
grounds. The Gaussian curve of Fig. 4 has a width 
very Close to that expected from the statistical accuracy 
of a single determination. We are confident, therefore, 
that no serious instabilities not already eliminated by 
the prescriptions given above occurred during the 
experiment. The weighted! average of the asymmetry 
coefficients is (1.94++0.46)%. This value is unchanged 
if a simple sum of the normalized counts in each 

2 The asymmetry coefficient defined here is half that used by 
some workers. 
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Fic. 5. Diagram showing how the angles describing the 
annihilation process are defined. 


direction is used to calculate the asymmetry, a further 
check on the long-term stability of the equipment. 

Also shown in Fig. 4 are the asymmetries obtained 
when counts from the peak of the gamma-ray spectrum 
(Fig. 3) are used in the analysis instead of the high- 
energy scattered radiation. This peak mainly represents 
scattered, unpolarized 511-kev radiation. We estimate 
that only about 20% of the counts in the peak are 
caused by low-energy, polarized, annihilation-in-flight 
quanta. The average asymmetry calculated from these 
data is (0.29+0.31)%. A comparison of this asym- 
metry with the asymmetry obtained from the higher 
energy pulses shows clearly that the high-energy 
asymmetry cannot be interpreted as being of instru- 
mental origin. 


III. CALCULATION OF POSITRON POLARIZATION 

Several effects reduce the longitudinal polarization 
of the positrons between their origin in the O" decay 
and their annihilation in the positron detector. Source 
thickness would introduce such a depolarization, but, 
even though a substantial ice deposit built up in the 
source, only the surface layer contained activity. The 
72-second O' half-life is small compared to the time 
required to deposit sufficient ice to affect the polari- 
zation appreciably.!% 

A more important source of depolarization was 
positron scattering in the source gas, the 0.001-inch 
foil separating the source and the spectrometer vacuum, 
and the 0.0005-inch aluminum foil which covered the 
plastic scintillator. Because this scattering alters the 
positron momentum direction without affecting its spin, 
a reduction of the longitudinal polarization results which 
is given by the cosine of the scattering angle averaged 
over the Moliére multiple scattering distribution.” 
The combined scattering from these sources resulted 
in a 2% reduction in polarization of the positrons 
entering the annihilator.'® 

In the plastic scintillator the positrons are further 
scattered, are slowed down, and some of them annihilate 
with electrons of the plastic before stopping. At the 

‘8 The O" source was de-iced periodically between runs. 

‘4H. A. Bethe, Phys. Rev. 89, 1256 (1953). 

16 Except for the negligible effect of the anomalous magnetic 


moment, the spin and momentum rotate through the same angle 
as the positron traverses the spectrometer magnetic field. 
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time it annihilates, the positron has a reduced total 
energy E and has been multiply scattered through 
angle a from the analyzer axis (along which it entered 
the plastic). The more energetic annihilation photon 
is emitted in a direction, relative to the positron 
momentum, specified by the polar angle 8 and the 
azimuthal angle ¢, and at angle @ with the analyzer 
axis (see Fig. 5). The annihilation quantum thus 
produced is circularly polarized if the positron was 
longitudinally polarized.'® 


POLARIZATION 


OF P.OSTTRONS 1099 

The annihilation quantum, upon striking the iron 
of the analyzer, may be Compton scattered into the 
Nal(Tl) detector. The probability for this scattering 
is dependent on both the annihilation quantum polari- 
zation and the magnetization of the analyzer iron.'? 
The counting rate asymmetry A observed on reversal 
of the analyzer magnetization, averaged over all 
positron energies which can produce a detected annihi- 
lation quantum, and all annihilation quantum directions 
which intersect the analyzer iron, is given by 


Sf f fisete cosa)[ Fo 4oc¢(sina/sinB)wN 4N p \dbdBdad E 


$$$. -  ) 





s=( )rne. 
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PSF fcc e(sina/sing)oN aN'o Wodided k 


In this expression (v/c)P is the initial longitudinal 
positron polarization; n is the depolarization of the 
positrons before entering the annihilator; P, is the 
fraction of iron electrons which are polarized;!§ A 4 is 
the circular polarization of the annihilation quantum’®; 
Ac is the ratio of the polarization-dependent part of the 
Compton scattering cross section to the polarization- 
independent part!’; F is the probability for multiple 
scattering’ of the positron per unit solid angle in 
direction a; oa is the cross section per unit energy 
interval for two-quantum annihilation-in-flight® with 
the more energetic photon emitted intoa unit solid angle 
in direction 8; oc is the Compton scattering cross 
section per steradian for unpolarized photons”; w is 
the solid angle subtended by the NaI(T1) detector at 
the site of Compton scattering; V4 is the empirically 
determined probability that a positron annihilating 
with energy E will produce a pulse in the range selected 
by the single-channel pulse analyzer; and Np is the 
empirically determined probability that the scattered 
annihilation quantum will produce a pulse in the range 
selected in the 20-channel pulse analyzer. 

In deriving this expression several approximations 
were made. First, the finite sizes of the incoming 
positron beam and the two scintillators were ignored. 
Second, it was assumed that the positron spins are not 
affected by the multiple scattering, so that at annihi- 
lation the longitudinal polarization in the direction of 
motion is reduced by the factor cosa. Finally, it was 
assumed that all annihilation quanta penetrate the 
same distance into the iron before scattering (measured 
along the direction of propagation), and that there 
are no polarization dependent effects because of absorp- 
16. A. Page, Phys. Rev. 106, 394 (1957). 

17. B. Gunst and L. A. Page, Phys. Rev. 92, 970 (1953). 

18 P, was taken to be 0.928 times the magnetization of the iron 
(in Bohr magnetons per atom), this value being based on the 
work of P. Argyres and C. Kittel, Acta Met. 1, 241 (1953). The 
magnetic induction in this experiment was 19.0 kilogauss, corre 
sponding to P,=0.0680. 

19H. A. Bethe, Proc. Roy. Soc. (London) A150, 129 (1930). 

©. Klein and Y. Nishina, Z. Physik 52, 853 (1929). 


tion in the iron. Schopper"™ has shown the first of these 
last assumptions to be valid, and has estimated the 
reduction in observed asymmetry because of polari- 
zation dependent effects after scattering. However, in 
computing our final results we have assumed, on the 
basis of Schopper’s work, that absorption effects reduce 
the observed asymmetry coefficient by a factor of 0.97. 

The integrals in expression (1) must be evaluated 
numerically, an extremely lengthy computation. The 
calculation is greatly facilitated if the multiple scatter- 
ing of the positrons is omitted, a procedure which 
introduces an error of less than 5% in our case. At first 
sight it is surprising that this approximation is valid; 
however, the reduction of longitudinal polarization of 
the positrons because of the scattering is counter- 
balanced by an increase of detection probability for 
the highly polarized annihilation quanta emitted at 
small angles with the positron momentum. The estimate 
of 5% accuracy is based on evaluations of the full 
integral for a limited number of selected positron 
energies and directions and photon directions. With 
the multiple scattering excluded, we evaluated the 
simplified integrals, for initial positron energy 1.2 Mev, 
with the aid of a digital computer. The result found, 
with the error taken as 5%, is A = (0.0267+0.0013) P. 


IV. DISCUSSION 


Combining the experimentally determined asym- 
metry coefficient given in Sec. II with the calculation 
of Sec. III, we obtain, for the initial longitudinal 
polarization of 1.2-Mev ©" positrons, P(v/c) 
= (+0.7340.17)v/c. The error quoted is the standard 
deviation of the experimental data, and does not include 
an allowance for the uncertainty in calculation discussed 
in Sec. III. The sense of the experimentally observed 
asymmetry indicates that the positrons have right- 
handed polarization, that is @-p is positive. 

Although complete polarization, P= 1, is not excluded 
by these results, the evidence for this conclusion is less 
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substantial than might be desired. We have searched 
unsuccessfully for additional sources of background 
which could lower the observed asymmetry. In addition, 
as discussed in Sec. III, we have sought to take ap- 
propriate account of all effects which could lower the 
calculated result. 

Positron polarization in two other presumed Fermi 
transitions has been measured. Both Ga*® and C\l* 
have been studied by Deutsch et al.,? whereas Frankel 
et al. and Hanna and Preston’ have examined only 
Ga®. The presumption that the ground-state transition 
from Ga® is a pure Fermi transition rests on measure- 
ments of the magnetic moment”! of Ga® and on the shell- 
model assignment of even parity. The case of Cl* is 
similar to O"", in that S*, Cl*4, and A* should form an 
isotopic spin triplet. Since the ft value for the Cl* 
transition is the same as the O" ft value,’ this view is 
well supported. If we consider our results on O" and 
those of Deutsch ef al. on Cl together, then the 


21 Hubbs, Nierenberg, Shugart, and Worcester, Phys. Rev. 
105, 1928 (1957). 
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AND HOPKINS 
direct experimental evidence for full polarization in pure 
Fermi transitions is even less conclusive. 

We have attempted to make a direct comparison 
with a pure Gamow-Teller transition by studying 
positron polarization in the decay of another nuclide 
at the same energy (1.2 Mev) as in our O" experiment. 
Very few suitable isotopes exist; in fact, only C’ seems 
to fulfill our experimental conditions. Unfortunately, we 
have been unable to produce this isotope in sufficient 
quantities to make practicable a study of positron 
polarization. 
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The partial (y,p) cross section of carbon in which the residual boron nucleus is left in the ground state 
has been measured with a thin-crystal proton spectrometer. This cross section is shown to decrease from 
about 10 mb at the giant resonance peak (22 Mev) to about 0.1 mb near 60-Mev photon energy. Angular 
distributions measured at five energies exhibit an asymmetry around 90° which increases rapidly with 
increasing energy. The partial cross section to the first excited state of boron is (7+16)% of the ground-state 
cross section. The partial cross section to one or more excited states of boron about 5 Mev above the ground 
state is comparable with the ground-state cross section above 30-Mev photon energy. In addition to the 
cross-section data, the measurements provide a sensitive means of calibrating the energy scales of electron 


accelerators at energies in the 25- to 50-Mev region. 


INTRODUCTION 


HOTONUCLEAR cross sections for a_ specific 
photon energy are difficult to measure because the 
measurements must usually be made with the con- 
tinuous bremsstrahlung spectrum. For this reason, and 
also because highly selective experimental conditions 
are not generally used, most photonuclear experiments 
measure average properties of the photonuclear effect. 
For example, photoneutron cross sections measured 
either with a total neutron counter or by counting 
radioactive residual nuclei are total cross-section meas- 
urements, summed over the excited states of the residual 
nucleus. Indeed, if a total neutron counter is used, only 
the sum (y,2)+2(y,2n)+(y,"p), +++: is measured. 
A great deal of useful information has been obtained 
from this type of experiment, and considerable success 
has been achieved in explaining the results on the basis 
of statistical models. However, for light nuclei the 
statistical model should fail, and we expect the shell 
model to give more accurate descriptions. Since the 
low-lying excited states of light nuclei are well separated 
in energy, it is possible to measure partial cross sections 
for (y,p) reactions which leave the residual nucleus in a 
particular state, by using a proton detector of reasonable 
energy resolution. These partial cross sections should be 
calculable using the shell model. 

In this experiment the reaction C!*(y,p)B!! has been 
studied in the energy range above the giant resonance 
peak. The technique used a CsI thin-crystal spec- 
trometer which, with careful control of the bremsstrah- 
lung energy, allowed the measurement of the partial 
cross section for producing a proton and leaving the 
residual B" nucleus in its ground state. This partial 
cross section has been measured as a function of angle 
and energy in the ranges 30° to 150° and 22 Mev to 
58 Mev photon energy. 

A preliminary experiment has been reported pre- 
viously.! The present results are more reliable and 


* This project was supported by the U. S. Atomic Energy Com- 
mission. 

1S. Penner and J. E. Leiss, Bull. Am. Phys. Soc. Ser. II, 3, 56 
(1958). 


extensive. Agreement with the preliminary results is 
satisfactory. 


EXPERIMENTAL METHOD 


The experimental arrangement is shown in Fig. 1. 
The bremsstrahlung beam from the National Bureau 
of Standards synchrotron, collimated to 2.5-inch diam- 
eter, strikes a thin polyethylene or polystyrene target. 
The target and detector are placed in vacuum to 
eliminate background due to photoprotons produced in 
air and to reduce proton energy loss so that the lowest 
energy protons can reach the detector. 

The detector consists of a 0.0064-inch thick by 13-inch 
diameter CsI crystal mounted on a Lucite light pipe 
connected to an RCA 6199 photomultiplier. A thick 
1.25-inch diameter brass collimator is placed in front of 
the crystal to reduce edge effects. The crystal and light 
pipe are covered with aluminum foil. 

A very thin crystal was chosen to reduce background 
from electrons. For a thick crystal the pulse heights 
from electrons and protons of a few Mev are com- 
parable. When the crystal is very thin, the electrons go 
through the crystal without losing much energy. Thus, 
for thicknesses below about 0.010 inch, the electron 
pulses are much smaller than the proton pulses of 
interest. This fact allows operation of the proton de- 
tector in a very high electron flux with practically no 
background, 

The light pipe forms a vacuum seal at the front of 
the can containing the photomultiplier. Thus, the 
phototube is in an air environment, eliminating the 
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Fic. 1. Plan view of experimental arrangement. 
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Fic. 2. Relative pulse height as a 
function of the energy of a proton 
incident on the CsI crystal. The range 
in g/cm? versus energy for CsI is 
assumed equal to that for silver. Pulse 
heights greater than Vo» are due to 
protons in the energy range F; to EF». 
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problems of operating high-voltage systems in vacuum. 
High voltage and signal leads from the phototube come 
out of the vacuum system in a flexible air tight hose. 
The signal is fed to a cathode follower which drives the 
linear amplifier of an RCL 256-channel analyzer. The 
amplifier output goes to a linear gate circuit. The pulses 
are passed through the linear gate if they are large 
enough, and then go to the analyzer for pulse-height 
analysis. The linear gate is needed to remove from the 
spectrum the very large number of small pulses caused 
by electrons striking the detector, which would other- 
wise jam the analyzer causing a large loss of good 
counts. 

If a proton has enough energy to pass through the 
crystal, the pulse height is a decreasing function of 
energy because of the decrease of the rate of energy loss. 
Figure 2 shows the pulse-height output as a function of 
the energy of the proton incident on the crystal. It is 
seen that all pulses above a preselected level Vo are 
due to protons in the energy bin E; to £2. If an absorber 
is placed between the incident protons and the detector, 
the energy bin determined by Vo is shifted to higher 
energies. In practice the energy bin is determined by 
the target thickness, the amount of aluminum absorber 
placed in front of the detector, the pulse-height-energy 
relation (Fig. 2), and the pulse-height resolution of the 
detector. If all pulses larger than Vo are counted, the 
efficiency n(£) for detecting a proton of energy E is 
just the average over x of the probability that a proton 
of this energy originating at depth «x in the target and 
heading toward the detector, produces a pulse height 
greater than Vo in the detector. For angular distribution 
measurements the angle between the detector and the 
plane of the target is kept constant at 45°. This means 
that the target thickness seen by the detector is always 
the same, so the efficiency 7 is very nearly independent 
of the detector angle. 


The resolution of the detector is about 10% of the 
energy lost in the crystal and is thus usually almost 
negligible in determining the efficiency since most of the 
initial proton energy is lost in the absorbers. The resolu- 
tion was measured with an alpha particle source and 
was assumed to be the same (in terms of percent resolu- 
tion) for protons because a series of tests showed that 
the main contribution to the resolution non- 
uniformity of light collection from different parts of the 
crystal. We estimate that errors in the efficiency due to 
imperfect knowledge of the energy resolution are less 
than one percent. The other factors entering into the 
efficiency are based on the range-energy relations for 
protons, which are very well known.? Uncertainties in 
the measured cross sections due to errors in the efficiency 
are believed less than 3%. Efficiency curves calculated 
for each of the ten absorbers used in the experiment are 
shown in Fig. 3. Table I gives the target and absorber 
thicknesses used. 


was 


TABLE I. List of absorber and target thicknesses. 


Absorber 
(mg/cm? 
aluminum) 

2.6* 
68.9 
134.9 
201.2 
268.1 
465.7 
731.5 
993.2 13 
1324 13 
1658 13 


Absorber 


number Target 


24.04 mg/cm? polystyrene 
a mg/cm? a 

7.19 mg/cm? polystyrene 
47.19 mafeut pdcioeiee 
68.98 mg/cm? polystyrene 
135.4 mg/cm? polyethylene 
135.4 mg/cm? polyethylene 
5.4 mg/cm? polyethylene 
4 mg/cm? polyethylene 
A mg/cm? polyethylene 


a ee ee) 


Nyoee 


5 
5 


wn 


* This is the thickness of the aluminum foil covering the face of the CsI 
crystal. 


*We use the range-energy data given by W. A. Aron, Uni 
versity of California Radiation Laboratory Report UCRL-1325 
(unpublished). 
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Fic. 3. Proton detection effi- 
ciency n(E). The curves are 
labelled with the appropriate ab- 
sorber numbers. The major con- 
tribution to the width of the curve 
is due to the target thickness. The 
sudden changes in efficiency be- 
tween adjacent curves are due to 
changes in target thickness. Target 
and absorber thicknesses are given 
in Table I. 
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To measure angular distributions, the target and 
detector are rotated together about a point centered in 
the x-ray beam. Angles are set to an accuracy of better 
than +}3°. Because of the large size of the target and 
detector, the angular resolution of the system is about 
15° full width at half-maximum. Results are corrected 
for the finite angular resolution. 

The detection system is calibrated with a RaD alpha- 
particle source to determine the pulse-height level Vo. 
The ratio of alpha-particle pulse height to proton pulse 
height at the same energy is taken to be 0.59.3 A calibra- 
tion was taken at the beginning and end of each day’s 
runs. Drifts of about one percent over a day were 
observed. The calibration was checked by comparing 
the observed proton spectrum with a calculated spec- 
trum based on the observed cross section and detector 
resolution. The comparison is shown in Fig. 4. It should 
be noted that the shape of the spectrum at large pulse 
heights is very sensitive to the energy resolution of the 
detector while the cross-section measurements are not. 
The spectrum tip shape is also much more sensitive to 
the calibration of the detection system than is the cross 
section. The agreement of the observed and calculated 
curves of Fig. 4 is good. An uncertainty in the cross 
section of less than 5% is indicated. 

Because of the strong discrimination of the detector 
against electrons, no background was observed except 
at x-ray energies above 50 Mev. Even then, the back- 
ground was negligible except when cross sections below 
0.02 mb/sterad were observed. This background was 
shown to be caused by the pileup of many electron 
pulses occurring at nearly the same time. At forward 
angles, where the electron flux was highest, it was 
sometimes necessary to reduce the x-ray intensity to 
eliminate the background. 

3 Bashkin, Carlson, Douglas, and Jacobs, Phys. Rev. 109, 434 
(1958). 
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For all of the work presented in this report, the 
synchrotron was operated with a 200-ysec x-ray yield 
pulse which terminated at the peak of the magnetic 
field. The x-ray pulse length is controlled by slowly 
turning off the voltage on the rf cavity and letting the 
electrons drift into an internal target. At these low 
energies there is not sufficient radiation loss to allow 
the x-ray burst to extend past the peak of the magnetic 
field. The total energy spread of the x-ray burst for 
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Fic. 4. Integrated pulse-height spectrum. Data taken at 06 
with absorber number seven. The solid curve is the calculated 
proton pulse-height spectrum. 
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(b) 

Fic. 5. Proton yield at 90° as a function of integrator setting. 
(a) Data taken with absorber number one. (b) Data taken with 
absorber number seven. The solid curves are the best-fit calcu 
lated yields assuming ground-state cross section only. 


these conditions is about 1%. The stability of the 
synchrotron operation was about 0.2%. 

The x-ray beam was monitored by a thick-walled 
aluminum ionization chamber which had been pre- 


AND J. E. L 


EISS 


viously calibrated in this laboratory.*® The calibration 
of this monitor is believed accurate to at least 3%. 


ENERGY CALIBRATION 


The present experiment began as an attempt to 
calibrate the synchrotron energy scale. The object was 
to obtain a relation between the setting of an integrator 
circuit and the corresponding peak bremsstrahlung 
energy in the region above 25 Mev where the usual 
method of calibrating energy by reaction thresholds 
cannot be used. We attempted to measure the threshold 
for detecting protons of a particular energy from the 
C!*(y,p)B" reaction. In order to define the correspond- 
ing photon energy, it is necessary to assume that part 
of the time the B"™ nucleus will be left in its ground 
state. 

Yield curves of proton counting rate as a function of 
integrator setting are shown in Fig. 5 for data taken at 
90° with absorbers number 1 and 7. The data in Fig. 5 
define a threshold very precisely if the shape of the 
yield curve is known. The yield curve as a function of 
energy is given by 


ko 
VY (ko) =C f a(k)n(E)N (ko,k)dk. (1) 


In this equation Y (ko) is the yield in protons per unit 
x-ray yield at peak energy ko; C is a constant depending 
on the target thickness and the detector solid angle; 
a(k) is the (y,p) partial cross section to the ground 
state of B"; n(£) is the efficiency function previously 
discussed; N(ko,k) is the normalized bremsstrahlung 
spectrum. In the present analysis we use the Schiff 
integrated-over-angles spectrum as tabulated by Pen- 
fold and Leiss.6 The relation between the proton 
energy E and the photon energy k& was calculated using 
relativistic two-body dynamics and a threshold energy 
for the ground-state transition of 15.95 Mev. 

If we assume that o(k) is a constant over the range 
in which n(£) is not zero, we can explicitly evaluate 
Eq. (1). Since the integrator setting is proportional 
to ko, at least over the small ranges shown in Fig. 5, 
we determine the energy calibration by fitting the 
calculated yield curves to the data. Since the magnitude 
of the cross section is not known, we must allow for 
arbitrary normalization. This amounts to making a 
two-parameter least-squares fit of Eq. (1) to the data. 

We recalculated the energy calibration using, instead 
of o(k)=constant, the energy dependence of o(k) given 
by a preliminary experiment.! The calibrations from 
these two assumptions were equal within 100 kev. The 
best fit curves of the second assumption are shown in 
Fig. 5. The two calibration points have statistical accu- 


4]. S. Pruitt and Steve R. Domen (unpublished results, 1958). 

5 Leiss, Pruitt, and Schrack (unpublished results, 1958). 

6A. S. Penfold and J. E. Leiss, University of Illinois Report, 
1958 (unpublished). 
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racy of 3%. Including possible errors arising from un- 
certainty in the energy dependence of the cross section, 
shape of the bremsstrahlung spectrum, calculation of 
the efficiency function, and other effects, the over-all 
accuracy of this calibration is about +1%. 

In Fig. 6 we plot the calibration points obtained. 
Calibration of the machine energy at higher energies by 
this method becomes increasingly difficult because of 
the rapid decrease of the cross section with increasing 
energy. Also shown are a point at higher energy based 
on the x meson threshold in C!? and a point at zero 
energy based on a pulser calibration of the integrator 
circuit. 


GROUND-STATE CROSS SECTION 


From the preceding discussion, we see that the yield 
curve measurements determine the ground-state cross 
section in addition to the energy calibration. They also 
show that the partial cross section to the first excited 
state of B!! (at 2.14 Mev) is much smaller than the 
ground-state cross section. 

In order to determine the amount of first-excited- 
state cross section, the data shown in Fig. 5 were 
fitted by the sum of a ground-state yield curve and a 
first-excited-state yield curve with arbitrary coefficients. 
The ratio of first-excited-state to ground-state cross 
sections implied by these fits were 0.07+0.19 for the 
1-foil data and 0,10+0.29 for the 7-foil data. Since this 
ratio depends on the details of the efficiency function, 
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Fic. 6. Synchrotron energy calibration. The point near 140 Mev 
is obtained from the C#(y,7°)C reaction. The point at zero energy 
is a pulser calibration. The intermediate points are from the 
present experiment. Uncertainty of each measurement is smaller 
than the size of the circles shown. 
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Fic. 7. C®(y,p)B" cross section at 90° as a function of photon 
energy. Circles are for the ground state and squares are for the 
low-lying excited states (assumed to be 5.03-Mev state). Uncer 
tainties shown are statistical only. The solid curve is the 75° cross 
section obtained from the data of Barber’? normalized to our 
data at 22.1 Mev. 


the same calculation was made for a_ preliminary 
experiment in which the efficiency function was con- 
siderably different from the present one. For those 
data the ratio was 0.00+0.61, at about the same energy 
as the present 7-foil data. Combining these three 
measurements, the average first excited state cross 
section is 0.07+0.16 times the ground-state cross 
section. 

Having obtained an energy calibration, and assuming 
that the partial cross section to the first excited state is 
zero, we may obtain the ground-state cross section at 
any energy by measuring one point on the yield curve 
with an appropriate absorber in front of the detector. 
In each case we assign the measurement to an appropri- 
ate mean energy, so that the result is nearly independent 
of the energy dependence of the cross section assumed 
for the purpose of calculating Eq. (1). The 90° cross 
sections obtained are shown in Fig. 7. 

The ground-state cross sections are quite insensitive 
to the assumption that the first excited state cross 
section is negligible. If the first-excited-state cross 
section is (7416)% as large as the ground state, as 
estimated above, the calculated ground-state cross 
sections are then about (4+8)% too high. 

The error in our calculated cross sections due to 
assuming an incorrect energy dependence depends 
primarily on the second derivative of the cross section 
with energy evaluated at the mean energy. The effect is 
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TABLE II. Ground-state cross sections. Differential cross sections are given in millibarns per steradian, 
the total cross sections in millibarns. 


Angle. Photon energy 


(deg) 


30 


37. 


45 
60 
i) 
90 
105 
120 
135 


142.! 


150 


Total cross section 


(Mev) 


5 


5 


22.1 


0.47+0.03 
0.52+0.03 
0.62+0.03 
0.72+0.04 
0.82+0.04 
0.83+0.03 
0.80+0.04 
0.64+0.04 
0.49+0.03 
0.46+0.03 
0.37+0.03 
8.13+0.13 


25.3 


0.25+0.02 
0.33+0.03 
0.31+0.03 
0.43+0.03 
0.41+0.03 
0.38+0.01 
0.32+0.02 
0.34+0.03 
0.20+0.02 
0.16+0.02 
0.15+0.02 
3.86+0.08 


30.7 


0.115+0.012 
0.120+-0.012 
0.166+0.014 
0.178+0.015 
0.149+0.008 
0.111+0.011 
0.077+0.010 
0.065+0.010 
0.041 +0.008 
0.0302-0.007 
1.38 +0.05 


38.2 
0.054+0.005 
0.066+-0.006 
0.069+0.006 
0.075+0.006 
0.0780.006 
0.045+0.003 
0.040+-0.005 
0.024+0.004 
0.012+0.003 
0.010+-0.003 
0.008 +-0.003 
0.54 +0.02 


48.2 


0.046+0.006 
0.052+0.007 
0.051-+0.007 
0.036+0.005 
0.021+0.002 
0.008 +0.004 
0.004+0.004 
0.006+0.004 
0.008+0.005 
0.000+-0.007 
0.30 +0.02 


negligible except at our lowest energy point which is 
near the peak of the giant resonance. In calculating 
this point, we assumed the energy dependence measured 




















: = 
cos 6 

Fic. 8. Ground-state angular distributions at five photon 
energies. The solid curves are least-squares fits (see text). The 
dashed curve with the 22.1-Mev data is proportional to 2+3 sin”, 
normalized to our data at 90°. The curves are labelled with the 
appropriate photon energy. Note that the cross-section scales are 
not all equal. Uncertainties shown are statistical only. 


by Barber.’ We obtain the same result assuming for the 
energy dependence a smooth curve through the data of 
Cohen ef al.8 The assumed shapes both have a giant 
resonance full width at half-maximum of about 3.6 Mev. 
Our calculated cross section at 22.1 Mev photon energy 
is inversely proportional to the assumed width of the 
giant resonance. 

To attempt to account for the above and other 
systematic uncertainties, we have assigned an uncer- 
tainty of 30% in addition to statistical uncertainties to 
the measurement at 22.1 Mev, and a corresponding 
15% uncertainty to all other points. 


ANGULAR DISTRIBUTIONS 


The cross section as a function of angle is proportional 
to the measured yield as a function of angle except for 
easily calculated geometrical factors. The difference 
between laboratory system and center-of-momentum 
system is negligible for this reaction in the energy 
region studied. The five measured ground-state angular 
distributions are shown in Fig. 8 and listed in Table IT. 
A small correction has been made for the finite angular 
interval covered by the detector by assuming that the 
measured angular distribution is approximately correct 
and performing a first order iteration. This correction 
was usually about 1% and was never more than 9%. 
The angular distributions obtained were fitted by 


do 


4 
(0)=>- a; cos'#, (2) 


dQ i=0 


where @ is the angle between the x-ray beam and the 
proton detector, using the least-squares method. The 
calculations were done on the National Bureau of 
Standards IBM 704 computer. The best fits are shown 
in Fig. 8. The coefficients ao, ---, a4 of the angular 
distribution are listed in Table III together with the 


7W. C. Barber (private communication). 
§ Cohen, Mann, Patton, Reibel, Stephens, and Winhold, Phys. 
Rev. 104, 108 (1956). 
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Taste III. Angular distribution coefficients. 


Photon energy, Mev 22.1 253 


0.832+0.021 
0.085+0.056 
—0.590+0.142 
—0.039+0.087 
0.059+0.179 


Coefficients of power series ao 
fit, Eq. (2) 


0.647 +0.010 
0.061+0.015 
—0.360+0.025 
—0.016+0.035 
0.013+0.041 


Coefficients of Legendre 
polynomial fit, Eq. (3) 


coefficients of the function 


do 4 
(0)=>° c,P1(cos8), (3) 


dQ i=0 


where P; are the Legendre polynomials, normalized 
such that 


1 2 
f P,?(x)dx= : (4) 
1 (2/+1) 


The coefficients of the Legendre polynomials are plotted 
as a function of incident photon energy in Fig. 9. Note 
that 4mco is the total cross section. 


EXCITED STATE CROSS SECTIONS 


The proton yield curves shown in Fig. 5 were extended 
to higher photon energies in an attempt to measure 
partial cross sections for leaving the residual nucleus in 
excited states.® The data are shown in Fig. 10. It can be 
seen that the calculated ground-state yield which is an 
excellent fit to the data for the first six Mev above 
threshold does not account for all the yield at higher 
energies. The excess yield must be due to transitions in 
which the residual nucleus is left in excited states. In 
particular, if we assume that all of the yield not due 
to the ground state is due to the excited state at 5.03 
Mev, we obtain the calculated yield curves shown in 
Fig. 10. This is the best fit that we can make by 
assuming only one excited state contributes, although 
a fairly good fit can also be made using the 4.46-Mev 
state instead of the one at 5.03 Mev. 

The magnitudes of 5.03-Mev state yield curves 
needed to obtain the agreement shown in Fig. 10 are 
used to calculate the partial cross sections to this state. 
Within the limits of resolution and precision of the 
experiment, we can only say that the cross section so 
calculated is approximately the sum of the partial cross 
sections for the low-lying excited states of B!. 

For absorbers other than those of Fig. 10, we obtain 
the excited-state cross section at 90° from a yield 
measurement at just one bremsstrahlung energy (~10 


®We assume the B" level scheme given by F. Ajzenberg and 
T. Lauritsen, Revs. Modern Phys. 24, 321 (1952). 


0.380+0.012 
0.145+0.041 
—0.100+0.095 
—0.101+0.064 
—0.199+0.125 


0.307 +0.007 
0.084+0.011 
—0.181+0.018 
—0.041+0.026 
—0.046+0.029 


30.7 38.2 48.2 
0.0208+0.0016 
0.0587 +0.096 
0.0442 +0.0202 

—0.0518+0.0179 

— 0.0577 +0.0327 


0.0490+0.0023 

0.0702+0.0077 

0.0134+0.0161 
—0.0575+-0.0120 
—0.0510+0.0211 


0.148+0.007 
0.112+0.022 
—0.081+0.051 
—0.114+0.040 
--0.056+0.073 


0.0240+0.0016 
0.0276+0.0035 
0.0035+-0.0067 
— 0.0207 +0.0072 
—0.0132+0.0075 


0.0433 +-0.0013 
0.0356+0.0020 
0.0202 +0.0033 
—0.0230+0.0048 
—0.0117+0.0048 


0.110+0.004 
0.044+0.007 
—0.086+0.013 
—0.045+0.016 
—0.013+0.017 


Mev above ground state threshold), in addition to the 
measurement which gives the ground-state cross section. 
The accuracy of the excited-state cross section meas- 
urement is not very good, largely because of the 
propagation of errors in the ground-state measurements 
and in the calculations. For this reason, the excited- 
state data for absorber number 0 was discarded as 
useless. The values quoted in Table IV should be 
reliable to about +50% in addition to the quoted 
counting statistics and are to be interpreted as the sum 
of partial cross sections for the low-lying excited states, 
with major contributions from the 4.46-Mev or 5.03- 
Mev state, or both. The results are plotted in Fig. 7. 
Although our proton yields can contain contributions 
from the (y,pm) process, measurements of ground-state 
and low-lying excited state cross sections are not 
affected because the (y,pm) threshold is 11.5 Mev above 
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Fic. 9. Coefficients (c:) of Legendre polynomials (P;) for the 
least-squares fits shown in Fig. 8 as a function of energy. Uncer 
tainties shown are statistical only. Where no uncertainty is shown, 
it is smaller than the size of the symbol. The smooth curves are 
for illustrative purposes only. 
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Fic. 10. Proton yield at 
90° as a function of photon 
energy. The uncertainties 
shown are statistical only. 
The solid curves are the 
best fits to the ground-state 
yields determined from the 
six points at lowest energies. 
The dashed curves include 
excited state contributions 
assumed to be from the B" 
state at 5.03 Mev. The 
excess at higher energies 
is probably due to the 
C®(y,pn)B reaction. (a) 
Data for absorber number 
one. (b) Data for absorber 
number seven. 
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the (y,p) threshold. It is quite likely, however, that 
some of the difference between observed yield and 
calculated yield in the 60- to 90-Mev region is due to 
this process. The measurements of Smith” indicate that 
the (y,pm) “‘pseudodeuteron” process does occur in this 
energy range with approximately the energy dependence 


seen here. 

Angular distributions were measured, using absorber 
number seven, at 58.9- and 88.3-Mev bremsstrahlung 
energy in addition to the measurement at 41.3 Mev 


TABLE IV. Excited state cross section at 90°.* 


Photon energy, Mev 4x (do/di2)go° millibarns 
30.9 1.0 +0.3 
33.6 1.4 +04 
35.8 0.3 +0.2 
38.0 0.8 +0.2 
42.2 0.7 +0.2 
48.5 0.5 +0.1 
53.3 0.2 +0.1 
58.3 0.06+0.06 
62.7 0.06+0.06 


® A 50% uncertainty in addition to the statistical uncertainty indicated 
is present in these results. 


10 J. H. Smith and S. I. Baker, Bull. Am. Phys. Soc. Ser. II, 3, 
172 (1958). 


which determined the ground state angular distribution. 
The fact that the angular distribution at the higher 
energies is very different from that measured at 41.3 
Mev confirms the conclusion that the proton yields at 
higher energies contain important contributions from 
excited-state transitions. 

By subtracting from the measured data at 58.9-Mev 
bremsstrahlung energy the ground-state angular distri- 
bution, renormalized by the ratio of calculated ground- 
state yields at 58.9 and 41.3 Mev, we obtain the angular 
distribution for the excited-state transitions. The result 
is shown in Fig. 11. Although the accuracy is poor, 
this angular distribution is very different from the 
ground-state angular distributions in the same energy 
range. The angular distribution at 88.3 Mev is very 
similar to the one at 58.9 Mev. 


CONCLUSIONS 


The C'*(y,p)B" partial cross section to the ground 
state of B'' has been measured over a wide range of 
energy and angle. The results show a high-energy 
“tail” above the giant resonance which extends to 
photon energies of at least 58 Mev. The angular distri- 
bution near the peak of the giant resonance (22.1 Mev) 
is rather similar to the 2+3 sin’@ distribution predicted 
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for the dipole resonance by the single particle model."! 
The observed deviation from this prediction is signifi- 
cant even near the peak of the resonance. This demon- 
strates the importance of non-electric-dipole contribu- 
tions to the cross section. The relative importance of 
the nondipole part increases rapidly with increasing 
energy, as shown by the increasing asymmetry of the 
angular distribution. 

The total cross section to the ground state at 22.1 
Mev, near the peak of the giant resonance, is 8.13 mb, 
somewhat lower than previously reported results.’:8 
The accuracy of the present measurement at this 
energy, however, is rather poor (~30%), largely be- 
cause of the sensitivity of the result at this energy to 
the detailed shape of the proton resolution function, so 
that we do not regard the disagreement as being serious. 
The uncertainty in our measurements at all higher 
energies is much smaller (~ 15%). 

The ground-state cross section which has_ been 
measured involves initial and final states which are 
completely specified. (The spins and parities of C!* and 
B' are known.) It should therefore be possible to 
calculate the cross section with a minimum of approxi- 
mations. This experiment should thus be a sensitive 
test of theory. For example, in a shell-model calculation, 
the wave functions would have to be quite accurate in 
order to provide a good fit to the data over the entire 
energy range. 

The cross section to the first excited state of B"™ is 
found to be much smaller than the ground-state cross 
section. This may be partly understood on the basis of 
intermediate coupling. If one decomposes the 8-nucleon 
p-shell configuration of C'* as given by Kurath"™ into 
sums of products of 7-nucleon terms and one-nucleon 
terms, the major contributions are from configurations 
in which the 7-nucleon “‘parent” has angular momentum 
J =%. There is a smaller contribution from parent states 
with J=4, and no other appreciable terms. Neglecting 
second order effects, the cross section must then involve 
B!! states which are parents of the C! configuration. 
Thus, the largest partial cross sections will involve 
J = states of B' (as the ground state), with smaller 
contributions from J=4 states (as the first excited 
state). 

1G. R. Bishop and R. Wilson, in Encyclopedia of Physics 
(Springer-Verlag, Berlin, 1957), Vol. 42, p. 341. 

2 Dieter Kurath, Phys. Rev. 101, 216 (1956). 
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Fic. 11. Angular distribution at 58.9-Mev bremsstrahlung 
energy using absorber number seven. The open circles are meas- 
ured values. The solid circles are obtained by subtracting 
the ground-state contribution. Uncertainties shown are statis 
tical only. 


If the above analysis is correct, then our data would 
seem to indicate that at least one of the states of B", 
at 4.46 or 5.03 Mev, has /=3#, because the cross section 
to the low-lying excited states is shown to be comparable 
with the ground-state cross section above 30-Mev 
photon energy. (These states would not contribute 
appreciably near the peak of the giant resonance be- 
cause the thresholds are too high.) 

A method for calibrating the energy scale of an 
electron accelerator has been developed. The method 
provides calibrations with an accuracy of better than 
one percent in an energy region where convenient re- 
action thresholds are not available as calibration points. 
The agreement of this calibration with previous calibra- 
tions of our synchrotron energy scale proves that it is 
indeed the cross section to the ground state of B", 
rather than some excited state, which has been ob- 
served, 
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The proton elastic scattering yields of silicon, chlorine, potassium, scandium, titanium, and manganese 
have been determined with respect to that from copper in the energy range 1.0-2.0 Mev at 150° laboratory 
angle. Two large resonances were found in silicon and two smaller ones in chlorine. The smooth regions of 


the curves do not vary significantly from the Rutherford values. 


I. INTRODUCTION 


HE investigation reported here was undertaken 

in connection with the program of analysis of 
the composition of surface layers of solids by proton 
scattering carried on at Stanford Research Institute. 
The quantitative analysis of surface constituents re- 
quires that the absolute cross section for elastic scatter- 
ing be accurately known. In addition to this rather 
specialized interest, the complete study of elastic 
scattering yields reveals the existence of the levels in 
the compound nucleus as well as information on the 
spins, parities, and partial widths of these levels. 

This group of elements was chosen to bridge the 
range between the very light elements which have been 
extensively studied, and the heavier elements, for 
which the proton scattering is essentially Coulombic 
up to 2 Mev. The principal purpose of these measure- 
ments was to determine the proton energies and the 
magnitudes of the deviations from Coulomb scattering. 

Large-angle proton scattering cross-section measure- 
ments have been made by a number of investigators for 
the abundant isotopes of the light elements up to 
aluminum as a function of energy up to 2 Mev. Reso- 
nances due to the interference between the wave 
functions for Coulomb-potential or Rutherford scatter- 
ing and the stationary states of the compound nucleus 
have been observed in these elements. Similar measure- 
ments by a number of investigators on copper show 
no detectable resonance effects in proton scattering 
up to 2-Mev energy, no doubt because 2-Mev protons 
are unable to approach the copper nucleus sufficiently 
close to interact with its nuclear fields. Elastic proton 
scattering on elements between aluminum and copper 
has been little studied. Ferguson and Gove! have 
investigated sulfur and have found resonances at 1.90 
and 2.31 Mev. The scattering cross section was approxi- 
mately Rutherford above and below these energies. 
Vorona, Haeberli, and Lewis report two 
resonances in silicon at 1.65 and 2.07 Mev.? To the 
authors’ knowledge no data have been published for 
the remaining elements in this region. 

This paper describes the experimental procedure 
and presents the results on the elastic scattering of 


Olness, 


1 A. J. Ferguson and H. E. Gove, Phys. Rev. 91, 439(A) (1953). 
2 Vorona, Olness, Haeberli, and Lewis, Bull. Am. Phys. Soc. 
Ser. IT, 2, 34 (1957). 


protons by silicon, chlorine, potassium, scandium, 


titanium, and manganese. 
II. EXPERIMENTAL PROCEDURE 


The proton beam from a 2-Mev Van de Graaff 
accelerator is analyzed and maintained homogeneous 
in energy to better than 0.1% by a 90° magnetic 
analyzer of 14.85-inch radius and }-mm entrance and 
exit slits. The beam is focused by an electrostatic lens 
to a spot }X2 mm in size on a target placed at the 
“object” position of a 180°, point-focusing magnetic 
spectrometer previously described.? The scattered 
protons were detected by a thin NalI(TI) scintillation 
crystal cemented to the face of an RCA-6810 phototube 
placed at the exit slit of the spectrometer. The inte- 
grator for the proton beam current is a modification 
of one described by Bouricious and Shoemaker‘ and 
is reproducible to 0.1% or better. The target is sur- 
rounded by an open-frame negative electrode to 
suppress secondary electron emission without obstruct- 
ing the incident or scattered protons. 

The magnetic fields of the analyzer and spectrometer 
are compared with each other or with a reference 
permanent magnet by means of a null balance flip 
coil. The energy scale of the analyzer magnet has been 
calibrated by observing the gamma radiation from a 
thin fluorine target (KF) at the 1.372-Mev resonance. 
The linearity of the analyzer fluxmeter has been checked 
by studying the excitation curves for Al’’(p,y)Si?* up 
to 1.3 Mev and the C”(p,p)C” resonance at 1.73 Mev. 

The principal problem in performing these investi- 
gations is the preparation of targets which are 
chemically and physically stable under proton beam 
bombardment. Pure elemental targets were used for the 
cross-section measurements on silicon, titanium, man- 
ganese, and copper. The compounds, NaCl, KF, and 
Sc.O; were used for chlorine, potassium, and scandium 
cross sections, respectively. The elemental targets, 
having high heat conductivities, easily dissipated the 
heat generated by the stopping proton beam. The salts 
and oxides, being poor heat conductors, did not dissipate 


3S. Rubin and D. C. Sachs, Rev. Sci. Instr. 26, 1029-1034 
(1955). 

‘G. M. B. Bouricious and F. C. Shoemaker, Rev. Sci. Instr. 22, 
183-184 (1951). 

5H. R. Fechter and S. Rubin, Rev. Sci. Instr. 26, 1108-1111 
(1955). 


1110 





PROTON ELASTIC SCATTERING CROSS SECTIONS 


this heat readily. This can cause vaporization or phase 
changes of target material, which in turn produces 
unwanted fluctuations in the scattered proton yields. 
The effect is not serious for KF, NaCl, and Sc.Ox3 for 
the beam intensities used in these experiments. How- 
ever, data taken on K2CO; and CaO, for example, are 
not reported here for the above reasons. The erratic 
behavior of CaO was probably due to solid-state phase 
changes since little vaporization can occur below 
2570°C, a temperature probably not attained. 

The protons accepted by the spectrometer are 
scattered from a lamina located below the surface of the 
target, and therefore are of lower energy than the 
primary proton energy. The fractional energy loss is 
determined from the ratio of the spectrometer field to 
the analyzer field, which ratio was maintained constant 
for all primary energies for a given element. The 
fraction of the incident proton energy lost before 
scattering varied from 0.066 for copper to 0.022 for 
chlorine. 
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Fic. 1. The ratio of the thick-target elastic proton scattering 
yield of elemental silicon to that of elemental copper at 150° 
laboratory scattering angle. 


The solid angle, 2, and the resolution, R;, of the 
spectrometer can be calibrated by proton scattering 
from a polished copper target. It has been shown that 
this cross section has an E~* dependence between 1 and 
2 Mev, i.e., the cross section is given by the Rutherford 
formula. We have found that a latera] displacement of 
the beam may occur when the beam energy and electro- 
static focus are changed. This displacement produces a 
change in the solid angle of the spectrometer. The most 
reliable method of eliminating an error from this cause 
is to compute 2 at each setting of the analyzer magnet 
by running copper concurrently with each other 
element. The various targets investigated are mounted 
such that by raising, lowering, or rotating the target 
holder, the orientation of all targets with respect to the 
beam and spectrometer is very nearly the same. In this 
manner, any error arising from a displacement of the 
beam on each target is avoided. 
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Fic. 2. The yield ratio between metallic manganese and metallic 
copper for elastic scattering of protons at a laboratory angle 
of 150°. 


III. CALCULATIONS 


The data obtained in this work are presented in plots 
whose ordinates are the yield from element j divided by 
the yield from copper, and whose abscissa are the proton 
energy in the laboratory system at the lamina of 
scattering in the lighter element (7). On this type of 
plot, the yield ratio is a horizontal straight line if both 
differential cross sections are exactly Rutherford. 
Copper was chosen as a reference material because (a) 
its elastic scattering cross section for protons is well 
known to be resonance-free and Rutherford for protons 
from 1 to 2 Mev, (b) this material can be prepared in a 
highly polished, stable form for targets, and (c) its 
stopping power for protons is accurately known. 

The form of the Rutherford formula used in the 
calculation is 


do 1.296 10-77 A+1\? 
( ) * a( ) cst( 
dQT rR 1g A 


where (do/dQ)r is the Rutherford differential cross 
section in cm? per atom per steradian, E, is the labora- 
tory proton energy in Mev at the lamina where scatter- 
ing takes place, Z is the atomic number of the target 
material, A is the mass number of the target material, 
and @ is the scattering angle in the center-of-mass 
coordinate system. 

Having obtained the Rutherford cross sections for 
each element of interest, the thick-target (any target 
in which the energy loss in the target is greater than 
the energy interval accepted by the spectrometer) 
yield (Y;) to be expected can be obtained from 


do\ 2QN Eo 
(OF 
dQ R € css 
ny 1 
(ut os), 
i Nn; k; 


Y; is the yield observed by the spectrometer counter, 
Q is the spectrometer solid angle in steradians (center- 
of-mass system), do/dQ is the differential scattering 
cross section in the center-of-mass system, Eo is the 
incident proton energy in the laboratory system, €;1 
and €jz are the stopping cross sections of atoms of type 7 


where 
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3. Proton elastic scattering yield ratio between elemental 
titanium and elemental copper at 150° laboratory angle. 
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Fic. 4. The proton elastic scattering yield ratio between 
scandium in Sc,O3 and elemental copper at 150° laboratory 
scattering angle. 


for protons of energy E, (energy before scattering) and 
energy E» (energy after scattering), respectively, k; is 
the ratio of the proton energy after scattering to that 
before scattering, VV is the number of protons incident 
upon the target, R, is the momentum resolution of the 
spectrometer, p/Ap, mij) is the atomic fraction of 
element i(j) in the thick target. Atomic stopping cross 
sections for calculating €.¢¢ were obtained from the 
compilation of Fuchs and Whaling.® 

Equations (1) and (2) were used to calculate the 
expected yield ratio for each element j with respect to 
copper, assuming both had Rutherford scattering cross 
sections. This calculated Rutherford yield ratio is shown 
as a dotted line in each yield curve (Figs. 1 through 
6). 


IV. EXPERIMENTAL RESULTS 


Figures 1 through 6 show, as a function of incident 
proton energy, the ratio of the thick target yield of 
each of six elements relative to that from copper, 
respectively, at 150° laboratory scattering angle. 

Observations were made at intervals increasing from 
9.5 kev at 1 Mev to 14 kev at 2 Mev for the majority 
of the points, and in intervals § this size in the neighbor- 
hood of the narrow resonances. The resolving power 
p/Ap of the spectrometer was 560 for all these 
experiments. 

Because of the way in which the data were taken, the 
laboratory proton energy at which scattering took place 
in copper is some constant fraction lower than the 
corresponding energy before scattering in the other 
element. Therefore, the yield curve as plotted is lower 
by the fraction (Ecu/£;) than would have been the case 


®6R. Fuchs and W. Whaling. “Stopping Cross Sections,” 
Kellogg Radiation Laboratory, California Institute of Technology 
(unpublished compilation of stopping power data from published 
literature up to October, 1953). 
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for exactly equal proton energies in the two elements 
before scattering. However, the calculated Rutherford 
yield ratio shown in each curve was corrected for the 
above effect. Therefore, the curves in Figs. 1 through 6 
show accurately (within experimental error) the 
departure of each element’s differential elastic scatter- 
ing cross section from Rutherford. 


1. oO 


Figure 1 shows the results from proton scattering 
ona polished surface of elemental silicon (semiconductor 
grade).’? The two pronounced resonances arise from the 
Si** nucleus (abundance 92.14%) because the dip below 
the Rutherford yield level is far too great (to 42% and 
83% of Rutherford cross section, respectively) to be 
the result of scattering on Si” (abundance 4.73%) or 
Si® (abundance 3.13%). This is not to say that Si? 
and/or Si® are not possibly contributing to each 
resonance by the accidental coincidence of excitation 
levels in P® and P*! with those in P**. However, the 
probability of such a coincidence is small. 

Table I gives the various parameters associated with 
each resonance. The practical upper energy limit of 
our accelerator at the time the experiments were 
performed prevented our delineating the high-energy 
side of the resonance at 2.07 Mev. However, we assume 
that the peak was reached and are basing the level 
width estimation on that assumption. 

The work of Vorona, Olness, Haeberli, and Lewis? 
reported recently is in good agreement with the present 
work in the overlapping energy region. Their experi- 
ments extend from 1.40 to 3.80 Mev whereas ours 
include the region between 0.980 and 2.08 Mev. A very 
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Fic. 5. The ratio of proton elastic scattering by chlorine to 
that by copper for NaCl and elemental copper targets, respec- 
tively. The laboratory scattering angle is 150°. 
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Fic. 6. The yield of potassium in KF divided by the yield 
of copper in copper metal for elastic scattering of protons at 150° 
in the laboratory frame. 


7 This material was very kindly supplied by Shockley Semi- 
conductor Laboratories of Mountain View, California. 
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small resonance may exist at 1.00 Mev but it was not 
possible to reproduce it consistently. 


2. Mn, Ti, and Sc*® 


The results of proton scattering from polished 
metallic manganese, polished metallic titanium, and a 
pressed disk of Sc.,O; (all targets of greater than 99% 
purity) are shown in Figs. 2, 3, and 4. These reactions 
are grouped together because none of them show any 
pronounced resonances and all of them exhibit cross 
sections very close to Rutherford. The statistical 
uncertainties for each target are shown at the center 
and both extremities in the energy scale. It is apparent 
that many weak resonances are possibly present, at 
least in titanium and manganese. However, experiments 
at much greater resolution and at smaller energy 
intervals will be necessary to quantitatively observe 
these resonances. Some of the variations (in excess of 
the statistical variation) were possibly due to the non- 
reproducible operation of experimental apparatus. 
However, the well-behaved nature of portions of the 
scandium, potassium, silicon, and chlorine curves 
indicate that the fluctuations of manganese and 
titanium are probably real. 


3. Cl 


Two peaks appear in the intensity of protons elastic- 
ally scattered from chlorine in sodium chloride targets 
(Fig. 5). There is no evidence as to which of the two 
chlorine isotopes are responsible for the resonance in 
each case. The numerical parameters for each resonance 
are shown in Table I. 


4.K 


Figure 6 shows the scattering yield data for potassium 
versus copper. Although two possible resonances exist 
at 0.96 and 1.85-Mev proton energy, they are indistinct 
and one can say that the potassium scattering cross 
section is essentially nonresonant for an experiment of 
this resolving power. 


V. DISCUSSION 
The energy scale upon which the values in Table I 


are based was found to be about 0.5% lower than one 


TABLE I. Parameters for four resonances observed in silicon 
and chlorine elastic proton scattering yields at 150° laboratory 
angle. 





Level 

width 

in kev 
(approx) 


Binding energy 
of last proton 
in excited 
nucleus 


Excitation 
energy 


Excited 
nucleus 


Proton energy 
Target at resonance 


Si 65 od 
Si* 07 i 


4 60 
4 30 
, t 20 
Cl : ? 70 


4.314 
4.721 


2.72 
2.72 
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TABLE IT. Theoretical values of the expression (J+ 4)P:(cos151°) 
for several energy-level types. 

(J +4) Pi(cosi51°) 


Energy-level type 


1.00 
0.83 
7 
1.08 
1.62 
0.58 
0.78 
0.48 
0.59 


Si 
P, 
P; 
D; 
D; 
Fs 
F, 4 
Gi 
Gs 


SNH SNH BS ww SS 


later determined using the 1372-kev resonance in the 
F'’(p,ay)O'* reaction. Therefore, the proton energies 
at resonance are probably low by 0.5%. However, since 
the energy scale inaccuracy is of the same order of 
magnitude as the momentum window of the spec- 
trometer no correction was applied to the data. 

There are certain conclusions which can be drawn 
from the scattering data on the 1.65-Mev resonance in 
Si*’, Laubenstein and Laubenstein® describe the analysis 
of elastic scattering of protons with O' which applies to 
proton scattering on all spin zero nuclei. We use Eq. 6 
in reference 8, namely 


AL (oman) hae Car) V] = (J+ 3) Pi (cos6), (3) 


where A is the DeBroglie wavelength of the proton of 
energy equal to the resonance energy, Omax ANd omin are 
the maximum and minimum differential cross sections 
observed in the resonance fluctuation, J is the total 
angular momentum of the energy state exhibiting 
resonance, P;(cos@) is the appropriate Legendre 
polynomial, and @ is the scattering angle in the center- 
of-mass system. 

The right side of this equation gives theoretical values 
to be matched with experimentally observed values of 
Omaxy Smin, and A. Table II gives theoretical values for 
various possible energy level types under the experi- 
mental conditions of this work (151°, 1.65 Mev). The 
experimental values are 1.88 using the plus sign and 
0.63 using the minus sign in the left side of Eq. (3). 

Since the higher momentum states are less likely to 
be excited at these proton energies, we take the state 
with the lowest momentum which gives agreement with 
1.88 or 0.63. This is obviously P;. This is the same 
assignment given this level by Newton in studies of 
resonances in the reaction Si**(p,y)P” (reported by 
Endt and Braams’). 


VI. SUMMARY 


The only unambiguous data on nuclear energy levels 
obtained in this work was for silicon-28, All the other 
elements except chlorine show no definite structure at 


8R. A. Laubenstein and M. J. W. Laubenstein, Phys. Rev. 84, 
18 (1951). 

9P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 
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the resolution of these experiments (~10 kev). No 
decision could be made as to which isotope of chlorine 
is responsible for the two resonances observed. It 
appears worthwhile to investigate manganese, titanium, 
and potassium at high resolution inasmuch as resonance 
structure is very likely present in these elements. 
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Energy levels of B® have been investigated by the B'(He’,a) B® reaction. Alpha-particle groups leading to 
the ground, 2.37-Mev and 2.83-Mev states of B® have been found. There is no evidence for any well-defined 
state between the ground state and 2.37-Mev state of B®. The O'*(He?,a)O" reaction has been studied in the 
neighborhood of 5-Mev excitation in O'§ and excited states have been found at 5.247- and 5.195-Mev energy 


in O¥,” 


INTRODUCTION 


HE energy levels of Be® have been the subject of 
many recent studies.' It is of interest to compare 
the level structure of the mirror nuclei Be’ and B’, 
especially because of the unusual properties of the 
1.75-Mev state in Be*. Prior to the present investiga- 
tion, the ground state and a state near 2.33 Mev in B® 
had been firmly established,?~* while a state in the 
vicinity of 1.4 Mev had been suggested.‘ 

The energy level scheme of N® is well known from 
precise measurements of the N'(d,p)N' reaction,! 
while the O” levels below the threshold for N“+ p have 
been studied only by N'(d,n)O™ and by gamma-ray 
cascades! which do not provide resolution comparable 
to the (d,p) work. From a comparison of the N'® and 
O! energy-level schemes it would be expected that 
there should be two levels in O" just above 5 Mev corre- 
sponding to the 5.276- and 5.305-Mev states in N™. 
The O'*(He’,a)O" reaction was employed in order to 
resolve these levels. 


THE B* MEASUREMENTS 


For both experiments singly charged He* ions were 
accelerated by the Kellogg Radiation Laboratory 3- 
Mv electrostatic accelerator and were selected in energy 


+ Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

*On leave from The “J. Stefan” Institute, 
Yugoslavia. 

1 F, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. (to be 
published), 

2 F, Ajzenberg and W. W. Buechner, Phys. Rev. 91, 674 (1953). 

3 Almqvist, Allen, and Bigham, Phys. Rev. 99, 631 (A) (1955). 

4 Marion, Bonner, and Cook, Phys. Rev. 100, 91 (1955). 

5 J. B. Reynolds and K. G. Standing, Phys. Rev. 101, 158 
(1956). 
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by an electrostatic analyzer. The reaction products 
were analyzed by a 16-inch double-focusing 180° mag- 
netic spectrometer and detected by a 0.003-inch thick 
CsI (TI) scintillator. 

In the B® experiment a 96% enriched B" target ap- 
proximately 20 ug/cm? thick, evaporated on a tantalum 
backing, was used. An observation angle of 131° in the 
laboratory system was chosen in order to reduce the 
alpha-particle energy below the 10-Mev limit of the 
magnetic spectrometer. Alpha-particle spectra were 
taken at 2, 2.5, and 3 Mev He’ energy, of which the 
3-Mev spectrum shows the most pronounced structure 
(Fig. 1). Alpha-particle groups were found leading to 
the ground state and to excited states of B® at 2.37 +0.02- 
Mev and 2.83+0.03 Mev (based on the assumed 
ground-state calibration). The shift of these excited- 
state groups with angle is consistent with their assign- 
ment to a level in B®. A possible contribution of alpha 
particles in the region of the 2.83-Mev state from the 
B" (He’,a)B"® reaction due to B™ contamination of the 
target was excluded by the measurement of an alpha 
spectrum with a B" target. The B" reaction does not 
show any yield in this region. The width of the 2.37-Mev 
state was measured separately with improved resolution 
and was found to be 80+15 kev, while the 2.83-Mev 
state width is about 300 kev. There is no indication of 
a level between the ground and 2.37-Mev states. To 
investigate excitation energies of B® between 4 and 7 
Mev, the alpha spectrum was taken with the spectrom- 
eter at 90°. No sharp level was observed in this region. 

The 2.37-Mev energy value for the state in B® es- 
tablished in this experiment is in agreement with the 
2.33-Mev value‘ for the threshold of the same state, 
assuming the measured 80-kev width for this state. To 
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obtain the energy of a level from threshold measure- 
ments, half of the level width should be added.* The 
existence of a broad level in B® corresponding’ to the 
suggested 3+, 1.75-Mev level in Be® is not completely 
excluded by these measurements. There is a continuous 
alpha background which increases smoothly with ex- 
citation energy and a broad, weakly-excited state be- 
tween the ground and 2.37-Mev excited states would 
be hard to observe. The continuous alpha spectrum may 
be due to a three-body disintegration, for example as 
described by Lane and Thomas.® This high background 
also prevents the observation of broad levels of B® 
above 4 Mev. These results are in agreement with 
similar unpublished work at the Rice Institute.® 


THE O'* MEASUREMENTS 


In spite of the negative Q-value of the O'*(He*,a)O™ 
reaction for the region of excitation near 5 Mev in O%, 
it is possible to separate alpha particles from scattered 
He’ nuclei at forward angles. At an incident He’ energy 
of 3 Mev and at angles smaller than 45° in the labora- 
tory system, the alpha-particle groups leading to the 
region of interest have kinetic energies higher than 
2.25 Mev, while the scattered He’ particles have about 
3 Mev. Because of the different charge to mass ratio of 
the He*** and He*** ions, 3-Mev He’ ions are focused 
at the same magnetic field as 2.25-Mev He? ions. With 
increasing observation angle the alpha-particle energy 
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FLUXMETER MILLIVOLTS 


Fic. 1. The alpha-particle spectrum from the B'(He',a)B? re- 
action at 3-Mev He’ energy and 131° magnet angle. The groups 
are designated by the corresponding state of the residual nucleus 
emitted with the alpha particles. In addition the alpha group 
from O'*(He*,a)O! and deuteron group from B(He',d)C" reac- 
tions are present. The fluxmeter millivolt readings are inversely 
proportional to momentum/charge. 


6 J. B. Marion (private communication). 

7D. W. Miller, Phys. Rev. 109, 1669 (1958). 

8 A. M. Lane and R. G. Thomas, Revs. Modern Phys. 30, 257 
(1958). 

®D. Sweetman (private communication). 
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Fic. 2. The alpha-particle spectrum from the O!*(He,@)O" and 
C®(He’,a)C" reactions at 3-Mev He® energy and 15° magnet 
angle. The fluxmeter millivolt readings are inversely proportional 
to momentum/charge. 


drops faster than the scattered He*-particle energy and 
the He* and He‘ groups overlap. 

A second limitation in choosing the magnet angle is 
imposed by the C”(He*,@)C" reaction which is produced 
in the unavoidable carbon contamination of the target. 
The alpha-particle group leading to the first excited 
state of C" has about the same energy as the alpha 
particles leading to the region of interest in O!%. A good 
separation of the oxygen and carbon groups is possible 
at angles smaller than 35° in the laboratory system. 

Because of contamination of the He* gas supply and 
the ion source used in this experiment with hydrogen 
and deuterium, molecular HD* ions were present and 
these contaminated the He** singly charged beam even 
after magnetic and electrostatic analysis. In the target 
the 3-Mev HD* ion breaks into 1-Mev Ht and 2-Mev 
D* ions. The 2-Mev deuteron group is focused at the 
same magnetic field as are 4-Mev alpha particles, but 
because of the high Rutherford scattering at forward 
angles, the multiply-scattered deuterons form a con- 
tinuous background over the range of magnetic fields 
corresponding to alpha particles below 4 Mev. Because 
pulse-height analysis of the scintillation counter spec- 
trometer did not provide sufficient separation between 
alpha particles and deuterons to count alpha particles 
alone, a carbon foil, about 20 wg/cm? thick, was mounted 
above the electrostatic analyzer in order to produce a 
clean He® beam. Singly charged He*+ and HD* ions, 
passing through the foil were thus broken up into H*, 
Dt, and He*** ions of different energies, which could 
easily be separated by the electrostatic analyzer. 

In this experiment two different oxygen targets were 
used: SiO evaporated on a carbon foil!® and an Al,O;- 
foil target prepared by anodizing aluminum." Both 
targets were about 20 kev thick for 3-Mev He? ions. 


1 The foils were made by Mr. J. Stevens, following the method 
of D. E. Bradley, Brit. J. Appl. Phys. 5, 65 (1954). 

The foils were made by Mr. K. Bardin, with a method similar 
to that of K. Strohmaier, Z. Naturforsch. 6a, 508 (1951). 
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With the clean He* beam, alpha spectra were taken at 
35°, 25°, and 15° in the laboratory system. The 15° 
spectrum is shown in Fig. 2. In addition to the alpha 
group from the C(He’,a)C" reaction leading to the 
first excited state of C", two closely-spaced groups of 
alpha particles were observed. The energy shift of the 
two groups with angle was consistent with the assign- 
ment of these two groups to the reaction O!*(He*,a)O", 
but because of the small permitted change in angle the 
N!*(He’,a)N" and O!"(He’,a)O"* reactions could not be 
excluded by this measurement. However, the intensity 
ratio of the two alpha groups from the two different 
oxygen targets was the same, implying that both alpha 
groups were due to reaction products of oxygen iso- 
topes. Ascribing the observed alpha groups to the 
O!*(He*,a)O" reaction, the cross section at 15° in the 
laboratory system is 0.5+0.2 mb/steradian for the 
stronger group and 0.06+0.02 mb/steradian for the 
weaker one. On the other hand, if the observed groups 
are ascribed to the O!”(He*,a)O"* reaction, a cross sec- 
tion of the order of 1 b/steradian is required. Since so 
large a cross section is very improbable for (He*,a) re- 
action at these energies, the identification of these 
groups as leading to excited states of O'* seems 
established. 
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The magnetic spectrometer was calibrated by the 
observation of elastically scattered protons of known 
energy, and the excitations of the two excited states in 
O' were found to be 5.195 +0.01 Mev and 5.247 +0.01 
Mev assuming the 4.923-Mev Q-value! for the 
O'*(He’,a)O"® ground state. These values are to be 
compared with 5.276 and 5.305 Mev in N!*. The 
separations are 52+5 kev in O! and 29 kev in N?. 
Because of the possibility of fairly large level shifts, 
further work will be necessary to identify correspond- 
ing members of the pairs of levels. In addition the ex- 
citation of the first excited state of C" was found to be 
1.990 +0.01 Mev using the same method of calibration. 

These results are in agreement with recently reported 
O'*(He’®,a)O" work carried out by the Harwell group.” 
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A calculation using two equivalent f;/2 particles and adding surface effects to the two-body interaction 
is reported. The effects of increasing the strength of (a) the surface interaction and (6) the two-particle 
interaction are computed. The qualitative regularities observed in even-even nuclei in the so-called vibra- 
tional region are obtained and the agreement is somewhat better than that with the pure vibrational model. 
In contrast to earlier calcaulations, these results can give a spin of 2+ for the second excited state, as often 
observed. The calculated ratio of B(#2; 2’ — 2) to B(E2; 2-0) is less than 1.0. The appropriate values 


of the deformation parameters x are less than 1.0. 


I. INTRODUCTION 


S more experimental information is obtained, the 
regularities observed in even-even nuclei are 
becoming more obvious. In the region 150< A <185 and 
A> 225, these regularities are the especially simple ones 
characteristic of rotational spectra,! and are explained 
with great accuracy by the Bohr-Mottelson strong- 


coupling collective model.?* In order to examine the 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Present address: Department of Physics, State University, 
College on Long Island, Oyster Bay, New York. 

1A. Bohr, Rotational States of Atomic Nuclei (E. Munksgaard, 
Copenhagen, 1954). 

2A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. Sel- 
skab, Mat.-fys. Medd. 27, No. 16 (1953). 


collective behavior which is also exhibited by even-even 
nuclei outside these two regions,‘~’ the weak-coupling 


3A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 14 (1952). 

4G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 

5 An excellent survey of the experimental situation and of the 
theoretical results in the “near harmonic” or ‘vibrational’ 
region is given by G. Scharff-Goldhaber, Proceedings of the 
University of Pittsburgh Conference, June 6-8, 1957 (unpub- 
lished), pp. 447-479, 506-507. 

6C. A. Mallmann, Proceedings of the Second Unuted Nations 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1958), paper No. 1971, 
and private communications. 

7D. M. Van Patter, Bull. Am. Phys. Soc. Ser. II, 3, 212 and 
360 (1958); J. Franklin Inst. 226, 411 (1958), and private com- 
munications. 
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solutions of the Bohr-Mottelson collective model? have 
been examined.‘ This calculation looks promising in 
over-all characteristics and well worth investigating in 
more detail.§ This is the object of the present work. 


II. REVIEW OF PREVIOUS WORK AND 
PRESENT CALCULATIONS 


A review of much of the experimental information on 
even-even nuclei and the associated theoretical work 
with weak coupling is contained in the review article by 
Alder, Bohr, Huus, Mottelson, and Winther.’ The 
original theoretical analysis of “vibrational” spectra‘ 
assumed that the surface interaction that leads to col- 
lective effects was much smaller than the direct inter- 
nucleon interactions. The resulting spectrum was essen- 
tially a true vibrational one, based on the four-particle 
state with J=0, and the two-particle interaction did 
not affect the calculation appreciably. Recently, the 
assumption has been made that the two-particle forces 
may be considered infinite by comparison to the col- 
lective effects, which results in a pure vibrational 
spectra.*° However, Ford and Levinson," who also 
examined the effects of weak and intermediate coupling, 
conclude that interparticle forces are small compared 
to surface effects for this type of calculation and 
therefore are not included in their work. The present 
results show that none of the above assumptions are 
necessary to fit the experimental results. 

The approach in this paper is to examine the results 
when a weak or intermediate surface interaction is 
added to the typical two-particle interaction. The 
effects of increasing (a) the strength of the surface 
interaction and (b) the strength of the two-particle 
interaction are computed. The energy levels, wave 
functions and interesting y-ray transition rates were 
calculated using the explicit configuration (7/2)? with 
J=0, 2, 4, and 6, and the two-body interaction found 
suitable” for Ca‘. This calculation included surface 
interaction to account for the collective effects but 
neglected configuration interaction, which is found!" 
to be very small in Cl®*, K*, and Ca. While the calcu- 
lations are for a specific nucleus, the general features 


are instructive and the qualitative results probably are 


5A preliminary report of the present results has been given 
by the author, Bull. Am. Phys. Soc. Ser. II, 3, 224 (1958). An 
explanation for these regularities has also been proposed in 
terms of a Bohr-Mottelson strong coupling model with “y-un- 
stable potential.” See L. Wilets and M. Jean, Phys. Rev. 102, 
788 (1956). An interesting modification and extension of that 
work has also appeared. The energy levels and transition rates 
of an asymmetric top model of the nucleus were computed as a 
function of y by A. S. Davydov and G. F. Filippov, Nuclear 
Phys. 8, 237 (1958). 

® Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 

0G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 976 
(1956) ; see also P. H. Stelson and F. K. McGowan, Phys. Rev. 
110, 489 (1958). 

11K. W. Ford and C. Levinson, Phys. Rev. 100, 1 (1955). 

12 J. B. French and B. J. Raz, Phys. Rev. 104, 1411 (1956). 

13S. P. Pandya and J. B. French, Ann. phys. 2, 166 (1957). 
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typical and will be applied generally, even outside the 
fzj2 shell, in this paper. 

The results of the theoretical calculations show that 
for small deformation, i..e, x<0.7, the two-particle 
interaction plays a vital role in determining the 
spectrum. For almost all choices of the parameters, the 
spectrum has features like a pure vibrational one. In 
detail, the results are as follows: 


(1) The ground state is always 0+. 

(2) The first excited state is always 2°. 

(3) The second excited state is almost always com- 
posed of a level of spin 2+ and another of spin 4* in a 
close doublet, lying at about twice the energy of the 
first excited state. 

(4) The second 0* level lies higher in energy than the 
second excited state. 

(5) For a quite reasonable strength of the two-body 
interaction, 

(a) the second 2+ level lies below the 4* level for 
xS0.7; 

(b) the first excited state shows qualitatively the 
same decrease in energy with increasing values of 
B(E2;0— 2) as is observed in experiments ; 

(c) the reduced y-ray transition probability, B(£2), 
is much larger for the direct transitions, 2’— 2 and 
2—0, than for the cross-over transition, 2’—0 
(where 0 denotes the ground state, 2, the first excited 
state, and 2’, the second state with spin 2); 

(d) the M1/£2 transition rate, 7(M1)/T(£2), is less 
than one for the 2’ — 2 transition for typical values of 
Z, E,, and A, both for two protons and two neutrons 
in the f7/2 shell; 

(e) the values of B(E2; 2’ — 2)/B(E2;2— 0) vary 
from 0 to a maximum of about 1, as contrasted with a 
value of 2 predicted by the pure vibrational picture.® 


Thus, the calculations indicate that many of the 
qualitative regularities observed in even-even nuclei in 
the vibrational region can be obtained with an appro- 
priate choice of two-body interaction coupled with a 
small amount of surface interaction. The agreement is 
better than that obtained with a pure vibrational 
spectrum and resolves the problem of having 2+ for 
the spin of the second excited state. Measurements of 
B(E2; 2' > 2)/B(E2; 2-0) would indicate which cal- 
culations are in agreement with experiment, since the 
results of this work give values less than one for this 
ratio, while the vibrational picture gives a value of two.® 
Sufficient experimental evidence is not yet available on 
these transition rates.®7 


III. DETAILED DESCRIPTION OF PRESENT 
CALCULATIONS 


A more detailed description of the calculations 
follows, including a description of the nuclear Hamil- 
tonian, the basis wave functions, and the evaluation of 
the matrix elements of this Hamiltonian. The Hamil- 
tonian can be divided into (a) the shell-model part, //, 





1118 B. 


and (6) the surface-interaction part, H,. The system 
treated is that of two equivalent f7/2 particles coupled 
with phonons, quanta of surface excitation. 

Since we are using equivalent particles and radial 
wave functions of harmonic-oscillator type, the form 
of the two-body interaction alone determines the energy 
levels for AT (i.e., for this problem #=constant = H,»). 
The two-body interaction,” 


H 2o/hw= 3D 3— 1-02 | exp(—r/r,?), 
with ry~2.7X10-" cm, (1) 


which was found suitable for Ca“, was used here. Any 
two-body interaction which results in the same splitting 
for the two-particle levels will give the same results. This 
was a convenient choice for Hz but has little significance 
as far as the final results are concerned. This is given in 
units of tw, the basic energy unit of surface oscillation. 
The value of D suitable for Ca*® is Dhw=1 Mev. The 
techniques and formulas are standard” for the evalu- 
ation of Hyp. 

The surface-interaction part of the Hamiltonian, and 
the techniques which are used for its evaluation, are 
treated thoroughly by Ford and Levinson" so that the 
details are omitted here. Briefly, 


‘ 
H/hw=$§4+D  ub,*b,— (hw2C)*§ S Rr.) (Gi+Gi'), (2) 
i=! 

where (1) b,* and 0, are the creation and destruction 
operators for phonons of spin S (where S=2), and 
Sz=u; (2) k(r;) is the radial function for the ith nucleon 
that determines the strength of the coupling; (3) fw is 
the energy of a phonon; (4) C is the surface-deformation 
parameter in the surface potential energy; (5) G,' is the 
Hermitean conjugate of G;; and (6) G;= doy b, V2, (6,0;), 
where Yo,(6;,¢;) is the normalized spherical harmonic 
of the angular coordinates of the ith particle. 

It is convenient to follow Bohr and Mottelson? and 
introduce the variable 


x=k(5/16rjhwC)', 
where k=(/|k,|). This variable, x, can be compared with 
the variable, K, used by Goldhaber and Weneser': 
xhw = (K/0.67) (5/827)! 
or, for j= 43 and fw=0.75 (the value used by Goldhaber 
and Weneser*), «=0.47K. 


Since we are using symmetric phonon wave functions 
and antisymmetric nucleon wave functions, the equation 


\ 
(>> k(r)(Gi+-Gi')|)= NC R(ry)(Gvt+Gy')|) (3) 


i=l 


is valid. Also >-, 6,*b, is equal to P, the number of 
phonons in the state. The constant 3 is of no importance 
in this calculation and is omitted. Thus H, can be 
written as 


(| H,|)/ho= P—N (8x j/5)'x(|(Gyt+Gyt)|). (4) 
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The basis wave functions used are | J RP(J)) in which 
two nucleons of spin $ are coupled to give a spin of J; 
P phonons of spin 2 are coupled to give a spin of R; 
and then J and R are coupled to give a total spin of I. 
The nucleon part of the wave functions is antisym- 
metric under interchange of nucleons, and the phonon 
part is symmetric under interchange of phonons. 

The matrix elements of Gy, and thus of H,, are easily 
evaluated. They are 
(JRP(I)|Gw|J'R'P’(1)) 

= (—1)J+®—W (JRI'R’; 12)--- 

X(J|| V2(N)||J’)(PRI|b' P’R’), (5) 
where the reduced matrix elements designated by the 
double bar are defined by Racah."“ The value of 
Pe ig may ye, Pic 
(j’\ Y2(N) 7) for one nucleon" is found from 


Uy 7 Voll 9) 
= (—1)*'[(2j+1)(2j’+1)/4e 1Cy,-472, (6) 


where the C;,_;’*" are tabulated by de-Shalit.!® For- 
mulas (8), (10), and (11) in reference 11 gives NV times 
the value of this quantity for more than one nucleon. 
The value of (|/b!!) is obtained from 


(PR\\b\\ P'R’)=8p-, p-1(—1)®’-*P(2R+1) } 
x(P—1R'|PR), (7) 


where the (P—1 R’| PR) are the coefficients of frac- 
tional parentage (to be called CFP’s) for symmetric 
phonon wave functions. These CFP’s are identical with 
the space-symmetric orbital CFP’s for /= 2, 


((d)?- 17’ | @)FLy\(L'= R’, = R), 


which were tabulated by Jahn" for P<4. The phase 
is arbitrary and is chosen here to agree with Choudhury’ 
and Jahn." The values of (PR|'b| P—1 R’) are tabulated 
in Table I. Note that in reference 11 the phase factor 
(—1)*’-* is not included in the definition of (|'b'). 

The matrix elements of G' are immediately evaluated 
since 


(JRP(I)|Gyt| J’R'P’(1))=(J'R'P' (1) |Gy | JRP(1)). 


The matrix elements of the Hamiltonian were evalu- 
ated, and the Hamiltonian matrices for 7=0, 2, 4, 6 
were diagonalized by the Applied Mathematics Divi- 
sion, Argonne National Laboratory. This was done for 
the variables x=0 to x=4, D=0.2; x=0 to 1.5, D=1.0; 
and D=0 to D=4, x=1.0. Since the computers avail- 
able cannot handle a matrix larger than 20X20, these 
calculations could extend only up to a maximum of 
three phonons of surface excitation for 7=2, 4, 6. 


4G. Racah, Phys. Rev. 62, 438 (1942). 


15 J. B. French, lecture notes, University of Rochester, 1954 
(unpublished). See also reference 11 and A. R. Edmonds, Angwar 
Momentum in Quantum Mechanics (Princeton University Press, 
Princeton, 1957). 

16 A. de-Shalit, Phys. Rev. 91, 1479 (1953). 

‘7H. A. Jahn, Proc. Roy. Soc. (London) A205, 192 (1951). 

18 J), C. Choudhury, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 28, No. 4 (1954). 
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Even then a few of the small terms had to be omitted. 
To check the validity of this cutoff at three phonons, 
the matrix for J=0 was diagonalized both for a maxi- 
mum of three phonons and for a maximum of four 
phonons. 

The lowest two eigenvectors for the matrices with 
1=0 and J/=2 were also computed, and these were used 
to calculate B(#2) for the y-ray transitions 2— 0, 
2'— 0, and 2’— 2; and also 7(M1) for the 2’—> 2 
transition. 

The formula for B( #2), which is easily obtained from 
the definitions in reference 2, is 

(I ;| M (20) | Z;) : 
se M (2)||T;)|*= - , (8) 


| Cupu,lti | 
and if only collective effects are considered, 
I; M (20)|7;) 


3ZeR? hw \} 
= [Carom)! Ble oa 


dir ae JRPR'P! 


K(I; 


* K (1;,JR'P’)| 
XWCRTR'T;; J2)(PR'\b! P'R’)] 


~1)¥-R-1/(27,41)) 


+the same expression with (7;RP@ /;R’P’), (9) 


where A (/,/ RP) is that amplitude of the wave function 
for which J+ R=I and R is formed by P phonons. 

A similar formula can be obtained for B(M1) (see, 
for example, reference 2): 


B(M1)= |(7;| M(10) | 7;) ‘Cupm ITs |? (10) 


where M(10) is the operator defined as 


M (10) = (3/49) }uol grRt+>d g.8'+d.; gl, (11) 


TaBLE I. Double-barred reduced matrix elements for the 
destruction operator of a phonon, 6,. In this table | RP) stands 
for the symmetric wave function of P phonons coupled to give a 
total spin R. 
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Fic. 1. Experimental values of B(E2)/Z?Bsgp(E2) for the 
transition from 0* — 2* in even-even nuclei vs the energy Ee of 
the first excited state. The quantity Bgp(£2) is the value corre 
sponding to the prediction of the single-particle shell model and 
is set equal to e&X3X 1075448 10-48 cm‘, the dashed curves just 
connect the points. (Data taken from Table I of reference 10 
and Table IV.2 of reference 9.) 


where gr~Z/A, and 
g-=5.585 and g,=1 for protons, 
g,= —3.826 and g,;=0 for neutrons. 


Thus the calculated values of B(/2) and B(M1) are 
easily obtained once the wave functions (i.e., eigen- 
vectors) are known. 


IV. BRIEF ‘SUMMARY OF EXPERIMENTAL 
REGULARITIES 


The experimental regularities found in the vibra- 
tional spectra*~* include: 

(a) The ratio of the energy of the second excited 
state to that of the first is about 2, varying from about 
1.5 near the magic numbers to about 2.5 far from them. 
Those nuclei that have either closed neutron shell or 
closed proton shell have the ratio less than 2 and have 
the spin sequence 0*, 2+, 4*, as predicted by shell- 
model calculations.” As the values of Z or V move away 
from the magic numbers (the value for closed shells) 
a second spin-two level moves close to the spin-four 
level and comes below the four level.’ In this region the 
above ratio increases from the shell-model value of 
about 1.5 to a value of about 2.2 or 2.3, while the energy 
of the first excited state decreases. In the vibrational or 
near harmonic region the ratio is about 2.2, with the 
energy of the second 2+ level being slightly lower than 
that of the 4+ level for most cases.°-* As the rotational 
region is approached, a different trend is noted. The 
ratio becomes larger reaching a value of 10/3 in the 
rotational region, and the energy of the second 2* level 
again moves higher than the energy of the 4* level.° 

(b) It appears that for a large number of even-even 
nuclei there is a strong correlation between B(/2; 2-0) 
and F» the energy of the first excited state. This cor- 
relation has been expressed as B(/2; 2 — 0) being pro- 
portional to Z?£;-'4 by Van Patter’ and as F equals to 
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Fic. 2. The computed variation of the energy levels as a function 
of the deformation parameter x. The calculation is for the con- 
figuration (7/2)? and assumes D=0.20 and includes collective 
effects. 


11+320 exp(—5.1Z2) by Mallmann.* [B(£2;2-— 0) 
~FR,'.] Since the knowledge of how the parameters 


of the theory vary with atomic number is not known, 
the present calculations do not account for this system- 
atic behavior. Attempts at obtaining these observed 
regularities have been unsuccessful. 

A less general correlation is also observed for a fixed 


value of Z. In Fig. 1, the experimental values of 
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Fic. 3. The com- 
puted variation of 
the energy levels as 
a function of the 
deformation param- 
eter x. The calcula- 
tion is for the con- 
figuration (7/2)? and 
assumes D= 1.00 and 
includes collective 
effects. 
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B(E2)/Bsp(E2)Z? are plotted as a function of the 
energy, E2, of the first excited state for those values of 
Z for which more than two isotopes have been measured. 
For these, the single-particle transition rate, Bsp(E2), 
is set equal to 3e2K 10-°A*X 10~** cm‘. Since different 
elements presumably have different parameters asso- 
ciated with their deformability, each value of Z requires 
a separate plot. It is most encouraging to see that the 
general trend is the same for each value of Z. The gross 
features of this trend are easily understood since in 
moving away from a closed shell, , becomes smaller 
and collective effects become larger, so B(E2;2— 0) 
increases as E» decreases. 

(c) The £2 gamma-ray transitions between neigh- 
boring levels are greatly enhanced so that the crossover 
transition from the second excited state to the ground 
state is much smaller, in general, than the transition 
from the second to the first excited state. In addition, 
the ratio of M1 to £2 is often less than one in the tran- 
sitions between the two levels with /=2. 
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Fic. 4. The computed variation of the energy levels as a function 
of D, the parameter that gives the relative strength of the two- 
body interaction. The calculation is for the configuration (7/2)? 
and assumes x= 1.00 and includes collective effects. The arrows 
indicate the values of D used in Figs. 2 and 3. 


V. DISCUSSION OF THE THEORETICAL RESULTS 

We examine first the variation of the spectrum when 
the strength of the two-body interaction is changed 
(i.e., what happens when D is varied). Two interesting 
features immediately emerge from the calculations. For 
D<0.4, the energy of the first excited state increases 
with « and the second excited state is 4* for all values 
of x (see Fig. 2). This is easily understood by noting 
that the pure two-particle states lie much below the 
second J=2 state which is a one-phonon excitation of 
the (3)?J=0 state. As D is increased, the second J=2 
state becomes lower than the /=4 state and begins to 
repel the first J=2 state. Thus for D>0.5 the energy 
of the lower J=2 state decreases as x increases for 
x<0.7 (see Fig. 3). As D becomes larger than 1.3 ,the 
states with J=2 exchange character, with the J=2 
one-phonon state becoming the first excited state. This 
is a complex transition region, but as D approaches 4, 
the spectrum again becomes very simple and actually 
becomes very similar to a true phonon vibrational 
spectrum, and the second excited state has J=4. Here 
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only the ()?J=0 two-particle state is involved, since 
the other two-particle states are much higher in energy. 
The results in reference 4 would correspond to D~4. 
The above comments apply only for «<0.7, since as x 
becomes greater, the effect of D becomes negligible and 
the surface interaction becomes the dominant effect. 
This is shown in Fig. 4 where for x=1 the spectrum is 
almost independent of D. The case D= © corresponds 
to a pure rotational spectrum. For all values of D, and 
for x 20.25, the energy of the second excited state is 
about twice the energy of the first excited state, as 
observed experimentally. 

To study the variation of the spectra with x, Figs. 2 
and 3 are useful. In Fig. 2, D was set equal to 0.20 so 
that at x=0 the two-particle no-phonon states are well 
separated from the one-phonon states. As « increases, 
the different levels begin to mix and the spectrum 
becomes more complex. Note, however, in Fig. 5, that 
for x 20.25, the energy, E2’, of the second state with 
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Fic. 5. The calculated ratio of the energies FE, of the excited 
states to the energy EF, of the first excited state vs x for D=0.20. 


I=2 is about double the energy, /2, of the first state 
with J=2. This same ratio holds for /4/F, for all 
values of x. In Fig. 3, in which D was set equal to 1.0, 
the spectrum is much more complicated. The second 
state with J=2 lies below the state with 7=4 for 
«<0.7, and the energy of the first excited state de- 
creases with increasing deformation. Upon closer 
examination of the spectrum for D=1.0 between x=0 
and x=0.7, we find that it fits the experimentally 
observed regularities as shown in Fig. 6, where E2'/Eo, 
F,/E, and E,/E,’ are plotted. This choice of D=1 
corresponds to a not unreasonable choice of parameters. 
If the first excited state for x=0 and D=1.0 is put at 
1.5 Mev, then fw would be equal to 2 Mev. 

The variation of B(£2;0— 2) with x and D is 
displayed in Fig. 7. Here we note that B(E2;0— 2) 
is a sensitive function of « but does not vary appreciably 
with D. Thus B(E2;0— 2) is a good measure of the 
collective effects present. Note also that large values of 
B(E2;0— 2) may be obtained for x~0.5, which is a 
rather modest deformation. The value of B(#2;0— 2) 
predicted for a one-phonon transition in the true vibra- 
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Fic. 6. The varia- 
tion, with x, of the 
calculated ratio of 
the energies E; of the 
excited states to the 
energy Ez of the first 
excited state, and of 
the ratio of Ey to Ee’, 
the energy of the 
second state with 


I=2, D=1.00. 


Eve, 
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tional picture is indicated by the arrow on the scale of 
Fig. 7. 
The ratios 
B(E2; 2'— 0)/B(E2;2-0), 


B(E20 2' — 0)/B(E2; 2’ — 2), 
and 
B(E2; 2! => 2)/B(E2;2-—0) 


are displayed in Figs. 8 and 9. Note in Fig. 8 how the 
crossover transition 2’—>+0 rapidly decreases as x 
increases in agreement with the small observed experi- 
mental values. The values in Fig. 9 are to be compared 
with the prediction of 2.0 for the vibration model.® 

In Fig. 10 the variation of 


T(M1; 2’ > 2)/T(E2; 2’ 2) 


with x is displayed. This ratio is proportional to 
C/hwE,Z*ro'A' and Fig. 10 shows the values for a 
typical set of these quantities. Note the rapid decrease 
of the M1 transition with x for both neutrons and 
protons. This is in agreement with experimental results 
where 2 is larger than M1 for this transition. 

Figure 11 is a plot of the energy of the first excited 
state as a function of B(E2;0— 2)/Z?Bsm (£2) for 
D=1.0 and x<0.7. This curve agrees qualitatively with 
the experimental results displayed in Fig. 1. 

Thus for D=1.0, the systematic experimental 
features are obtained theoretically. In Tables II and 














Fic. 7. Calculated curve of B(E2)/Bsy(£2) vs x for the tran 
sition 0*—> 2+. The reduced transition probability B(#2) is 
computed on the assumption that Z=20 and (tw/C)=0.10, and 
Bgm(E2) is the shell-model value for the transition 0* — 2°. 
The solid curve is for D=0.20; the dotted curve is for D=1.00. 
The arrow indicates the value of B(E2)/Bsgm (£2) for a pure one 
phonon transition. [For this transition, Bgy (#2) is about equal 
to Bgp(E2). ] 
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Fic. 8. The calculated 
ratios of (a) B(E2; 2'-0) 
to B(E2; 2-0), and (b) 
B(E2; 2'>0) to B(E2; 
2’—2) as a function of the 
deformation parameter x, 
for D=1.00. 


Fic. 9. The calculated 
ratio of B(E2; 2’-2) to 
to B(E2; 2-0) as a func 
tion of the deformation pa- 
rameter x, for D=1.00. The 
pure vibrational model gives 
a value of 2 for this quan 
tity.® 
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III, the eigenfunction of the lowest level with 7=0 is 
tabulated for various values of D and x. The complex 
nature of this eigenfunction can be clearly seen. As x 
increases, the states with 2 and even 3 phonons become 
important; but as D increases, the opposite effect takes 
place for this state. As D tends to infinity, the ampli- 
tudes of the phonon-excitation states go toward zero. 
Thus this ground state forms the base level of a true 
vibrational spectrum. 

For the eigenfunction with J=2, the behavior is 
more complicated since the lowest two levels mix very 
strongly as D approaches 1.3, and the lower level has 
more one-phonon states in it. This is the cause of the 
increase in B(£2;0— 2) in Fig. 7 as D goes from 0.20 
to 1.0. 


Fic. 10. The calculated 
ratios of the y-ray transition 
probabilities T7(M1; 2’—2) 
to T(E2; 2’-2) for two 
neutrons and for two 
protons as a function of the 
deformation parameter x, 
for D=1.00. This quantity 
T (M1; 2'—2)/T(E2; 2’—2) 
is proportional to 

(C/I E2Z2r98!2A 4/3) 
and for this graph the fol- 
lowing values are used: 
fw=0.10C, E,=1 Mev, 
Z=30, ro=1.41X10-" cm, 
A=66, and also the col- 
lective g factor gr=}. 
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Now the validity of these calculations must be 
examined. The neglecting of configuration interaction is 
justified by results” * around A=40 and by the as- 
sumption that collective effects include some of the 
effects due to configuration interaction. The validity of 
the cutoff at three phonons is thus the only other main 
point to be discussed. Figure 12 shows the effect of 
including four phonons in the calculation. The dif- 
ference is less than 10% for the lowest eigenvalues for 
x<2.0; therefore, since the main region of interest is 
for x<0.7 our results should be quite adequate. Note, 
however, that the calculation of the second lowest level 
is not nearly as accurate and deviates appreciably from 
the four-phonon solution. This makes the energy of the 
second 0* level at x=0.5 for the three-phonon solution 
14% higher than for the four-phonon solution. The 
same type of effect should be taken into account for 
levels with J= 2+, and thus any correction would bring 
the second 2+ level down compared to the lowest 4+ 
level, and thus tend to improve the agreement with 
experiment. Unfortunately, the four-phonon solution 
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Fic. 11. Calculated values of B(E2; 0-2)/Z*Bsm(E2), as- 
suming C=10/w, p otted as a function of Es, for D=1.00 and 
0<x<0.7. This is to be compared with the experimental values 
in Fig. 1 since there Bgy (E2)=Bsp(E£2). 


for 1=2 involves diagonalizing a 40X40 matrix and 
does not seem to be a profitable undertaking at present. 
In summary, the theoretical results show that 


(a) for x>0.25 and all values of D, the second 2+ 
state and the lowest 4+ state are at about twice the 
energy of the first excited state; 

(6) for D<0.4, the energy of the first excited state 
increases with « and the second excited state has spin 
4+ for all values of x; 

(c) for D>0.4, the energy of the first excited state 
decreases as x increases, and when D=1.0 the energy 
of the second 2+ level is lower than that of the 4* level 
for x<0.7; 

(d) for x>1.0, the spectrum becomes almost inde- 
pendent of D; 

(e) the transition probability, B(E2;0— 2), is a 
rapidly increasing function of x even for small x and 
does not depend sensitively on D; 

(f) for D=1.0, and x«<0.7, the calculated variation 
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of B(E£2;0— 2) with E» is similar to the observed 
variation for a given value of Z; 

(g) for D=1.0 and x>0.35, the observed selection 
rules involving y-ray transitions can be obtained, 
namely, the direct transitions are favored over the 
crossover transition, and 7(M1)/T(E2) is less than 
one for the 2’ — 2 transition. 


VI. CONCLUSIONS 


The observed regularities in even-even nuclei in the 
“vibrational” region can be explained by combining 
interparticle and collective interactions. The general 
features of vibrational spectra are also found for situ- 


ations far removed from the vibrational picture 


TABLE II. Eigenvalues in units of hw and wave functions for 
the lowest J=0 level for D=1.00 and various values of x, the 
deformation parameter. 
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TABLE III. Eigenvalues in units of Aw and wave functions for 
the lowest 7=0 level for x=1.00 and various values of D, the 
parameter that measures the relative strength of the two-body 
interaction. 
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assumed by Scharff-Goldhaber and Weneser.4 Indeed 
the best fit to the observed regularities occurs in the 
region of true intermediate coupling where both inter- 
particle and collection interactions are important. 
These calculations agree quite well with the observed 
level spacing and y-ray transition rates. The spin of 
the second excited state is 2+, with a 4 state at slightly 
higher energy, as often observed experimentally. The 
recent measurement” of an £0 transition in competition 


19 T, R. Gerholm and B. G. Pettersson, Phys. Rev. 110, 1119 
(1958). 
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Fic. 12. The two lowest jg} 
eigenvalues for J =0 plotted 
as functions of x, the defor- 
mation parameter, assum- 
ing D=0.20. The solid 
curves include not more 
than 4 phonons of excitation, 
the broken curves include 
not more than 3 phonons of 
excitation. Note that the 
scale has been inverted so 
that the upper curves are 
the lowest eigenvalues. 
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with M1 and £2 has made this quantity of theoretical 
interest. Further calculations are in progress to deter- 
mine the theoretical values of the £0 transition prob- 
ability. 

The pure vibrational picture is thus not necessary 
to explain even-even nuclei. A better fit to the observed 
regularities is obtained when interparticle forces are 
included with the collective effects. 

These conclusions are based on the assumption that 
choosing different shell-model states would not appre- 
ciably change the theoretical results. This assumption 
has been explored in the limit of no interparticle forces 
and weak surface coupling by Ford and Levinson." 
Their results indicate that for even-even nuclei, the 
general behavior does not change with shell-model con- 
figuration. This is also qualitatively true for inter- 
particle forces.” Thus it seems reasonable to apply these 
results beyond the f; shell, keeping in mind that in 
that region the agreement is qualitative and that for 
detailed quantitative results other similar calculations 
must be performed for other shell-model configurations. 
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A method is given for the area analysis of resonance neutron self-indication experiments including con- 
sideration of the effects of energy resolution, wing area, energy dependence of neutron flux, »~! term in the 
capture cross section, potential scattering, detailed treatment of Doppler broadening, and scattering events 
preceding capture in the detector sample. The essential result of this measurement alone is nearly the peak 
total cross section of the Doppler broadened resonance (viz., 1Vo/Wo!) which with approximate knowledge 
of T gives or. Experimental results are given for eleven resonances below 200 ev in silver, and they are 


compared with results obtained by other methods. 


HE majority of experiments to measure the 
Breit-Wigner parameters of neutron resonances 
have employed neutron detectors whose sensitivity was 
essentially constant over a resonance. At low-neutron 
energies where the experimental resolution is good 
enough to measure the detailed shape, the peak cross 
section o,9 and the width I can be obtained. At higher 
energies only the area above a transmission dip can 
usually be obtained which involves both the height and 
width of the resonance. However, oi and I’ can often 
be separated through the dependence of the area on 
sample thickness. For self-indication experiments the 
detector has a resonance response, and it can be shown 
that in the limit of thin samples the area analysis of 
such an experiment! gives just the peak cross section 
of the Doppler broadened resonance. 

Since effectively thin samples are difficult to employ 
experimentally the above idealized analysis must be 
extended to include thicker samples. Anticipating the 
result shown in Fig. 3, it will be seen that the measure- 
ment still gives essentially the peak cross section of the 
Doppler broadened resonance, but with thicker samples 
a weak dependence on the width I of the resonance is 
also introduced. The first experiment of this type on the 
5.2-ev resonance in silver using time-of-flight techniques 
has been reported* together with the method of analysis. 
A subsequent analysis’ considers also the situation 
where the detector sample and absorber sample are 
not the same thickness and concludes that the case of 
equal thicknesses is a reasonable choice. Recently 
results have been reported from the high-resolution 
Nevis spectrometer* empolying resonance detection for 
the location of resonances and the use of self-indication 
methods. In reference 4 the Nevis resonance parameters 
are tabulated for silver above 100 ev and tantalum 
above 60 ev, but the methods of analysis of self- 


* Work performed under contract with the U. S. Atomic Energy 
Commission. 

+ Present address: Yale University, New Haven, Connecticut. 

1H. A. Bethe, Revs. Modern Phys. 9, 141 (1937). 

2 J. E. Draper and C. P. Baker, Phys. Rev. 95, 644(A) (1954). 

3E. Melkonian, Proceedings of the International Conference on 
the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 4, p. 347. 

‘J. Rainwater, Handbuch der Physik (Springer-Verlag, Berlin, 
1957), Vol. 40, p. 373. 


indication experiments are not described. Since a full 
description of the area analysis of self-indication 
experiments, including corrections, has not been pub- 
lished, this will be considered before describing the 
present experiments and results. 


BASIC FORMULATION 


In the first experimental configuration, a foil of the 
material of interest is placed at the detector position, no 
foil is in the absorber position, and the (7,7) processes 
in the detector foil are recorded by gamma-ray detectors 
near the foil as represented in the upper curve of Fig. 1. 
In the second figuration, the counting rate vs delay time 
is repeated with the addition of a foil of the same com- 
position and thickness placed about midway between 
the neutron source and the detector foil. The result is 
the lower curve of Fig. 1. The analysis of the data will 
first be outlined in terms of a simplified form of the Breit- 
Wigner single-level expression modified by Doppler 
broadening of the resonance. Then there are in- 
corporated the corrections for the more detailed form 
of the resonance shape and neutron flux, for neutron 
energy resolution, and for multiple neutron events in the 
detector foil. The most important effect which is not 
considered is the inadequacy of the single-level reso- 
nance expression. 

The Breit-Wigner capture cross section in the 
vicinity of the resonance energy can be written as 


oeo(1 +a?) (1+yx)-}, 
and the scattering cross section as 


o,0(1-+22) [1+ 2 Rx/T ako |e p, 


(1a) 


(1b) 
where 

Tw = g4rkeT n, Ds 
op=40R?, 


O30> Cr0l'n, ly 


7 r '2Eo, 


o0= orl’, , iA 
xs= (2 r) (E—E)), 

and 
2g=1+(27+1)-. 


E is the neutron energy, 27Xo is the wavelength of a 
neutron of the resonance energy, Eo, R is the radius of 
the nucleus andT’,, ',, and T are the neutron, radiation, 
and total widths of the level at resonance. 
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Fic. 1. Schematic representation of the self-indication experi- 
ment. The function f(t) represents the shape of the neutron burst 
of duration 27 and is used to evaluate the effect of energy resolu- 
tion. The curves on the right represent the response of the reso- 
nance detector with, and without, a resonance absorber of the 
same thickness placed midway along the beam. The detector 
efficiency ¢ is assumed constant between the two cutofis Ty and 
Ts. The horizontal distance relates the time elapsed after the 
center of the neutron burst. 


When the cross sections in expressions (1) are 
approximated by setting y=0 and R=0 the Doppler 
function W(8,x) is obtained which is 


x 


1 1 
v@x)=— f dy—— exp —(x—y)?/6?], (2) 
BriJd_, 1+y° 


where 


B= (2, lr) (4EokT/ M)}, (2a) 


M is the ratio of the mass of the target nucleus to the 
mass of the neutron, & is Boltzmann’s constant and T is 
the temperature prescribed by Lamb® for a Debye 
solid. The function ¥(8,*) has been evaluated® and 
tabulated.’:* The notation Wo will represent V (6,0). 

When the complete expressions (1a) and (1b) are 
used in place of (1+y*)~ in Eq. (2) the more exact 
Doppler broadened cross sections can be shown to be 
o,=0,0V{1+[ 20 Rx/T Xo | 

(1+ (6?/2«V) (dv/dx) }}, (3a) 

and for yx«1 
oe=oe0V (1+yx) 3 1— (yx/2) (1 +yx)7 


X (B2/2x¥) (dv/dx)+-++]. (3b) 


The Doppler broadened total cross section is 
ortop=o-tosta>p. (3c) 


The quantity (6°/2aV)(dW/dx) was calculated from 
reference 8 and is plotted in Fig. 2. 
Define A and B as 


A= ar) f dx(1—e~N*¥) (ag. /aw¥), (4a) 


5 W. E. Lamb, Jr., Phys. Rev. 55, 190 (1939). 
6M. Born, Optik (Verlag Julius Springer, Berlin, 1933), p. 482. 
7 Rose, Miranker, Leak, and Rabinowitz, Brookhaven National 
Laboratory Report BNL-257, 1953 (unpublished). 

8 Rose, Miranker, Leak, Rosenthal, and Hendrickson, Westing- 
house Electric Comporation Atomic Powers Division Report, 


WAPD-SR-506, 1955 (unpublished). 
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Fic. 2. The Doppler correction factor (6?/2aW)(dW/dx) in 
Eqs. (3) which modifies the interference term in the scattering 
cross section and modifies the (velocity)! term in the capture 
cross section. 


and 


B= (0/2) f dx é€ Now¥({—¢ Now) (goW, ‘ouW), (4b) 


where NV is the number of nuclei cm~ in the detector 
foil and the absorber foil is of the same thickness. These 
integrands are closely related to the curves of Fig. 1, 
and they represent the rate of captuye of neutrons in 
the foils in the energy interval (I'/2)dx under the 
following hypothetical conditions: only single inter- 
actions of neutrons occur in the detector foil; R=O in 
Eq. (3a); yx1 in Eq. (3b) (ie, | E—Eo|/Ev«1); 
unit incident neutron flux for all energies in the vicinity 
of the resonance. These restrictions will later be 
removed. 

Consider now the ratio B/A. Rearrangement of (4b) 
and combination with (4a) will show that 


B(N)=A(2N)—A(N). (5) 


Equation (5) is also given in references (2) and (3). 
A(N) is related by the factor T,/T to the area above a 
transmission dip in the more familiar transmission 
experiments with a nonresonant detector (e.g., BF; 
counters). This area, including the effect of Doppler 
broadening, has been calculated, (recently summarized 
in reference 4) and the results have been combined with 
Eq. (5) to obtain B/A as presented? in Fig. 3. The graph 
of Fig. 3 will furnish the link between the data obtained 
from self-indication experiments and the peak total 
cross section. 
CORRECTIONS 
A. Experimental Resolution 


The duration of the neutron burst is not always 
negligible compared with | 7s—Ty| of Fig. 1. This will 
affect the area by modifying the effective cutoff Ts and 
Ty. In Fig. 1 Fo f(t) is the emission rate of neutrons 


9 Part of the curves for 8=0 and 8=10 are shown in reference 3, 


and some of the curves were presented in reference 2. 
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Fic. 3. The self-indication transmission discussed after Eq. (5) in terms of the peak Doppler broadened cross section. 
The areas B and A are closely related to those of Fig. 1 but involve the idealized cross sections of Eq. (4). 


during the burst. It is assumed that /(/) is adequately 
represented by the sum of a symmetric function f,(é) 
and an antisymmetric function f_(¢). The time integral 
of f(d) is unity. The detector gates are considered 
rectangular and for area analysis the counts arising 
between Ty and 7's are summed. The quantity e is the 
detector efficiency. Ty and Ts are selected such that 
the height of the top curve in Fig. 1 at Ty or Ts 
is less than 75 of the central height, while keeping 
E—E,| <E,/2 within the interval Ty to Ts. 

Define Azo as the total number of captured neutrons 
in the time interval between 7, and 7's (no absorber 
present) for unit neutron flux at time To. The value of 
A zo will depend on the width of the neutron burst. For 
an infinitesimal burst width the value of A zo is defined 
as Ap so that 


H 


Ap= cry f dx[1—e Not Nop] 


X[o./(ort0,) |(Eo/E), (6) 
where H is the magnitude of x at Ty, and S is the 
magnitude of « at 7's. The factor Eo/E represents the 
energy dpendence of the neutron flux from the 
moderator. The cross sections are those of Eq. (3). 
The effects of the nonzero neutron source burst width 
are contained in a, defined by A .=Apn—a,(Nowl,). 
The analysis of a, will not be given but the result is 


T 


4 
0 (ou/W)) vps : 
3 (Ts- T 1)? 


where 2W=H-+S, 
ps -of dt(t/r)?f,(0), 


p -6f dt(t/r) f_(0), 


0 


and 7 is shown in Fig. 1. A representative burst shape 
f(t) gives py=1 and p_=0.1. The constants x, uw, and » 
are each ~1 and are defined as 


|Hu—Es dt 
| Ts- Tr dE E0| 


dv} We 9/Ts—TH|T? 
dx | c= W 2 4 To 


ldy 
y=[| Sata! 


| dx ety 


(7b) 


and 


dv | dv - 
+|—(1+72)!) 2 
dx ae | dx | 2=W 


The correction term a, is generally small because 
r<|T1—Ts| at low energy where a resonance covers 
many channels, and at high energies W becomes large 
(i.e., the poorer resolution forces the cutoff farther into 
the wings). If the cutoff is symmetrical in energy then 
the second term of a, vanishes. 

For the case with the absorber present, Bz is the 
analog of A. for the lower curve of Fig. 1 and Bp is 
defined as 


H 
Bp= yy f dx o- Nee-Neof 1 —¢-Net-Nep | 
| X[o./ (orto) )(Eo/E). (8) 
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A similar analysis shows B,o>= Bp—a,Nowl'y where a, 
is the same for Azo and B,» because NV (o;+¢0,)<1 near 
cutoff. This completes the relation between the experi- 
mental areas Azo and B,9 and the areas Ap and Bp 
which would be obtained with a neutron burst of zero 
width. 


B. Contribution of Wings, of Departure from 
Idealized Cross Section and of Energy 
Dependence of Flux 


The quantities A and B of Eq. (4) contain the 
essential features of the cross sections which are 
pertinent to area analysis with the resonant capture 
detector. However, the idealized cross sections in A and 
B differ from the actual cross sections in Eq. (3). In 
addition, the contributions of the wings of the resonance 
must be considered in relating the quantities Ap and 
Bp to A and B, 

In order to compare the two integrands define 


T=[1—e-%-Nov ][o,/(ort+0) ](Eo/E), (9a) 


and 


Io= [1 =. Now¥ (G09 O10). (9b) 


Then A and B of Eq. (4) contain J) while Ap and Bp 
of Eqs. (6) and (8) contain J. 

By separating these integrals into various parts the 
identity 


A=Apt (uta, Now! », (10) 


results, where dy is defined by 


dw = (Nowl’y) . cr/2) f dxIy 
+(0/2) f axto}, (10a) 
H 


H 
ay = (Nowy) 1( 1/2) f dx(Ip- i): (10b) 
-—S 


and 4a, is defined by 


Consider first the wing correction a, under the 
assumption that N(o,+¢,)<1 for E<Eg and for 
E> En. In order to simplify the expression for aw, 
define w(H) by 


D 


f dx (8,x) =[1+0(H) VH. (11) 
H 


Values of w(H) are plotted against H/@ in Fig. 4 and 
were obtained by numerical integration. Then 
1+w(H) 1+w(S) 
a, =—_—_— —-., 


2H 2S 


(12) 


The evaluation of a, is more complicated. It contains 
the effects of the (velocity) factor in the capture cross 
section, the £o/£ factor in the neutron flux, the effect 
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Fic. 4. The quantity w(H) which must be incorporated in the 
wing correction a, of Eqs. (10) and (11), plotted in terms of the 
value H of x=(E—£,)2/T at the cutoff. The vertical dashes, for 
reference, denote the value of H where ¥(8,H) =0.1¥ (6,0). 


of potential scattering and the extra terms in o, and o, 
in Eq. (3). Fortunately, it is often an unimportant 
correction. The quantity a, is estimated as 


opfU yH-vyS | 
seas (i) 
10 3 2 r 
2T, 4j 6do 
++) 
Py i 4 


yfil 
= (yll+75)(14— 
Vo 16 1 
_ /¥(8,5) 
-3n(. )} (13) 
V(8,H) 


where U is the value of |x| for which No,=1 and is 
defined as U=0 if Now¥o< 1. The quantity dy is the 
limiting value of (62/24) (dW/dx) in Fig. 2 as « — O and 
the quantity 7=2R/yAo. If a more accurate value of 
d, is required it must be obtained by numerical integra- 
tion of the functions J and J» with the actual parameters 
of interest. However Eq. (13) will usually serve to show 
that a, is negligible. 

By reference to Eqs. (5) and (10) it can be shown that 
the equation analogous to Eq. (10) is 


B=Bp+[auta,(2N)—a(N) owl, (14) 
for the case with the absorber present. 

In order to clarify the final results some notational 
changes follow. Denote Ao as the value of A in Eq. (4a) 
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for 8=0—i.e., 


Ao=(Uy/2) f dx{1—exp[— Nowo/(1+2?)]}. (15a) 


This function has been evaluated." Define D(Now,8) 
by 


A=A,(1+D), (15b) 


so that D contains the influence of Doppler broadening 
as evaluated by Melkonian.” Further define 64 and 6, 
by 

Av(1+D), 


64= (a,;+a~+a,)Nowl', (16a) 


and 


5p= (A/B){64+[a,(2N)—2a,(N) ] 


XNowl',/Av(A+D)}.  (16b) 


Then combining the previous results 
A=A .0/(1—46a), (17a) 
and 


B=B,o/(1—5z), (17b) 


where FyeA zo and FyeB,9 were defined earlier as the 
areas under the curves of Fig. 1 between Ty and 7's. 


C. Corrections for Multiple Interactions of 
Neutrons 


To this point it has been approximated that a neutron 
interacts no more than once in the detector foil. 
However, when the foils are not very thin there can be 
an appreciable contribution to the neutron capture rate 
from neutrons which scatter before being captured. 

If there were no multiple interactions the equations 


A=A 20+ [a;+awta, |Nowl'y, (18a) 


 R. Ladenburg and F. Reiche, Ann. Physik 42, 181 (1913). 

G. von Dardel and R. Persson, Nature 170, 1117 (1952). 

2 Melkonian, Havens, and Rainwater, Phys. Rev. 92, 702 
(1953). 
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Fic. 5. Schematic geometry. 
The detector was a foil of silver 
viewed by six NalI(TI) scintil- 
lators in multiple twofold 
coincidence. The flight path 
was 4.3 m. 
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and 


B=Byt([atay+a,(2N)—a,(N)JNowl'y (18b) 


would apply. When multiple interactions are “turned 
on,” these become 


A(1+m,4)=A,+(1+m,)[a,+a, 


and 


a, |Now!l',, (18c) 


B(i+ms,)=B,+(1+mp)[a-+aw 


+a,(2N)—a,(N)JNowl'y. (18d) 


Here A, is defined as the value that Azo assumes in the 
presence of multiple interactions and mz, is defined by 
Eq. (18c). Similarly B, is defined as the value that Bzo 
assumes in the presence of multiple interactions and 
mp is defined by Eq. (18d). 

The values of m4 and mz have been evaluated™ as 


ng Q2,/Q1 
1+m,=1+ + op 
7.0 1=—Q2, QV; 


(19a) 


1+mp Qop Qopa 
= = ~*| (19b) 


Oia 


1+m4 Q; 
where y,=I',,/T' and the quantities g, 7, Qop, Qi, Qepa, 
and Q,4 are calculated and presented in graphical form 
in reference 13. 

ANALYSIS 
With the incorporation of multiple interactions the 
final results are 
A=A,(1—64)7(1+m,4)", (20a) 
and 
B= B,(1—6z)1"(1+ms,)1. (20b) 


183. J. E. Draper, Nuclear Sci. and Eng. 1, 522 (1956). 
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Equations (20) now represent the desired final relation 
between the data, A, and B,, and the quantities A and 
B to be used with Fig. 3 for analysis of the peak cross 
section. They are employed by iteration in which 
B,/A,z is first used (with I approximated as I',) to 
obtain approximate resonance parameters with which 
to calculate 64, 52, m4, and mg. The resultant B/A may 
be used in the next approximation, but this step is 
usually unnecessary. 

Having determined B/A, the choice of the curve 
from the family in Fig. 3 is dictated by 8—i.e., I’. While 
the resulting peak Doppler cross section ooo is rather 
insensitive to the choice of I’, it can be shown graphically 
with Fig. 3 that oWo/Wo! is even less sensitive, being 
independent of the choice of I (within +9%) for 
0ZB<5 and Now¥< 3. Consequently, oVo/Wo! will 
be quoted as the most direct experimental result of 
self-indication area analysis alone, and the approxima- 
tion '=T, will usually give sufficient accuracy for this 
result. This must be combined with another type of 
measurement such as a thick sample transmission 
measurement of oI to obtain oo and T separately. It 
is apparent from Fig. 3 that a sufficiently accurate set 
of values of B/A including values near the minima 
would determine 6 and thus both oi and I would be 
determined. However, the required accuracy for B/A 
would unduly emphasize the corrections for multiple 
neutron interactions and the corrections for gamma-ray 
absorption in the detector sample for sample thick- 
nesses of Vowo~10 where those corrections become 
significant. 











“Rog 
P ‘Wate 
fo) 32 48 64 
Time - channels 
Fic. 6. Self-indication data for the neutron energy range 
2.3-16 ev using silver detector and absorber foils each of 0.327 
g/cm?. The upper curve was obtained without an abosrber foil, 
and for the lower curve the abosrber foil was interposed. The 
channel width was 2 usec. No background has been subtracted. 
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Fic. 7. Similar to Fig. 6 but covering the neutron energy range 
14-35 ev. The channel width was 0.5 ysec. 


EXPERIMENTAL METHOD AND DATA 


Figure 5 shows the experimental geometry. The arc 
of the cyclotron was pulsed to produce 0.6-usec bursts 
of 22-Mev deuterons at intervals of 700 usec. The 
instantaneous beam current of 1 milliamp at the 
external beryllium target (averaged over an rf period) 
produced a calculated average neutron output" of 10" 
neutrons during each second. The cyclotron pulsing 
equipment has been described.'® The neutrons were 
moderated in a 2-in. slab of paraffin. The moderation 
time produced a time uncertainty which can be ex- 
pressed!® as an uncertainty in flight path of ~2 mean- 
free-paths in paraffin or 1-2 cm. 

The detector consisted of a foil of the material of 
interest viewed by a ring of six NaI(TI) scintillators, 
each 4-cm diam. by3cm. Thediameter of thecollimation 
hole through the shielding wall was 2.5 in. and the 
front face of each Nal scintillator was located on a circle 
of 4-in. diameter. The flight path was 4.3 m. 

In order to reduce the relative contribution of back- 
ground, coincidences were required from the scintil- 
lators. That is, a neutron capture event was recorded if 
it produced a two-fold coincidence between any of the 
15 possible pairs of the 6 scintillators. Thus if the 
cascade gamma-ray average multiplicity!’ is vy and the 
average detector efficiency of one scintillator is «<1, 
then the ratio of coincidence counting rate with 6 
scintillators to the counting rate from one of the 
scintillators is 15(v—1)e~1. It will be apparent from 
Figs. 6-8 that the large ratio of foreground to back- 
ground counting rate even with thin samples greatly 


44. W. Smith and P. G. Kruger, Phys. Rev. 83, 1137 (1951); 
Allen, Nechaj, Sun, and Jennings, Phys. Rev. 81, 536 (1951). 

16 J. E. Draper, Rev. Sci. Instr. 29, 137 (1958). 

16H. Groenewald and H. Groendijk, Physica 13, 141 (1947). 

17C, O. Muehlhause, Phys. Rev. 79, 277 (1950). 
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Fic. 8. Similar to Fig. 6 but covering the neutron energy range 
34-215 ev. The channel width was 0.5 usec. 








reduces the uncertainty in determining the total 
number of counts due to a resonance. 

The coincidences were provided by delivering the 
output of the six photomultipliers through six pre- 
amplifiers of gain 2.5 to six Hewlett-Packard distributed 
amplifiers and then to six EFP60 trigger circuits. The 
negative pulse from each trigger circuit was fed to one 
of six 6AKS5 tubes whose plates were joined and con- 
nected through 15 ft of 200-ohm coax cable to the B+ 
supply (with the cable shorted at the B+ end). A 
crystal diode discriminator at the output of the common 
plates was then set to record any pulse whose height 
corresponded to the cutting off of more than one of the 
6AKS tubes within a time interval equal to the 0.04-ysec 
round-trip time of the shorted coax cable in the plate 
circuit. The bias level for this detection system was set 
at a gamma-ray energy of 75 kev. 

The resulting coincidence pulses were analyzed in a 
conventional 64-channel time analyzer. The block of 
64 channels could be delayed by an interval from 4 to 
1024 wsec after the cyclotron pulse. The analyzer 
channel width of 0.5 wsec was obtained from a gated 
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TABLE I. Summary of correction terms for the thickest sample— 
viz., 0.327 g/cm?, except 0.0258 g/cm? for the 5.2-ev resonance. 


Eo ar aw dr 
(ev) (X108) (108) (X108) yng 


—11 


0.039 
0.013 
0.014 


0.010 


0.029 
0.031 
0.031 
0.008 
0.058 
0.053 


$20 O1 111 
16.6 0.3 67 -0.9 
30.9 0.6 45 «43 
m4 1.0 ~0.6 
52.0 0.6 —1.4 
50.7 1.0 —1.2 
72.4 0.3 =13 
89 0.5 ~0.2 

133 0.4 ~42 
176 0.9 ~L4 


1.026 


1.033 
1.024 
1.009 
1.004 
1.004 
1.004 


2-Mc/sec oscillator which was turned on by the beam 
pulse at the target of the cyclotron. The analyzer 
basically consisted of two parallel blocks of 32 channels 
whose widths were fixed by 32 scaling circuits. Since 
these were uneven and unstable by ~15% a single 
2-Mc/sec scaling circuit was used to fix the 0.5-usec 
channel widths and to distribute the incident data 
pulses alternately between the two blocks of 32 1-usec 
channels. The resulting 64 0.5-usec channel widths were 
equal and stable to within +1%. 

Examples of the data for neutron energies up to 
215 ev are shown in Figs. 6-8. The quantity of interest 
for each resonance is the ratio B,/A, of the areas under 
the two curves between the cutoff channels. The data 
of Fig. 6 consist of a total of eight runs—four with the 
absorber and four without the absorber. The absorber 
runs and open runs were always alternated in order that 
any slow drifts of the detection bias and efficiency 
should have minimal effect. The thicknesses of the de- 
tector samples and of the absorber samples were nomi- 
nally 1, 2, 4, 6, and 12 mils. The silver samples were of 
99.9% purity. As shown above the value of ouWo/ Vo! 
can be obtained with only one pair of measurements 
using a sample thickness such that B,/A,z is about 0.6. 
However, the variety of sample thicknesses required to 
approximate these conditions for many resonances 
makes it possible to compare the experimental shape of 
the plot of B/A vs thickness with Fig. 3. 

The resonances at 5.2, 16.6, 30.9, 45.3, 52.0, 56.7, 
72.4, 89, and 176 ev are sufficiently well resolved for 
analysis. The peak in the region of 140 ev contains a 
strong resonance at 133 ev, a weaker resonance at 
147 ev, and a very weak resonance’ at 139 ev. Since the 
resonances at 40.8 and 42.4 ev are not separated, the 
average cross section for these two resonances will be 
obtained. Their resonance energies!* are separated by 
more than ten units of I, and under the assumption 
that their peak cross sections and widths are roughly 


18 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955), and D. J. Hughes and R. B. 
Schwartz, Suppl. No. 1 to BNL-325, 1957. 





SE.EF= DN DICATION 


1.0 


Fic. 9. Comparison of 
data and theory for the 
5.20-ev resonance. The open 
circles are the uncorrected 
ratios B,/A,. The closed 
circles are the corrected 
ratios B/A. The solid curve 
came from Fig. 3 with 
8=0.9. The statistical un- 
certainty is just the stand- 
ard deviation deduced from 
the total number of counts. 
The samples of thickness 
greater than 0.03 g/cm? are 
included to test the validity 
of the analysis. 
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the same, the result is the average cross section. The 
resonance at 147 ev is sufficiently separated to show 
that it is much weaker than the 133-ev resonance and to 
subtract its contribution to the 133-ev peak, but it is not 
sufficiently separated to obtain a good measure of its 
cross section. 

The results of the analysis of the corrections according 
to the methods above are summarized for a few cases in 
Table I. The examples cited are for the thickest samples 
which contribute significantly to the determination of 
the cross section. In all cases the resulting plots of B/A 
vs sample thickness matched the curve of Fig. 3 within 
the limitations of the counting statistics. In Fig. 9 is 
shown a comparison of data with the curve from Fig. 3. 

Consider now the possiblility of resonance capture by 
the iodine in Nal of some of the neutrons scattered from 
the sample. The effect is negligibly small except when 
the peak of an iodine resonance is within about 0.2 ev 
of Eyl 1—A(6)] which represents the energy of a 
neutron after scattering from silver through the angle 
6, (@~ 120°), having had the energy Ep of a resonance 
peak in silver before scattering. The exact analysis of 
this problem would be complex, but it is similar to the 
problem™ of a neutron being captured in the sample 
foil after first being scattered there. An analytic 
estimate of this has been made, the details of which will 
not be presented here. A comparison of the resonance 
energies!® of iodine and of silver indicates that the only 
significant contribution might be in the 30.9-ev reso- 
nance. However, the analytic estimate for the thickest 
sample indicates that of all counts in the 30.9-ev reso- 
nance (upper curve of Fig. 7) the fraction due to this 
iodine-capture effect is 0.005. A similar fraction con- 
tributes to the lower curve. The resulting influence on 
B,/A, has been disregarded. 

The correction for absorption of gamma rays by the 
sample was negligible since the thickest sample was 


less than 0.1 of a gamma-ray mean free path above 
200 kev. In addition, the gamma rays leave the same 
face of the sample through which the neutrons enter, 
thus reducing absorption. The infiuence of the 16.6-ev 
resonance on the 5.2-ev resonance analysis was cal- 
culated according to the single-level Breit-Wigner 
formula. This calculation showed that even for the 
thickest sample in Fig. 9, the influence of the 16.6-ev 
resonance was negligible. For that case it changes B/A 
by 0.005. 


EXPERIMENTAL RESULTS 


The cross sections are listed in Table II. As described 
above, the experimental result of the present measure- 
ments which is least dependent on the assumed value 
of I’ is oyVo/Vo! which is listed in column 2. To deter- 
mine the quantity o¥o/Wo! the experimental values of 
B/A plotted on semilog paper against sample thickness 
were superposed over Fig. 3 and translated horizontally 
for best fit. The quoted experimental uncertainty for 
70% /Vo' was obtained by further horizontal translation 
until an average (averaged for 5 samples) value of 3.0 
was obtained for the square of the following ratio: 
(difference between the experimental value of B/A and 
that of Fig. 3)+ (standard deviation obtained from the 
counting statistics). 

In order to compare with experimental results of 
other measurements the values of o. were calculated 
using the most recently reported values of I’ published" 
by Harwell except that reference 18 was used for the 
176-ev resonance. However, it is evident that the 
magnitude of Wo! is not very sensitive to I’. Since the 
quoted” uncertainties in I’ were less than +15% they 
had little effect on the uncertainties in oy. 

The oy entered in Table II for the BNL chopper was 


1 Rae, Collins, Kinsey, Lynn, and Wiblin, Nuclear Phys. 5, 89 
(1958). 
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TABLE IT. Isotopic cross sections. 


ov in kilobarns 

This work 

Eo o0¥o/Vot 
(ev)* (kb) 


BNL 


chopper® 


MTR Har- 
chopper? Nevis welle 
31.9 
+0.7 --- 3.2 
+0.6 : 2.8 


This work» 
34.142 


3.5+0.4 
3.4+0.4 


5.2 28.642 27.341 
16.6 2.4+0.3 2.9 z 
30.9 2.2+0.3 2.3 3. 


7 
5 


1.6 i> 
22 
18 1.7 2.2+0.3 


64414 69 50 


OS \:3202 | 


3.2+0.4 ) 5.5+0.7 
1.340.5 2. 2.3 
8.54+1.9 

0.56 vee 6. 


3.0+0.4 
6.1+1 

+1.4 
—0.8 


1.8+0.3 2.9 
3.5+0.6 4.2 
+-().7 
0.8) 94 


5.7+0.6 
.9+0.8 


133 3.0+0.4 
176 1.8+0.5 


® See reference 18 for resonance energies and isotopic assignments. 

>» R. E. Wood [Phys. Rev. 104, 1425 (1956) ] quotes os =34+1 kb for the 
5.20-ev resonance. See also reference 2. 

Composite of BNL values” of oI"? and Harwell values!’ of T except for 

the 5.2-ev resonance where ovo is quoted. 

4 Calculated from published* values of Eo, gM, and I'y, except that those 
with experimental uncertainties were quoted as azo. 

¢ The first six are calculated from reported values® of o«I? and the 
Harwell values” of l’. The last two are taken from that part of Table I, 
reference 4 which is attributed to Nevis. 

{ Experimental uncertainty of other authors is listed only when azo is 
quoted directly. 

« Calculated from the reported values '® of Eo, g, 'n, and Tr. 

» Calculated from ow¥o/V¥ol and Harwell values"® of except the 176-ev 
resonance.,!* 


obtained from the owl? of Seidl et al.2° and the I’ of 
reference 19 since only approximate values of I can be 
obtained from reference 20. Since the o,9 derived from 


*” Seidl, Hughes, Palevsky, Levin, Kato, and Sjérstrand, Phys. 
Rev. 95, 476 (1954). 
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ol” is quite sensitive to I’, this procedure was avoided 
wherever possible but was necessary for column 3 and 
part of column 5 of Table II. For the MTR chopper”! 
when o was not quoted it was calculated from their 
values of Eo, g!,, and T',. For the Nevis column their 
published results were used. These were o,I vs T' for 
the first six entries” and I, and I’, with g=} for the 
last two entries.‘ For the lower energy resonances, the 
Nevis results were not quoted separately in reference 4. 
The Harwell ow in Table II were calculated from their 
published values” of Eo, g, [, and T. It is apparent 
from Table II that the present type of experiment and 
analysis gives quite satisfactory results over a large 
range of neutron energies. 
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The relative probabilities of K-electron capture and of positron emission have been measured for the 
transition of I'?(2—) to the first excited state of Te!?*(2+). Direct measurement by a triple-coincidence 
method of the K/8* ratio gave the value 145+4. The energy of the positron transition to the ground state 
(2— — 0+) was found to be 1.129+0.005 Mev. The energy of the inner positron transition was determined 
to be 0.459+0.007 Mev by subtraction of the measured energy of the first-excited state of Te!?®, 0.670+0.005 


Mev, from the ground-state-transition energy. The K/8* ratio of the 2— 


» 2+ transition and the ratios for 


analogous transitions occurring in As” and Rb* are compared with ratios computed from a model based 
on shell considerations. Measurements were made also of the two higher energy positron spectra of I'**; 
the end-point energies were found to be 2.136+0.010 Mev and 1.53+0.02 Mev. 


INTRODUCTION 


T is possible to make deductions concerning the 
relative contributions of the several beta decay 

matrix elements which effect first-forbidden transitions 
from the comparison of experimentally determined 
values for the relative probabilities of A-capture and 
positron emission with values derived from theory. 
This has been discussed in a recent publication’ in 
which measured A/* ratios in three unique and three 
nonunique transitions were compared with theoretical 
values. 

For unique transitions (A/= 2, yes), it is possible to 
calculate the K/8* ratios unambiguously, because the 
> | B;;|? matrix element alone is operative. The values 
so calculated agree with the observed ratios for the 
two unique transitions’ occurring in the decay of 
"Sb and of I'* to the ground states of their respective 
daughter nuclides. The one instance of disagreement, 
the analogous transition® in Rb*, now seems to be 
attributable to experimental error; a new measurement® 
has given the result Px/Ps* equal to 1.25+0.28, a 
value in agreement with that calculated from theory. 

Experimental data are available for only three non- 
unique first-forbidden transitions, in all of which the 
nuclear spin change is zero. These are 2— — 2+ 
transitions?~’ occurring in the decay of the odd-odd 
nuclides As“, Rb™, and I'°* to the first excited states of 
their respective even-even daughter nuclides. If shell 
structure arguments were rigorous, in each of these 
cases the nucleon undergoing transition would be 
changing its angular momentum by two units; and the 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ Present address: Georgia Institute of Technology, Engineering 
Experiment Station, Atlanta, Georgia. 

1 Perlman, Welker, and Wolfsberg, Phys. Rev. 110, 381 (1958). 

? Koerts, Macklin, Farrelly, van Lieshout, and Wu, Phys. Rev. 
98, 1230 (1955). 

3M. L. Perlman and J. P. Welker, Phys. Rev. 95, 133 (1954). 

4 Marty, Langevin, and Hubert, J. phys. radium 14, 663 (1953). 

5 J. P. Welker and M. L. Perlman, Phys. Rev. 100, 74 (1955). 

6 J. Konijn, thesis, Technische Hogeschool, Delft, Netherlands, 
1958 (unpublished). 

7 Johansson, Cauchois, and Sieghahn, Phys. Rev. 82, 275 (1951). 


matrix element >>| B;;|? alone would be operative, as 
in the ground state transitions. Actually, as has been 
pointed out,* the states do not appear to be pure, and 
only small amounts of admixtures are required in order 
to have large fractions of the transition rates proceed 
via other matrix elements. Thus, in order to calculate 
from theory the A/S* ratio for these transitions, it is 
necessary to establish the relative contributions made 
to the over-all transition rate by the several operative 
matrix elements. As described in reference 1, a model, 
based on shell structure arguments and consistent with 
observed log/t values, has been formulated; and from 
this model K/8* ratios have been calculated for the 
three AJ =0 cases mentioned. The ratios so calculated 
are larger than the approximately allowed ratios which 
would be expected in the cases of transitions with 
nucleon spin change zero due to a contribution made 
by the unique matrix element >>| B;;|?. In both As” 
and Rb™, the experimental K/8* ratios, determined by 
relatively direct methods,*~? are in agreement with the 
expectations of the model. However, the measured 
ratio value for I'**, determined relatively indirectly,” is 
smaller than that for an allowed transition, in disagree- 
ment with the expected value. It should be noted, 
however, that the theoretical K/8+ ratio is somewhat 
uncertain due to the uncertainty in the transition 
energy value used in the calculation; the energy of 
the first-excited state in Te!”* as determined by Coulomb 
excitation® was not in agreement with the difference 
between the end-point energies of the positron spectra 
representing the transitions to the ground and first- 
excited states. In view of these disagreements, it was 
decided to reinvestigate the case of I'*. The decay 
scheme? shown in Fig. 1 includes the energy values 
determined in this investigation. 

New measurements of the positron spectra were 
ratio 


made with a magnetic spectrometer. The A/* 
for the AJ=0 transition was redetermined by a direct 


5 R. W. King and D. C. Peaslee, Phys. Rev. 94, 1284 (1954). 
9P. H. Stelson and F. K. McGowan, Oak Ridge National 
Laboratory Report ORNL-2076, 1956 (unpublished), p. 9. 
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Fic. 1. The decay scheme of I'**, The energy values in the decay 
to Te'®6 are those determined in the work reported here. 


method, in which the quantity measured is the fraction 
of the population of the first-excited state of Te'*® that 
arises from positron emission. This quantity was 
obtained from the number of triple coincidences, 
annihilation quantum-annihilation quantum-gamma 
ray, relative to the number of gamma rays representing 
the de-excitation of the Te'”® first-excited state. 


SOURCE PREPARATION 


The I'** used in the beta-spectra determinations was 
made by the reaction, Te!*(d,2n)I**. Separated Te!*® 
(94% Te'*) received in the form of powdered metal'® 
was melted in a quartz tube in an argon atmosphere, 
and the metal lump thus produced was removed and 
crushed in a mortar. The coarse grained powder, now 
free of surface oxide, was distributed over a 35-inch 
thick iron foil in a }X2-inch strip and melted in a 
helium atmosphere to form a roughly-uniform, adherent 
layer of tellurium metal, ~30 mg/cm? in thickness. 
During bombardment, a high-velocity stream of water 
was passed over the back of the iron foil for cooling. 

The target was bombarded for several hours with a 
50-ua current of 20-Mev deuterons. After irradiation 
it was dissolved in concentrated nitric acid with reflux. 
Approximately 1.0 mg of iodine as iodate was added 
to the solution to carry the I'**, and small amounts of 
antimony, nickel, and cobalt were added as hold-back 


carriers for impurities. The iodine was then reduced 


to elementary form with hydroxylamine and extracted 


This material was supplied by the Y-12 Plant, Union Carbide 
and Carbon Corporation, through the Isotopes Division, U. S. 
Atomic Energy Commission, Oak Ridge, Tennessee. 
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into carbon tetrachloride. Several cycles of oxidation- 
reduction-extraction with hold-back carriers for Te, Sb, 
Co, Fe, Ni served to purify the iodine. The activity 
was precipitated as silver iodide on a 10-ug/cm? 
VYNS" film onto which about 5ug/cm? of gold had 
been evaporated. This source was found to contain 
small amounts of I'*4 and I!” from (d,xn) reactions on 
the various tellurium isotopes in the target. The I'®, 
whieh decays entirely by electron capture, does not 
interfere with the measurements of the beta spectra, 
and the amount of I'* was small enough to permit an 
accurate determination of the I'** end point after the 
contribution from I'** had been subtracted. 

A second I'** source, which was used for the co- 
incidence measurements, was prepared by the Szilard- 
Chalmers method after irradiation of solid potassium 
iodate with fast neutrons from the Brookhaven cyclo- 
tron. The sample was purified by several cycles of 
acidic-CCl, and basic-water extractions’? and was 
deposited on a 5-mil copper foil as cuprous iodide." 
This source contained a small amount of I'* as shown 
by decay curve analysis. No lines other than those 
attributable to I? were observable in the gamma 
spectra. 


POSITRON SPECTRUM MEASUREMENTS—I'* AND I'*4 


The positron spectrum was investigated with an iron- 
free, intermediate-image, magnetic spectrometer" into 
which spiral baffles had been inserted to separate 
positrons from electrons. The momentum scale was cali- 
brated with a conversion line from Bi?’ (/:= 975.9 kev). 
The resolution was 2.4%. 


Positron Spectrum of I'*! 


Investigation of the positron spectrum of the source 
which had been prepared from Te'’® indicated the 
presence of positrons of higher energy than those from 
I'6, The only positron emitter, other than ['**, which 
could have been present in the sample is I'**. Iodine-124 
has been reported as having three positron groups with 
maximum energies 2.20, 1.50, and 0.7 Mev.’® The 
highest energy group represents a first-forbidden 
unique transition. After application of the unique 
correction factor,!* a linear Kurie plot with an energy 
intercept of 2.136+0.010 Mev was obtained (Fig. 2). 
This corrected Kurie plot deviates from linearity in 
the region of 1.5 to 1.6 Mev; and the analysis (Fig. 2) 
shows that the second I'** component has a maximum 
energy of 1.53+0.02 Mev, in agreement with previously 
reported values. A third I'** component of low intensity 


1B, D. Pate and L. Yaffe, Can. J. Chem. 33, 15 (1955). 

2 W. W. Meinke, Atomic Energy Commission Report AECD- 
2738, 1949 (unpublished). 

13 G. Friedlander and W. C. Orr, Phys. Rev. 84, 484 (1951). 

4D). E. Alburger, Rev. Sci. Instr. 27, 991 (1956). 

15 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 
30, 585 (1958). 

16 Rose, Perry, and Dismuke, Oak Ridge National Laboratory 
ORNL-1459, 1953 (unpublished). 
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and end-point energy approximately 0.80 Mev could 
be detected in the Kurie plot of the resolved ['%6 
spectrum (points marked A in Fig. 2). 


Positron Spectrum of I'’6 


The positron spectrum for I'* was obtained from the 
composite [!*4-['°6 spectrum by subtraction of the con- 
tributions of the upper two positron groups of I'™4, 
These contributions were calculated for each point in 
the composite spectrum from the observed slopes and 
end points of the Kurie plots (Fig. 2) of the two I'* 
positron groups, with suitable corrections for decay of 
both I'* and [6 during the time of measurement. 
Inasmuch as the activity of the I'*4 present was small 
in comparison with that of I'**, the uncertainty intro- 
duced into the I'* end point by an error in the I'*4 
determination is quite small. The I'*° end point would 
be only 30 kev greater if no contribution from the 1.53- 
Mev group were subtracted; and any reasonable 
estimate of the I'** contribution gives an I'*6 end-point 
energy well within the limits indicated below. The 
resolved spectrum of I! has the unique shape, and a 
linear Kurie plot was obtained for the upper-energy 
group after application of the appropriate correction 
factor'® (Fig. 2). The end-point energy of this Kurie 
plot was found to be 1.129+-0.005 Mev, a value which 
agrees within the experimental uncertainties with that 
obtained by Koerts et al.,? 1.110.02 Mev. This Kurie 
plot deviates from linearity in the vicinity of 0.80 Mev, 
as could be expected from the third component in 
I'**. No Kurie plot was made for this component 














“sae 
ENERGY IN Mev 

Fic. 2. Composite Kurie plot of the I'4-I'? positron spectrum. 
The lines whose intercepts are 2.136 and 1.53 Mev correspond to 
spectra of I, The third line, end point 1.129 Mev, is the ground- 
state positron spectrum of I!*6; the points marked A on this line 
include contributions from the 0.80-Mev positron group of I. 
The symbol a; represents the first-forbidden, unique-shape cor- 
rection factor. Typical values of the uncertainties are shown on 
the two I'* lines; for the I'**, the uncertainties are no larger than 
the circles shown. 
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because of the magnitude of the uncertainty associated 
with the subtraction of the relatively large I'** com- 
ponent. An estimate of the maximum energy of this 
inner I'** spectrum, 0.80+0.05 Mev, was obtained 
from the intersection of the linear portion of the I'*¢ 
Kurie plot with a line through the points on the same 
plot that deviated from linearity. The end-point energy 
of the inner positron group in ['**, 0.459+-0.007 Mev, 
was determined by subtraction of the energy of the 
first-excited state of Te!”*, 0.670+0.005 Mev,'? from 
the end-point energy of the positron spectrum emitted 
in the transition to the ground state. The value thus 
obtained is considered to be more accurate than one 
which could have been obtained from the Kurie plot 
by successive subtractions of the three positron groups 
of I'*4 and one of I'*®; and the result, 0.459+-0.007 Mev, 
may be compared with that of Koerts et al.,? 0.460 
+0.015 Mev. 


MEASUREMENTS OF GAMMA RAYS AND 
ANNIHILATION RADIATIONS 


Coincidence measurements were made with a triple- 
coincidence scintillation spectrometer, which displays 
and records on a multichannel analyzer the pulse-height 
spectrum of those events in one scintillation detector 
which occur in time coincidence with events of selected 
amplitude in each of two other detectors. 

Two 2X2-inch cylindrical Nal(T1) scintillators on 
Dumont 6292 photomultipliers (detectors B and C, 
Fig. 3) were mounted equidistant from the source, 
with their axes on a line through the source. A third 
cylindrical NaI(TI) scintillator (detector A, Fig. 3), 
3X3-inch, with its Dumont 6393 photomultiplier was 
placed so that its axis intersected the source and was 
at right angles to those of detectors B and C. Anti- 
scattering shields'* were placed between detectors A 
and B and also between A and C; and the geometrical 
arrangement was such that no line through the source 
intersected either detector pair, A,B or A,C. The 
source was mounted so that it might be positioned 
reproducibly. Signals from the three detectors were 
amplified by nonoverloading, linear amplifiers. A fast 
coincidence (r=1.5X10~-7 sec) was required with 
respect to early points on the leading edges of the 
pulses from all three detectors.'* Two single-channel 
analyzers were employed to select pulses of desired 
amplitude from detectors B and C, and a slow, 
triple-coincidence (r= 2X 10~* sec) was required of the 
output pulse of the fast-coincidence unit with one from 
each of the two channels. The output pulses of the 

17 The value 0.670+0.005 Mev for the energy of the first excited 
state in Te!’6 as obtained in this work is in good agreement with 
the value obtained by Coulomb excitation (reference 9). 

18P, R. Bell, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955), p. 161. 

9 The circuit used here, BNL Circuit EHI-756 designed by 
R. L. Chase, is a modification of the conventional fast-slow co 
incidence circuit described by F. K. McGowan, Phys. Rev. 93, 
163 (1954). 
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Fic. 3. Diagram of the triple-coincidence scintillation spectrometer. 


slow-coincidence unit used to gate the multi- 
channel analyzer to which detector A was connected. 
Thus, there were displayed from detector A only 
those pulses which were in coincidence with selected 
events in detectors B and C. 

In the positron, gamma-ray measure- 
ments the sources were surrounded with a 650-mg/cm? 
aluminum absorber, so that the positrons would be 
annihilated close to the source and so that all negatrons 
would be stopped. The single-channel analyzers were 
set to include the photopeak of the annihilation quanta. 
Under these conditions, only those gamma rays that 
are in coincidence with positrons were expected to be 
recorded by the multichannel analyzer. The geometrical 
arrangement of the source, detectors, and shields and 
the energy selection criteria on the channels eliminated 


were 


coincidence 


spurious triple-coincidences which otherwise could have 
been obtained from two-quantum events in which one 
of the gamma rays registered in two detectors as the 
result of a Compton process. 

If an excited state is populated by positron emission, 
electron-capture, and gamma-ray emission from higher 
excited states and is de-excited by emission of a prompt 
gamma ray, 71, the fraction of this state populated by 
positron emission may be determined by gamma-ray 
“singles” and positron-gamma coincidence measure- 
ments. If the positrons are annihilated close to the 
source and are identified by coincident detection of 
both annihilation quanta at 180°, the observed triple- 
coincidence rate for positron-gamma coincidences is 
given by 

Reoine= €114 Dyifg*€s11-511, (1) 
where €,;* is the efficiency for detection of the gamma- 


ray in detector A ; €511-511 is the efficiency for positron 
detection ,by annihilation-annihilation double-coin- 


cidence; Dy, is the rate of emission of the gamma ray, 
v1; and fg* is fraction of these gamma rays arising from 
positron emission, i.e., fg*= (Dg+/D+,1). The efficiencies 
in Eq. (1) are defined in the absence of perturbing 
effects caused by summing of coincident radiations in 
any detector. If the singles y: rate is measured in 
detector A under the same conditions employed in the 
coincidence measurement, this rate, after correction 
for summing, may be written 


Ry,)=671:°D 3. (2) 
Then 
Reoine/ Rv 1=fs*€511-511- (3) 


Thus, fst, the fraction of the excited state populated 
by positron emission, is determined if the positron 
detection efficiency, €511-511, is known. This efficiency 
may be measured experimentally with a positron 
emitter for which fg+ is well known, e.g., Na”. 

The K/8* ratio for the beta transition to the state 
emitting yi: may be determined from fg* if the extent 
to which the state is populated by cascade transitions, 


fy, and if the ratio of K-capture to total electron-capture 


in the transition are known. Specifically, 


Re Pr | 
Pr/ P3t= fa f)( : ) (4) 
fs Pre 


The gamma spectra observed in the coincidence 
experiments with I'* were those of a pure 670-kev 
gamma radiation [Fig. 4(B) ], and the area under the 
photopeak was taken as a measure of Roinc. The 
accidental coincidence rates were completely negligible. 
The singles spectrum was observed simply by removal 
of the coincidence requirements. Thus, the gamma-ray 
efficiency in detector A was identical in both singles 
and triples measurements, except for a small effect 
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TABLE I, Relative probabilities of K capture and positron emission for the transition I'**(2—) — Te!26(2+). 


€511-511 X 104 
End 


Beginning 
137.84+1.9 
136.742.5 
125.7+2.1 
121.7+2.7 


142.2+1.9 
132.2+2.4 
136.1+2.4 
127.6+2.7 


140+2 


Mean* tS p+ Px/P 8+ 
0.00541 +0.00025 
0.00609 +0.00030 
0.00556+0.00028 
0.00521+0.00026 


144+7 
(128+7) 

141+7 

150+8 


13442 
131+5 
124+3 


Average 145+4> 


® The variation in efficiency among experiments arises from the fact that channel-widths for annihilation radiation were varied somewhat. This, of 


course, does not affect the value of fg.. 


_>In the computation of the average, the result of Exp. 2 was not included; the triple-coincidence rate in that experiment, corrected for efficiencies, 
did not fall accurately on the 13-day decay plot of the three other experiments. 


from coincident summing in the singles which was 
taken into account. Background was subtracted after 
corrections for dead time had been made. The maximum 
dead-time correction was 0.75%. 

Energy scales were calibrated with the radiations 
from Cs'** (661 kev) and from Na* (511 kev and 
1280 kev). By careful comparison of the I'** gamma 
spectrum with spectra from Cs'*? and Na” sources of 
various strengths, the energies of the gamma rays 
from the I['**—> Te!® decay were measured to be 
670+5 kev, 760+15 kev, and 1430+15 kev. The 
value 670+5 kev, which is used in the calculation of 
the end-point energy of the I'** inner positron spectrum, 
is in good agreement with the value of Stelson and 
McGowan’ but is 20 kev higher than earlier values.’ 

The positron-detection efficiency was determined 
before and after each ['** measurement from the 
analogous measurement with the well-known transition 
in Na” for which fs+=0.901+0.006.% In the Na” 
singles measurement, since 90% of the gamma rays 
are accompanied by positrons, some correction is 
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Fic. 4. Gamma spectra of I%6, (A) Singles spectrum; (B) 
spectrum in coincidence with positrons. Note that the energy 
zero does not correspond to channel zero. 


*” R, Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954). 


necessary for loss from the 1.28-Mev photopeak due 
to the summing effect. This correction was determined 
experimentally from the addition peak in the singles 
spectrum, from the observed peak-to-Compton ratio 
in detector A for the pure 1.28-Mev gamma ray 
(obtained from the triple-coincidence spectrum), and 
from the observed peak-to-Compton ratio in detector 
A for the annihilation radiation (obtained from a 
1.28-Mev gamma, annihilation-radiation coincidence 
spectrum). The resultant correction, arising from all 
the additions and losses to the photopeak, was 7%, a 
value which agrees with one obtained by calculation 
from published NaI detector efficiencies” and from the 
known geometry. 

The correction to the singles rate in the °° measure- 
ment, small relative to that required for Na”, was 
calculated from the geometry and published detector 
efficiencies. 

The results of the measurements are shown in Table I. 
For the calculation of Px /Ps+ from the measured values 
fat, the quantities fy and Px/Pxrc in Eq. (4) were taken 
to be 0.109+0.009” and 0.880,” respectively. 


DISCUSSION 


In Table Il are shown the A/S ratios for the 
transition ['*6(2—)— Te!?*(2+), determined de- 


scribed above, and the AK/8* ratios for the analogous 


as 


transitions in As” and Rb*. Also shown are the values 
calculated on the basis of the model given in reference 1, 
according to which 


(Px/ Pst) + 24 


1+1/12(Wo+1)*y 
= (Px Peatona ). (5) 
1+1/24(We—1y 


21 Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report NRL-4833, 1956 (unpublished) ; and reference 18, pp. 139, 
154 

2 This value is that given in reference 2, and it is in agreement 
with the value of reference 3. 

% The ratio of L to K capture is taken from M. E. Rose and 
J. L. Jackson, Phys. Rev. 76, 1540 (1949). Capture from the M 
shell was estimated relative to L capture from the relation 
Py/Pit™(Zunzi/Zinm)', where the n’s are the principal quantum 
numbers and the Z’s are screened values of the nuclear charge; 
see H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1830 (unpublished), p. 10. The value for Py /P1 
for 126 js 0,19, 
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TaBLeE IT. Observed and calculated values of K-capture—positron ratios for first-forbidden transitions with spin-change zero (2—— 2+). 


Nuclide (PK/P g+) observed 


ji26 1.90+0.01 145+4 

As” 2.81+0.02* 1.5 

Rb* 2.45» | 5.1 +0.41 
5 


2.53¢ , ' 
2.54-+0.03° | 12+0.11 


Wo/mec? 


* Reference 7. 


(PK/P g+)ecale 2- ~» 24 


(145+7)! 
1.50+0.04 
4.98 

4.2 +0.4¢ 
4.1 +04 


(Px/P g+) allowed y 


0.18 
0.34 


131+6 
1.16+0.03 
4.09 | 
3.4 +0.3¢ } 
3.3 +0.3 


0.29 


b This value is obtained by subtraction of the energy of the first excited state of Kr®(0.89 Mev) from the energy of the ground-state positron transition 
(1.63 Mev); the values are those given by C. M. Huddleston and A. C. G. Mitchell, Phys. Rev. 88, 1350 (1952). 
¢C. S. Wu and N. Benczer-Koller (private communication). The same value has been obtained by W. O. Doggett, Ph.D. thesis, University of California 


(unpublished). 
4 Reference 5. 
© Reference 6. 


{ Note that for I'26 this value was taken to be equal to the observed ratio in order to obtain the expression y =19.8/x?, 
« The uncertainty estimates are based on the authors’ estimate of the uncertainty in the Wo value. 


Here (Px/Ps*)attowea iS Obtained by exact calculation! 
or, more conveniently, from published curves**; y 
would be the contribution to the transition rate made 
by the unique matrix element relative to that made by 
all other matrix elements, if the energy-dependent 
factors in the equation were unity. In reference 1, y was 
treated as a constant. Actually, from Eq. (11), reference 
1, it is seen that y= >- | B,;|?/x?| M.E.|?, where x=aZ/2R 
and |M.E.!|? represents the contributing matrix ele- 
ments other than >-| B;;|?. In the approximation used, 
M.E.|? alone would produce an allowed K/8* ratio. 
From the ['% K/8* ratio given in Table I and the 
measured energy of this transition, Wo=1.90 mc’, the 
value of y is found to be 0.18. If the assumption is 
made that >>| B;;\?/|M.E.|*constant, then y is 
determined for any other value of «x; that is, 
y=19.8/x*. In Table II are shown the three available 
measured K/8* ratios in 2— — 2+ transitions com- 
pared with the ratios computed as described above and 


*M. L. Perlman and M. Wolfsberg, Brookhaven National 


Laboratory Report BNL-485 (T-110) (unpublished). 


with ratios computed as if the transitions were allowed. 
There is reasonable agreement between computed and 
observed ratios in Table II, but the energy uncertainty 
in the Rb* case makes exact comparison impossible. 
From the ft values of these three transitions and from 
the y values computed for each one by use of the 
appropriate data and Eq. (5), one may calculate the 


ft value for the unique part of the transitions. These 


turn out to be equal to or smaller than those for the 
corresponding ground-state transitions. In other words, 
> | Bij |*2 + 24> D0 | Bij|?2_ ~ 0. An analysis of nuclear 
matrix elements in these transitions is being presented 
separately. 
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The (y,p), (y,p), (y,m), and (7,2) cross sections for A” are presented. The (y,p) cross section has a peak 
at 23.5 Mev while the (y,n) cross section peaks at 16.5 Mev and the (y,2m) peaks at 20 Mev. The (y,"p) 
cross section peaks at 27.5 Mev. The total absorption cross section for A has a peak height of 86 mb at 
23.5 Mev gnd a full width at half maximum of 10.3 Mev. The integrated total cross section is 470470 mb- 


Mev to 2 Mev and 900+180 mb-Mev to 40 Mev. 


The shapes of these cross sections are discussed and 


a need for further investigation of energy and angular distributions of photoprotons from argon is indicated. 


INTRODUCTION 


HOTONEUTRON production from argon (99.6% 

A*) has been measured by McPherson e¢ al.! and by 
Ferguson ef al.? with similar results. In both experiments 
a long counter’ was employed to detect the neutrons 
and the quantity o(y,u)+o(y,pn)+20(y,2n)+. .. 
was measured. We shall call this quantity the neutron 
production cross section. It was found to have an ap- 
proximately linear rise between threshold (about 10 
Mev) and 17 Mev. The cross section then gradually 
turned over to form a broad peak centered near 20 Mev. 

The (y,p) cross section for A® was also measured! 
and was found to be quite different. It had a monoton- 
ically increasing slope from the threshold (about 12.5 
Mev) to 26 Mev, the highest gamma-ray energy attain- 
able in the experiment. This behavior is anomalous 
since (y,p) and (y,m) cross sections usually have similar 
shapes in a given element, although in light elements 
the (y,p) cross section may be the larger. 

This paper reports a measurement of the (y,p) and 
(y,np) cross sections for A®. A reanalysis of existing 
data! on the neutron production cross section is also 
presented and an attempt is made to determine the 
nature of the total absorption cross section for A®. 


EXPERIMENTAL ARRANGEMENT 


The experiment was performed with bremsstrahlung 
from the 100-Mev betatron at the University of 
Chicago. The experimental arrangement is shown in 
Fig. 1. The diameter of the bremsstrahlung beam at the 
argon chamber was determined by collimator 1 and was 
about 3 inch. Collimator 1 was eight inches thick and 
was made of litharge in order not to perturb the mag- 
netic field of the betatron. 

The diameter of the beam at the ion chamber was 
determined by collimator 2 and was about 1.75 inches, 


+ Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

* Now at Litton Industries, Beverly Hills, California, 

t Now at the University of Illinois. 

1 McPherson, Pederson, and Katz, Can. J. Phys. 32, 593 (1954). 

2 Ferguson, Halpern, Nathans, and Yergin, Phys. Rev. 95, 776 
(1954). 

3 A, O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947); 
R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954); Montal- 
betti, Katz, and Goldemberg, Phys. Rev. 91, 659 (1953). 


which was considerably less than the diameter of the 
chamber. 

The cylindrical Lucite chamber containing the argon 
was about 1} inches inside diameter and 34 inches long. 
For each irradiation the chamber was lined with clean 
filter paper and filled with argon to a pressure of 52 psi. 
The chlorine products formed by photonuclear reac- 
tions during the irradiation stuck to the filter paper 
liner. After irradiation, the chamber was vented to the 
atmosphere and the filter paper was removed. The end- 
liners were discarded and the wall-liner was placed in- 
side a thick brass cylinder, and the whole was slipped 
over a cylindrical Geiger counter. The yield of the re- 
actions A”(y,p)Cl®® and A”(y,np)Cl® was then meas- 
ured by counting the chlorine activities present on the 
filter paper. 

This method gave reproducible results and the argon 
which was vented after each irradiation carried no 
measurable activity. The thick brass cylinder served 
to enhance the counting rate by backscattering. Both 
the brass cylinder and the filter paper were longer than 
the sensitive region of the Geiger tube in order to elimi- 
nate possible fluctuations due to end effects. 

The irradiations were made at 1-Mev intervals be- 
tween 14 and 34 Mev, and at 2-Mev intervals between 
34 and 44 Mev. The length of irradiation varied from 
13 to 50 minutes depending on the energy. Low-energy 
and high-energy irradiations were interspersed and 
most of the points were repeated at least once. 

A 20-minute count of the filter paper was begun 5 
minutes after the end of each irradiation. A second 20- 
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Fic. 1. Sketch of the experimental arrangement. 
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minute count was begun 85 minutes after the end of 
each irradiation. The two counts were used, in conjunc- 
tion with an analytic expression, to separate the Cl** 
yield from the Cl yield. This separation leads to a con- 
siderable increase in the statistical uncertainty since 
the half-life of Cl** (37.3 minutes) is not much different 
from that of Cl* (56 minutes). The separation method 
was tested on decay curves taken at several energies, 
and it was shown to be valid over at least two orders of 
magnitude in counting rate. 

A typical 22-Mev irradiation yielded 20000 counts 
in the first counting period and 8000 counts in the 
second. A typical 30-Mev irradiation gave 80 000 and 
28 000 counts, respectively. The data showed a some- 
what larger scatter than could be accounted for by 
counting statistics alone. 

Aside from the chlorine activities, small amounts of 
2- and 20-minute activities were observed which were 
presumably due to O' and C" induced by radiation 
striking the filter paper. They were present even when 
the gas chamber was evacuated before irradiation. 
These background activities were determined for each 
energy and appropriately subtracted. For example, at 
44 Mev the 2-minute background made a 2.5% correc- 
tion to the first 20-minute count and none to the second. 
The 20-minute background was always negligible. 

The bremsstrahlung intensity was monitored by 
means of a thick parallel-plate ion chamber‘ of known 


energy response.® The ion chamber was connected to a 
vibrating reed electrometer whose output was propor- 
tional to the instantaneous bremsstrahlung intensity. 
This signal was presented to a two-channel activity 
computer so adjusted that its output voltages were 
analogs of 37.3- and 56-minute activities. In this way 
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Fic. 2. The integrated (y,p) and (y,"p) cross sections plotted 
as a function of photon energy. The errors shown are those re 
sulting from the counting statistics. 

4P. D. Edwards and D. W. Kerst, Rev. Sci. Instr. 24, 490 
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fluctuations in the bremsstrahlung intensity produced 
similar changes in the induced activities and in the 
recorded monitor readings. Thus, for example, the 
number of Cl** atoms present in the sample at the be- 
ginning of a counting cycle divided by the Cl** monitor 
reading at that time was proportional to the total num- 
ber of Cl** atoms formed during the irradiation divided 
by the total charge passed by the ion chamber during 
the irradiation. 

Points on the bremsstrahlung yield curves for the 
(y,p) and (y,pm) reactions were formed by dividing the 
computed Cl* and Cl** activities by the corresponding 
monitor readings. A correction was then applied to 
these curves to account for the fact that the ion cham- 
ber did not subtend the identical solid angle to the 
x-ray source as did the argon gas chamber. This correc- 
tion was obtained with the aid of copper foils placed at 
the positions designated A and B in Fig. 1. The foil at 
A was placed on the end of the argon chamber and had 
the same diameter as the argon gas sample. The foil 
placed at B just fitted into the entrance of collimator 2 
and so subtended the same angle to the x-ray source 
as did the ion chamber. The foils were irradiated at a 
number of energies over the range 10 to 44 Mev, and 
the ratio of the activity in foil B to the activity in foil 
A was applied as a correction to the Cl*® and Cl** yield 
curves. The ratio was observed to increase by 5.5% 
between 10 and 44 Mev. 


CROSS-SECTION ANALYSIS 

Absolute yield values were assigned to the corrected 
(y,p) and (y,zp) curves by using the A” proton yield 
given by Spicer.® This yield is in good agreement with 
that quoted by McPherson ef al.' and in fair agreement 
with the yield which one can obtain by interpolating on 
the curves given by Weinstock and Halpern’ in their 
paper on the systematics of photoproton reactions. 

The resulting, normalized, (y,p) and (y,np) yield 
curves were then analyzed for cross section by the 
method of Penfold and Leiss.* The analysis was made 
on the actual data points without prior smoothing. 
The results were then summed to obtain values of the 
running integrals of the cross sections. 

The points in Fig. 2 show the values for the integrated 
cross sections which were obtained from the analysis. 
The indicated errors are those resulting from counting 
statistics only. Smooth curves were drawn through the 
points as shown. In drawing these curves two criteria 
were employed: the first was the physical requirement 
that the slopes remain positive; the second was mini- 
mization of detailed structure. The first differences of 
these curves gave the (y,p) and (y,up) cross sections 
which are shown in Fig. 3. 

® B. M. Spicer, Phys. Rev. 100, 791 (1955). Note.—An energy 
uncertainty of 1 Mev would only affect our absolute cross section 
values by about 10%. 

7E. V. Weinstock and J. Halpern, Phys. Rev. 94, 1651 (1954). 


8A. S. Penfold and J. E. Leiss, University of Illinois Report, 
1958 (unpublished) ; Phys. Rev. 95, 637(A) (1954). 





PHOTONUCLEAR CROSS SECTIONS FOR 


Although other curves could be drawn through the 
points of Fig. 2, the general features of the cross sec- 
tions of Fig. 3 must remain. In particular, the peak of 
the (y,p) cross section cannot be moved by more than 
+0.5 Mev. Furthermore, it is apparent that the (y,2p) 
cross section is much smaller than the (y,p) cross sec- 
tion in the neighborhood of the peak of the latter. The 
(y,p) cross section obtained in this work differs from 
that of McPherson et al.! above 18.5 Mev, a region in 
which they reported rather large fluctuations of data. 


NEUTRON PRODUCTION CROSS SECTION 


It has been general practice to smooth bremsstrah- 
lung yield curves before making a cross-section analysis. 
This procedure may result in loss of pertinent features 
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Fic. 3. The photonuclear reaction cross sections of A” plotted 
as a function of photon energy. 


of the cross section due to the sensitivity of the cross 
section to the yield curve shape. 

Through the kindness of L. Katz the raw data from the 
experiment of McPherson e/ a/.! were made available to 
us. These data were reanalyzed by the method already 
described in connection with the (y,p) and (y,mp) re- 
actions. The result is shown in Fig. 4, where the curve 
for the integrated cross section clearly indicates that the 
cross section is doubly peaked, a result not obtained by 
McPherson ef al.2 The fluctuations of the points in 
Fig. 4 are entirely compatible with the quite good 
statistical accuracy of the experiment. 

First differences of the curve in Fig. 4 give the neu- 
tron production cross section—in this case o(y,n) 
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Fic, 4. The integrated neutron production cross section 
plotted as a function of photon energy. 


+20(y,2n)+0(y,np) since no other reactions contribute 
significantly below 27 Mev, the threshold for the (y,2”p) 
reaction. As a first step in separating the neutron pro- 
duction cross section into its components, the measured 
(y,p) cross section (Fig. 3) was subtracted. The ratio 
a(y,2n)/Lo(y,n)+o(y,2n) | was then computed using 
the statistical theory of nuclear reactions® with a (y,2m) 
threshold of 16.5 Mev, a constant nuclear temperature, 
and a 25% direct neutron ejection. (With these assump- 
tions it is possible to fit the experimentally determined 
values of the ratio as a function of energy for the cases 
of copper” and tantalum.") In accordance with the 
experiment of Spicer® on the energy distribution of 
photoprotons from A*, a nuclear temperature of 1 Mev 
was assumed. The calculations produced values for the 
(y,2) and (y,2m) cross sections which are shown in 
Fig, 3. 

The presence of the peak in the (7,7) cross section at 
16.5 Mev is independent of the assumptions used to 
separate the (y,2n) cross section from the neutron pro- 
duction cross section although the form of the curve at 
higher energies is not. 


DISCUSSION 


The salient features of Fig. 3 are the following: 
first, below 17-Mev neutron emission is dominant due, 
no doubt, to the inhibition of proton emission caused 
by the 5-Mev Coulomb barrier; second, the rise in the 
(y,p) cross section above 20 Mev is not accompanied 
by any rise in the neutron cross sections; third, the 

®J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 

© A. I. Berman and K. L. Brown, Phys. Rev. 96, 83 (1954 

"FE. A. Whalin and A. O. Hanson, Phys. Rev. 89, 324 (1953 
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Fic. 5. The ratio of the (y,p) to the (y,n)+ (7,2b) cross sections 
as a function of photon energy. The solid curve was obtained 
with a nuclear temperature of 1 Mev, the dashed curve with a 
temperature of 1.43 Mev. 


(y,mp) cross section seems to be the dominant one near 
28 Mev. 

When the (7,2) and (y,2n) cross sections of Fig. 3 
are added together, the dashed curve marked (y,n) 
+(y7,2n) is obtained. This curve was extrapolated to 
27 Mev (as shown by the dotted section), and was 
added to the (y,p) and (y,p) cross sections to form the 
dashed curve marked “Total.” This curve represents 
the total absorption cross section for A®, since reactions 
such as (y,a) are expected to contribute insignificantly. 
For example, an upper limit of 0.1 mb may be put on 
the (y,a) cross section at 23 Mev.” 

The integral of the total absorption cross section 
taken to 23 Mev is 470 mb-Mev with an estimated 
error of 15%. A reasonable continuation of the total 
absorption cross section to 40-Mev yields an integrated 
value of 900 mb-Mev with an estimated error of 20%. 
The theoretical prediction for the integrated absorption 
cross section, up to the photomeson threshold, is 832 
mb-Mev." 

The full width of the total absorption cross section at 
half maximum value is 10.3 Mev. It is interesting to 
note that this width is larger than any which have been 
reported for the highly deformed nuclei of the rare 
earths." 

Unfortunately it is impossible to compare this width 
for argon to those of the neighboring elements calcium, 
potassium, and chlorine since the (y,p) cross sections 

2 P, Erdés, Helv. Phys. Acta 30, 639 (1957). 

13 Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 


(1954). 
4 Fuller, Petree, and Weiss, Phys. Rev. 112, 554 (1958). 
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for these elements are not known. The width of the 
neutron production cross section for Ca® is 4 Mev,!® 
while the widths of the (y,) .cross sections for Cl** and 
K* are 3.3 Mev'® and 2.6 Mev,'® respectively. All these 
are much less than the width of the neutron production 
cross section for A*® which is 11 Mev, from the data of 
McPherson et al.! 

It is interesting to consider the ratio of the reactions 
which result in initial proton emission to those which 
result in initial neutron emission. This ratio may be ap- 
proximated by o(y,p)/Lo(y,n)+o(y,2n) ] and for A® it 
has the form shown in Fig. 5. Although the computed 
ratio depends on the way in which the neutron produc- 
tion cross section was separated into components, the 
general features of the ratio are not easily changed. 
For example, the ratio was recomputed with a nuclear 
temperature of 1.43 Mev instead of the previous 1 Mev. 
The dashed curve shown in Fig. 5 was the result. 

The slow rise in the ratio up to 18 Mev is expected 
because of the Coulomb barrier. The rapid rise above 
20 Mev is not expected, and no explanation for this is 
known. 

Information concerning the energy and angular dis- 
tribution of photoprotons from A“ is available up to 
about 20 Mev from the work of Komar and Yavor,!” 
Wilkinson,'* and Spicer.* Spicer’s work predominantly 
sampled the region between 18 and 21 Mev and showed 
a strong sin’@ angular distribution. In addition, the 
energy distribution was observed to be primarily 
Maxwellian but with a surprisingly low mean energy. 
A similar result was obtained by Wilkinson!* using 
gamma rays of 17.6 Mev." 

The present work indicates that a study should be 
made of the energy and angular distribution of the 
photoprotons above 20 Mev. 


CONCLUDING REMARKS 


It has been shown that for A” the (y,p) cross section 
has a different shape from the neutron cross sections. 
The neutron cross sections by themselves give a poor 
representation of the total absorption cross section in 
respect to both the shape and the peak value. 

This suggests that other elements might exhibit a 
similar behavior. In order to settle this point, however, 
our knowledge of (7,p) cross sections must be consider- 
ably augmented. 

16 J. Goldemberg and L. Katz, Can. J. Phys. 32, 49 (1954). 

16 Borello, Goldemberg, and Marcello, Anais acad. brasil. Cienc. 
27, 417 (1955). 

7A. P. Komar and I. P. Yavor, J. Exptl. Theoret. Phys. 
U.S.S.R. 31, 531 (1957) [translation: Soviet Phys. JETP 4, 432 
(1957) }. 

18D. Wilkinson and J. H. Carver, Phys. Rev. 83, 466 (1951). 

19 Note added in proof.—Recent Russian work [T. P. Iavor, 
Soviet Phys. JETP 34, 983 (1958) ] has yielded an integrated 
(y,p) cross section which is in fair agreement with the present 
results. 
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Energy spectra of deuterons and tritons from (p,d) and (p,¢) reactions are found to be peaked near their 
maximum energy, in contrast to the spectra of protons from (d,p) and (¢,p) reactions which are peaked 
at low energy. It is shown that this characteristic of inverse reactions is to be expected from “stripping’’ 
and “pickup” reactions as a consequence of the fact that the former excite “particle” states while the latter 
excite “hole’’ states, but that it is not expected from collision type reaction mechanisms (e.g., “knockout’’). 
It is thus concluded that (¢,) and (/,) reactions as well as (d,p) and (,d) reactions proceed by “stripping” 
and “pickup”. The shape of energy spectra from (p,a) and (a,/) reactions indicates that the non-compound 
nucleus portion of these also goes by “pickup” and “stripping” ; there is corroboratory evidence for this from 


absolute cross sections. 


N the course of a general survey of nuclear reactions 

induced by 23-Mev protons, measurements were 
made of energy distributions of deuterons and tritons 
from (p,d) and (p,/) reactions. They were detected by 
a proportional counter-scintillator combination pro- 
viding pulses proportional, respectively, to the energy 
loss rate (dE/dx) and the total energy (£). For qualita- 
tive examination, plots of dE/dx vs E for each particle 
were exhibited on an oscilloscope face and pictures 
were taken of the resulting hyperbolas.' For quantita- 
tive (but low-resolution) measurements, pulse-height 
distributions of dE/dx pulses were obtained with a 
multichannel analyzer gated by E pulses which fall be- 
tween the upper and lower discrimination levels of a 
single-channel analyzer. At each setting of the single- 
channel analyzer, dE/dx pulse-height distributions were 
measured for several targets (including beryllium which 
provides large numbers of deuterons of all energies). 
With consideration for the data from all targets, the 
separation between protons, deuterons, and tritons was 
always clearly defined as shown, for example, in Fig. 1. 
The areas under the three peaks were then summed to 
give the absolute count rate of each of the three par- 
ticles in the energy interval determined by the single- 
channel analyzer setting. This setting was then varied 
to obtain data from the entire energy spectrum in 2-Mev 
energy intervals. The procedure was repeated at each 


TABLE I. Total cross sections (mb). 


Element (p.d) (p,t) 


3Al 36 wae 
osFe 26 1.0 
«Pd 28 6.6 
7Au 42 9.5 


* Now at University of Pittsburgh, Pittsburgh, Pennsylvania. 


+ Now at Williams Development Company, West Concord, 


Massachusetts. 


t Operated for U. S. Atomic Energy Commission by Union 


Carbide Corporation. 


1C, D. Goodman and J. L. Need, Phys. Rev. 110, 676 (1958). 


angle, and two complete sets of data were obtained at 
different times for a consistency check. 

The results for deuterons and tritons are shown in 
Figs. 2 and 3. In all target elements at all energies, the 
angular distributions are forward peaked, indicating 
that direct interactions are involved in both (f,d) and 
(p,t) reactions. The absolute total cross sections are 
listed in Table I. 

The most striking qualitative feature of these spectra 
is that they are peaked near the maximum energy of the 
Outgoing particles. This feature was also clearly evident 
from the picture of the oscilloscope face. It is in striking 
contrast to essentially every previously studied energy 
spectrum of particles emitted from reactions in heavy 
elements in that the latter have all been peaked at low 
energies. It is particularly interesting to consider the 
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Fic. 1. Pulse-height distribution of dE/dx pulses in coincidence 
with E pulses of heights indicated. These data were taken with an 
Au target at 90 deg. 
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. 2. Energy distributions of deuterons at various angles from 
(p,d) reactions induced by 23-Mev protons. 


case of (d,p) and (p,d) reactions which are well known 
to go by neutron “stripping” and neutron “pickup,” 
respectively. Energy spectra of protons from (d,p) re- 
actions are peaked at low proton energies,? whereas the 
deuteron spectra from (p,d) reactions (Fig. 2) are 
peaked near their maximum energy; this is shown 
schematically in Fig. 4. 

We propose that this qualitative difference may be 
explained as follows: Consider an individual-particle 
model of the nucleus with neutron levels in the potential 
as shown schematically in Fig. 5; the levels marked 
with dots are filled. In a (d,p) reaction, a neutron is 
captured into one of the unfilled levels, such as a, }, or 
c. It is immediately clear that the number of levels 
available increases rapidly with excitation energy, so 
that from this standpoint, it is most probable that the 
neutron will be captured into a highly excited level, 
causing the proton to be emitted with low energy. 

In a (p,d) reaction, on the other hand, a neutron 
must be picked-up from one of the filled levels, as 0, d, 
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Fic. 3. Energy distributions of tritons at various angles from 
(p,t) reactions induced by 23-Mev protons. 
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e, or f. The greatest number of levels available for this 
purpose is in the region of o and d, rather than in the 
region of f, so that from this standpoint, neutrons from 
the former region will be picked-up most frequently. 
This is the region of low-excitation energy of the final 
nucleus, whence the deuterons are most frequently 
emitted with nearly their maximum energy. 

To state the argument more succinctly, stripping 
reactions excite “single-particle” levels whereas pick-up 
reactions excite “hole” levels. Level densities of single- 
particle levels increase with increasing excitation energy, 
whereas level densities of hole levels decrease with in- 
creasing excitation energy. 

In addition to the level density argument, it should 
be noted that stripping and pickup reactions frequently 
proceed by interactions with the “exponential tails” of 
the wave functions in the classically forbidden region. 
The extent of these exponential tails increases with in- 
creasing energy in the well, so that here again we find 
that among particle levels, those with the highest ex- 
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Fic. 4. Schematic representation of energy spectra of emitted 
particles from (d,p) and (p,d) reactions. It is shown in the text 
that these spectral shapes for inverse reactions are characteristic 
of “stripping” and “pickup” reactions. 


citation energy have the largest exponential tails, 
whereas among hole levels, those with the lowest ex- 
citation energy have the largest exponential tails. This 
would again explain spectral shapes as in Fig. 4; the 
actual explanation for Fig. 4 is probably a combination 
of the exponential tail effect and the level density effect. 

It is very important to note that spectral shapes for 
inverse reactions as in Fig. 4 are definitely not to be 
expected from collision reactions (e.g., knockout, ex- 
change) ; these would generally predict the same spec- 
tral shape for inverse reactions. No other reaction me- 
chanism except stripping-pickup has been proposed 
which would lead to the situation in Fig. 4. Therefore, 
we proceed on the assumption that if any pair of inverse 
reactions gives spectral shapes as in Fig. 4, they are 
stripping and pickup reactions. 

As a first application of this assumption, we note from 
Fig. 3 that the energy spectra of tritons from (p,f) reac- 
tions is peaked near the maximum energy. The inverse 
reaction, (/,p), has not been studied in this way, but 





DETERMINATION OF 
the very similar reaction, (He;,p) has been studied.’ 
The proton spectra from that reaction are peaked at 
low energies, and it is most likely that the situation is 
similar in (/,p) reactions. Thus, it appears that the 
energy spectra from (/,p) and (p,¢) reactions are as in 
Fig. 4, so that we conclude that these reactions proceed 
by two-neutron stripping and pickup, respectively. 

We next turn our attention to (p,q) and (a,p) reac- 
tions. The (p,a) reactions have been studied recently‘; 
in light- and medium-weight nuclei they proceed prin- 
cipally by compound-nucleus interaction, but in ele- 
ments as heavy as 7sPt and 7gAu the compound-nucleus 
cross section becomes negligible, the angular distribu- 
tions are peaked forward, and the energy spectra of the 
alpha particles are peaked near their maximum energy. 
The inverse reaction, (a,p), has been studied by Eisberg 
et al.’ While here again there is an important compound- 
nucleus contribution, the protons emitted in the forward 
hemisphere are strongly peaked forward and _ their 
energy distribution is peaked at low. energy. Thus, the 
non-compound-nucleus portion of (a,p) and (p,a) reac- 
tions exhibits the effect shown in Fig. 4, so that we are 
led to the surprising conclusion that these are three- 
particle (two neutrons plus one proton) stripping and 
pickup reactions, respectively. 

Additional evidence for this conclusion is obtained 
from consideration of absolute cross sections. The Q 
value is about 12 Mev higher for (f,a) reactions than 
for (p,d) or (p,t) reactions so that, on the basis of most 
theories, the cross section should be larger unless 
Coulomb barrier effects are important. The Coulomb 
barrier, is of course, larger for alpha particles, but the 
shape of the energy spectra indicate that Coulomb 
barriers do not have an appreciable effect. However, 
the observed cross sections in Au are 42, 9.5, and 
5.0 mb for (p,d), (p,/), and (p,a) reactions, respectively. 

7D. R. Sweetman, 
communication). 

4C. B. Fulmer and B. L. Cohen, Phys. Rev. 112, 1672 (1958) 

*’ Eisberg, Igo, Wegner, Phys. Rev. 100, 1309 (1956), also, 
private communication. 
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REACTION MECHANISMS 


Fic. 5. Schematic representation of individual-particle 
levels in a potential well. 


On the pickup model, it is clear that this would be ex- 
plained by the fact that it is more difficult to pick up a 
larger number of particles. 

Thus, of all the direct reactions that have been 
studied, only inelastic scattering, (p,m), and (n,p) re- 
actions do not appear to proceed by a pickup or strip- 
ping mechanism. Inelastic scattering seems to be prin- 
cipally an excitation of collective oscillations,® so that 
the process for direct interactions that has been most 
frequently postulated, “knockout” as a result of colli- 
sions, seems to be limited to (p,m) and (n,p) reactions; 
even for this there is as yet no direct evidence. 


6B. L. Cohen and A. G. Rubin, Phys. Rev. 111, 1568 (1958). 
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Lower Excited States of Ca‘ 


H. MorinaGa, N. Mutsuro, AND Masumi SUGAWARA 
Department of Physics, Tohoku University, Sendai, Japan 
(Received December 31, 1958) 


Weak gamma rays in the decay of K* were investigated in order to give spin-party assignments for low 
lying excited states of Ca**. The second excited state was found to be a 0° state from directional correlation 
measurements and the third excited state has low spin value, probably 2*. Except for these two states the 
level sequence seems to be very much like that of Ti® which has a similar configuration of two /; nucleons 


outside of a doubly magic core. 


HERE have been many theoretical treatments on 
the lower energy states of calicium isotopes.'@ 
Detailed experimental information on the lower energy 
levels off Ca“ and of*? Ca® have recently become 
available for comparison with calculations, but little 
is known about the characteristics of the lower states of 
Ca®. The level scheme of Ca, however, is very im- 
portant since parameters for two nucleon states around 
the Ca® core are derived from it. 

In order to give spin-parity assignments for states 
found from nuclear reaction studies,* a careful study of 
weak gamma rays in the decay of K* was undertaken. 

Very pure samples of KNO; were activated by the 
JRR-1 reactor at the Japan Atomic Energy Research 
Institute for producing the K*. Sodium impurities of 
about 10 ppm were removed after the irradations. The 
gamma-ray spectra were observed with both a 4 in. x4 
in. Nal and a pair of 1} in. crystals in a coincidence 
set-up, connected to a 100 channel analyzer. The reso- 
lution of the coincidence spectrometer was 27= 30 
mysec. Three weak gamma rays of energies 0.9 Mev, 
1.94 Mev, and 2.42 Mev, respectively, were found in 
addition to the well-known 1.53- and 0.31-Mev gamma 
rays. The 0.9-Mev and 1.94-Mev gamma rays were 
found to be coincident with the 1.52-Mev raditions, 
The relative intensities of gamma rays are tabulated in 
Table I. The log ft values for the beta transitions feed- 
ing the states from which these gamma rays originate 
are also tabulated assuming the decay scheme in Fig. 2. 

In order to determine the spin of the second excited 
state, directional correlation of the 0.31- and 1.53-Mev 
gamma rays was measured. The result is shown in 
Fig. 1. Comparison with theoretical correlation func- 
tions and the beta-decay selection rules requires this 
state to be a 0* state. This is in contradiction with the 


1C. K. Levinson and K. W. Ford, Phys. Rev. 100, 13 (1955). 

*J. B. French and B. J. Raz, Phys. Rev. 104, 1411 (1956). 

°T. Talmi, Phys. Rev. 107, 326 (1957). 

*C. K. Bockelman et al., Phys. Rev. 107, 1366 (1957). 

5 C. K. Bockelman et al., Phys. Rev. 107, 176 (1957). 

®O. B. Nielsen and R. K. Sheline, Bull. Am. Phys. Soc. Ser. IT, 

, 260 (1957). 

7G. Backstrém and T. Lindqvist, Arkiv Fysik. 11, 465 (1957). 

§ See: P. M. Endt and C. M. Braams, Revs. Modern Phys. 20, 
683 (1957). 


previous assignment’ but in agreement with the sugges- 
tion made by Way ef al. from systematics." 

The third excited state at 2.422 Mev must be either 
2+ or 1* but the systematics favor the 2+ assignment. 
The 3.44-Mev state can be a 2~- or 3~ state and the 
height of the state is just the height where the lowest 
odd parity state appears. The 3~ assignment is more 
likely to be true from the systematics of such states." 

The 2.750-Mev state is not observed in this decay 
and is the lowest state which can be a 4* state. Gamma 
radiation via such a high 4* state is probably difficult 
to observe. Since this energy is too low for an odd 
parity state and since a 1+, 2+, or 3+ assignment likely 
requires some beta branching which must be followed 
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Fic. 1. Directional correlation of 0.31- and 1.52-Mev gamma- 
rays. Solid lines are theoretical curves corrected for solid angles 
and the source length. 


®V. Capeller and R. Klingelhéfer, Z. Naturforsch. 9a, 1052 
(1954). 

1 Way, Kundu, McGinnis, and van Lieshout, Annual Review of 
Nuclear Science (Annual Reviews, Inc., Stanford, 1956), Vol. 6, 
p. 129, 

1H. Morinaga, Phys. Rev. 103, 503 (1956). 
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TABLE I. Gamma rays in the decay of K®. 


Spin as- 
signment 


Or 
Zz 
o* 
BUY) 


B-ray* 
log ft 


Initial 
state 


Coincidence 
with 


Relative 
intensity 


(Ground-state beta decay) 8.4» 


Ey 
(in Mev) 


1.52 
0.31 
2.42 
0.9 

1.94 


100 E. 
1.836 
2.422 
2.422 
3.44 


1 1.52 
0.2 
0.3 


0.3 1.52 3-(2-) 


® Decay scheme in Fig. 2 was assumed and a beta-ray branching of 18% 
to the 1.523-Mev level and a decay energy of 3.545 Mev was adopted. 
» log fit instead of log ft. 


by gamma rays, the most likely spin-parity assignment 
for this level is either 4* or 0+. Assignment of a very 
high spin value would be also unrealistic. 

It is interesting to compare the level sequence of 
Ca® with the levels in Ti®. The level scheme obtained 
from (d,p) reaction data and the decay” of Sc® is shown 
in Fig. 2 together with the level scheme of Ca® with 
present spin-parity assignments. The latter is expected 
to show a sequence corresponding to a configuration 
due to the Ca® doubly magic core plus two f; neutrons 
and the former a configuration due to the Ca**® doubly 
magic core plus two f: protons. There is a striking 
similarity between these sequences if the 2.750-Mev 
level in Ca® is actually a 4+ state, except for the O* 
and 2+ states at 1.836 Mev and 2.422 Mev. These addi- 
tional states may be understood as due to the core ex- 
citation since the assumption of core excitation is also 
required for explaining the existence of many low-lying, 


2 H. Morinaga, U. S. Atomic Energy Commission Report 
C00-173, 1956 (unpublished), p. 37. 


STATES: OF 


o* o° 
Cof? T1°° 


Fic. 2. Decay scheme of K® and levels in Ca*® and Ti*. 


nonsingle particle states in Ca“. There does not seem 
to be a parallel situation in the case of the Ca*® core 
although the experimental evidence is not so certain 
yet. 
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Decay of the Cascade Particles* 
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A phenomenological investigation of the decay of the cascade particles is presented. Several possible 
correlation measurements, which exploit the large asymmetry in A° decay as an analyzer of =, are suggested. 
One of these experiments does not require polarized =’s. The relation to the theory of universal weak inter- 


actions is briefly discussed. 


INTRODUCTION 


HE chirality-invariant V—A_ theory’ of four- 
fermion couplings provides a satisfactory frame- 
work to correlate the data on various weak interactions. 
It has been shown that the large pseudoscalar parameter 
observed in A° decay* can be understood on the basis of 
this theory which lends additional support to the 
postulate of a universal V—A coupling, even when the 
pion-nucleon interactions in the final state are con- 
sidered.’ It would be interesting to see if this postulate 
is consistent with other strangeness-nonconserving 
processes ; and perhaps the most fruitful further experi- 
mental study of hyperon decay is that of the cascade 
particle. 


It appears that in the near future cascade particles 
will be made, for example, via the reactions 


(= ud : Gy 


ee ot Ke 


It is to be expected that the cascade particles so pro- 
duced will be partially polarized in the plane of produc- 
tion, making possible the observation of an up-down 
asymmetry in the subsequent decay 


E> A0f 9, 


Because of the large known asymmetry in the A° 
decay,’ the spin direction of the A° should be relatively 
easy to measure. This makes possible a complete 
measurement of decay parameters of the cascade 
particles. 

A comparison of the results for the Z~ with those for 
the =°, and those for the A° should provide useful 


information on the universality of the weak interactions. 

* Work supported in part by the U. S. Atomic Energy Com- 
mission, 

+t Now at General Atomic, San Diego, California. 

‘F.C. G. Sudarshan and R. E. Marshak, Proceedings of the 
Padua-Venice Conference on Fundamental Particles, September, 
1957 [Suppl]. Nuovo cimento (to be published) ]; Phys. Rev. 109, 
1860 (1958); see also, R. P. Feynman and M. Gell-Mann, Phys. 
Rev. 109, 193 (1958). 

2 Eisler, Plano, Prodell, Samios, Schwartz, Steinberger, Bassi, 
Borelli, Puppi, Tanaka, Waloschek, Zoboli, Conversi, Franzini, 
Manelli, Santangelo, Silvestrini, Glaser, Graves, and Perl, Phys. 
Rev. 108, 1353 (1957) ; Crawford, Cresti, Good, Gottstein, Lyman, 
Solmitz, Stevenson, and Ticho, Phys. Rev. 108, 1102 (1957). 

3 Okubo, Marshak, and Sudarshan, Phys. Rev. 113, 944 (1959). 


PHENOMENOLOGICAL ANALYSIS OF = DECAY 


The general considerations‘ which have been used to 
discuss the decay of the A° may be applied in a straight- 
forward fashion to the analysis of the = decay. If the 
A° has spin 3, the final state in the decay of the = will be 
a coherent linear combination of at most two states of 
opposite parity (differing in the orbital angular momen- 
tum by one unit). The entire decay process can then be 
described in terms of 3 real parameters: the amplitude 
of each component state and their relative phase. 

If we assume that the = also has spin 3, the decay A° 
can only be in a S; or Pj state in the coordinate system 
in which the = was at rest. Let A and B be the amplitude 
of the S; and P, state, respectively. One of the three 
parameters which characterize the decay may be taken 
to be |A/*+)/B/*, which is proportional to the decay 
probability ; the other two may be given in terms of 


a=2 Re[A*B/(|A|?+|BI2)], 
B=2 Im[A*B/(| A |?+| B/*) ], 
A |*4-| B)*), 


=(|Al‘ 2)/( 


which satisfy 
a? +6?+7?= 1. 


The parameters a, 8, and y are directly connected to the 
longitudinal and transverse polarization of the A’s 
produced in the decay of the 3’s. 

Consider the decay of =’s completely polarized in the 
direction #. Let £, be the direction of motion of the A° 
in the rest system of the Z, and let » be the direction 
of AX px. The angular distribution of the decay A°’s is 
given by 1+a cosé, where cosO= f4-f. The direction of 
polarization of the decay A°’s is 


[ (a+cos0)Pxt+B sind y+y7 sind(pxX 9) |/(1+e cosd), 


in the rest system of the A°. 

Suppose we choose a sample of =’s with a spin 
density matrix of the form }(1+P,e-%). It is possible 
to select for measurement several correlations all of the 
form 1+a4cos6, where the values of a for each of the 
experiments is given in Table I. Here /, is the direction 

‘ Lee, Steinberger, Feinberg, Kabir, and Yang, Phys. Rev. 106, 
ee T. D. Lee and C. N. Yang, Phys. Rev. 108, 1645 
(1957). 
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of motion of the proton from the A° decay in the A° rest 
system, and a, is the asymmetry parameter in the A° 
decay.° 

In case the spin J of the & is greater than }, but the 
spin of the A’ is 3, all but the correlation between # and 
px are still of the form 1+ cos6. The quantities a, 8, and 
y are defined as before in terms of A and B, which now 
represent the amplitudes of the angular momentum 
states J—} and J+} of the final A°-pion system. In the 
last two expressions, }P, is to be replaced by 


(J—m)! 


(J-+m—1)! 
1 1 

x f dx Py ” (x) Pyyy™4(x),t 
pm | 


come Ig at 


2 


“ 


where /,, is the statistical weight factor of the initial 
= belonging to the magnetic quantum number m, so that 


J 
x, fmt, F26 
M=—J 

Lee and Yang have given a beautiful analysis® of the 
decay of a hyperon of arbitrary spin into a nucleon and 
a pion. Their considerations apply equally well to the 
decay of a Z into a A° and a pion, provided the spin of 
the A° is 3. Thus, the possible complexity of the correla- 
tion between # and fy is determined by the spin of the Z. 
The longitudinal polarization of the decay As from 
unpolarized 3’s is a. Of course, the average longitudinal 
polarization of all the A°’s from a sample of polarized 
=’s will also be a. If a is known, as will be very likely for 
the =’s, the inequalities of Lee and Yang can be im- 
proved somewhat. For example, their Theorem 1 
becomes 


—ia (2J+2)S(h-pa)S al /(2J+2). 


DISCUSSION 


The measurement of the correlation between the 
direction of motion /, of the A° and the direction of 


5 The asymmetry factors a and aa given here are referred to the 
A° and the proton, respectively, but not to the pions. 
t Note added in proof.—P," is defined by 
Py (x) = (—1)™-27+- (IN) (1 — a2) 2 dim /dattm) (42-1)! 
6 T. D. Lee and C. N. Yang, Phys. Rev. 109, 1755 (1958). 


OF CASCADE 


PAR PleOLeSs 


TABLE I. 


Pa 
aA 
(1/4) P Bar 
(1/4) Pyyan 


~ wily D 
. at 
Dp: » 
= D> 


> 
x 
“=> 
 » 
3 


motion /, of the proton, each measured in the rest 
system of its parent particle, determines aaa, the 
product of the asymmetry parameters of the Z-decay 
and the A°-decay. Since this correlation is independent 
of the initial polarization of the =’s, all observed Z decay 
sequences can be used to obtain data. A nonzero value 
for aa, of course implies that parity is not conserved in 
the %-decay, as well as in the A®-decay. A large value 
would indicate that roughly equal amounts of vector 
and axial vector contributions are contained in the 
decay matrix element of the 3, if the spin of the & is }. 
In the latter case, the sign of aa, would determine 
whether the cascade particle enters into the universal 
weak interaction in the same fashion as the other 
baryons. A positive sign is to be expected according to 
the choice previously made.!*:7 

The parameter 6 will be small if the decay process is 
invariant under time reversal and if final state inter- 
actions are negligible. 

The possibility of observing =° invites a 
comparison of their decay parameters. The Al=} 
selection rule makes definite predictions; namely the 
decay rate of the Z~ is twice that of the =°, while the 
other parameters are the same for both. In general 
Al=} and AJ=$ parts would both be expected to 
contribute’ and to lead to results which differ from the 


predictions of the AJ= 4 selection rule. 


as well as = 
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At an altitude of 2550 m a search has been carried out for the 550-mass particle which, at the Moscow 
International Conference in May, 1956, was reported to exist with an abundance of 0.5% relative to muons 


of the same range. 


Preliminary evidence against this datum is now reinforced by the results of a new series of measurements 
in which particles heavier than pions but lighter than protons are selected by means of two Cerenkov 
counters. The mass of each selected particle is derived from measurements of energy loss in a proportional 
scintillator, and range in a large multiplate cloud chamber. The latter alone yields substantial information 


on the nature of the stopping particles. 


No example of a mass-550 particle has been found out of the 25 expected on the basis of the reported 


abundance. 


1, INTRODUCTION 


HE results of many experiments' undertaken to 

search for the particle of mass ~550m,, re- 
ported two years ago by Alihanian ef al.,? indicate 
that, if this particle exists, its abundance is considerably 
smaller than reported.?* Compelling evidence against 
the presumed existence of the mass-550 particle arises 
from the conclusion of the present experiment in which 
no example of such a particle was found out of 25 
expected events. 


2. EXPERIMENTAL ARRANGEMENT 


Two series of measurements have been carried out 
at an altitude of 2550m above sea level using two 
slightly different apparatuses. The results of the first 
series have been published already.‘ The second series 
was carried out with the apparatus shown in Fig. 1, 
which has a greater solid angle of acceptance, and with 
which more substantial information concerning the 
nature of the recorded particles can be achieved. 

In Fig. 1, A, B, C, and D are groups of Geiger-Miiller 
counters. Mixed coincidences between the subgroups 
B,, Bs, B3, and D;, De, Dz ensure that the solid angle 
of acceptance is entirely covered by the anticoincidence 
scintillator, S,. S. is a proportional liquid scintillator, 
the pulse-height distribution of which has a half-width 


1 The material has been recently reviewed by J. Steinberger, 
1958 Annual International Conference on High-Energy Physics at 
CERN, edited by B. Ferretti (CERN, Geneva, 1958), p. 153. See 
also S. J. Bosgra and F. Bruin, Nuovo cimento 10, 551 (1958). 

2A. 1. Alihanian ef al., International Conference on High- 
Energy Physics, Moscow, May, 1956 (unpublished) ; A. I. Deria- 
gin, Zhur. Eksptl. i teoret. Fiz. 31, 955 (1956) [translation : Soviet 
Phys JETP 4, 817 (1957) ]. 

3A confirmation of the existence of mass-550 particles from a 
cosmic-ray experiment has been claimed [Nilima Basu and M. S. 
Sinha, Indian J. Phys. 32, 259 (1958) ]. In this experiment a cloud 
chamber, containing 5 half-inch thick Cu plates, and triggered by 
anticoincidence pulses among G. M. counters, is used to determine 
the mass of stopping particles. In our opinion little significance 
can be attached to this result, on account of the very scanty in- 
formation derivable from this method and of the high background 
of spurious events. 

4Conversi, Fiorini, Ratti, Rubbia, Succi, and Torelli, Nuovo 
cimento 9, 740 (1958) ; 12, 130 and 148 (1959). 


of 20%. Ca and C, are Cerenkov counters, the first of 
which, used in anticoincidence, prevents electrons, 
muons, and pions from being recorded. 

For each particle accepted by the apparatus and 
stopped inside the multiplate cloud chamber, CR, the 
mass is Calculated from its range in CR and its energy 
loss in the scintillator S.. After a convenient amplifica- 
tion of linearity and gain controlled within a few per- 
cent, the pulses from this counter are displayed on the 


W000 
SUPPORT 


Fic. 1, Cross-sectional view of the experimental setup. 
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sweep of an oscilloscope. This sweep, as well as the 
cloud-chamber expansion, are both triggered by ionizing 
particles that (a) enter the solid angle, producing co- 
incidences among the G.M. counters A, B, C, D and 
the scintillator S.; (b) do not cross the large scintillator 
Sa; (c) do not produce light in the Cerenkov counter 
Ca (efficiency 99.8% for relativistic particles). To the 
same sweep, after convenient amplification and delay, 
are sent the pulses from the other Cerenkov counter 
C.. The amount of material between the Cerenkov 
counter C, and CR is such that protons which stop in 
CR after losing energy by ionization only do not pro- 
duce light in C,,5 whereas mass-550 particles would do. 
On the other hand, the amount of material between the 
Cerenkov counter C, and CR is such that mass-550 
particles stopped in CR certainly would not produce 
light in Cy. Thus, no appreciable percentage of mass-550 
particles can be missed. We would like to stress, in this 
connection, that 3 cm of Al (Fig. 1) had to be placed 
below counter C, in order to make its efficiency com- 
plete for the elimination of the » mesons stopped in CR. 

The large multiplate cloud chamber CR contains 17 
plates of Plexiglas, each 0.3 cm thick. In addition to 
accurate range determinations, this setup yields a good 
deal of further information (local ionization, variation 
of ionization, and scattering) which is generally suffi- 
cient by itself to identify without ambiguity the nature 
of the stopping particle. In particular this information 
is substantial to recognize those protons which, under- 
going nuclear interactions before stopping in CR, ex- 
hibit a shorter range and, therefore, a smaller mass. 

Owing to the Landau fluctuations in the pulse height 
of counter S,, the resolution curve for our mass deter- 
mination has a long tail on the high side. The danger of 
getting spurious mass-550 events is, however, again 
excluded, since light particles are completely eliminated 
by counter C,. 


3. RESULTS AND CONCLUSION 


The results of our measurements are reported in 
Table I. In this table, particles which, stopping in CR, 


5 An interacting proton may, of course, produce light in C,; but 
in such a case it releases in S, much less energy than a mass-550 
particle stopping in CR would. 
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TABLE I, Results of the two series of measurements. 


First Second Total 


Effective time* of measure- 
ments (hours) 
Range interval (g/cm? of 
water equivalent) 
Recorded number of stops 
in CR due to 
“good” protons, 197 
muons and pions, 5 
“bad” protons?, 9 25 
550-particles 0 0 


470 720 1190 


59-64 91.8 


Expected number of 
550-mass particles 25 


* Corrected for the dead time of the cloud chamber (~7 min in the first 
and ~4 min in the second series of measurements). 
b Protons simulating mass-550 particles. 


have a mass (as derived from measurements of energy 
loss in S, and range in CR) consistent with the proton 
mass, are called “‘good’”’ protons. The “‘bad’’ protons 
are particles with mass apparently compatible with the 
550 value; from the analysis of their track in CR and 
the information given by C,, they are, however, clearly 
and unambiguously identified as protons undergoing 
nuclear interactions before stopping in CR. 

The rate of muons under our experimental condi- 
tions‘ was such that about 5000 muons stopping in CR 
should have been recorded during the two series of 
measurements, if they were not eliminated by the anti- 
coincidence counter C,. This means that if the mass-550 
particles existed in the abundance reported,” we should 
have found about 25 of them. We have found none. In 
fact, on a Closer inspection, it appears that the only 
doubtful case reported previously' is indeed a “bad” 
proton. 
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The electromagnetic self-energies or =~ and =° are discussed with reference to symmetry models of strong 


interactions. 


LTHOUGH the present field-theoretic techniques 
are not reliable enough to compute the masses of 
elementary particles, in certain cases it is possible to 
infer relations among mass differences from symmetry 
arguments alone. The present note is concerned with 
mass difference in relation to the p-n mass 


— —) 


the 2--= 
difference. 

We first consider the case where pion-baryon inter- 
actions are globally symmetric in the sense of Gell- 
Mann.' If we ignore contributions from A-baryon 
interactions, the relevant interaction Hamiltonians can 
be written as 


He.m.=te(py p—Z Vu= Ay 
+1e(0,#t2x+ —#t0,0*)A,—CA Pattat, (1) 


H,~=iG,[V2(pysnnt+iyspr-)+ (prsp—nysn)a 
+2 (S*ys= at +2 -y='e) 
+ Bye’ —EZyc=)a°). 


Using 
i y= Ap=—iz ves Ay, 
ys t= +12 “ys="n", etc., 
where the superscript c stands for “charge conjugate,” 
we note that (1) and (2) (as well as the free-field 
Lagrangian in the absence of the K couplings within the 
framework of the global symmetry model) are invariant 
under the substitutions 
pz 
n> a 
A,— A,. 
The above substitutional invariance implies 
6M (=-)=6M (p), 
6M (=°)=6M(n), 
for the electromagnetic self-energies and 


p(=-)= —u(p), 


u(=")=—p(n), 


(7) 


for the anomalous moments. If the A couplings are 
unimportant in discussing the electromagnetic structure 


* Supported by a grant from the National Science Foundation. 

Tt On leave of absence from the University of Chicago, Chicago, 
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1M. Gell-Mann, Phys. Rev. 106, 1296 (1957); J. Schwinger, 
Ann. Phys. 2, 407 (1957). 

? The relation (4) holds also for a pseudovector coupling of the 
pion field. 


115 


of baryons,’ (6) and (7) are subject only to corrections 
proportional to the =-V mass difference, presumably of 
the order of 30%. 

Models of strong interactions opposite to the global 
symmetry mode! have been advanced,’ in which the 
mass difference between the nucleon and the cascade 
particle is attributed to a difference in their respective 
pion couplings, specifically to the relationG, 7 >>G,=2?=0. 
In such models (again neglecting the K-couplings), we 
might regard cascade particles as almost pure Dirac 
particles with very small anomalous moments. The 
electromagnetic self-energy of a charged “Dirac” 
particle is known to be positive; the observed fact that 
the neutron is slightly heavier than the proton can be 
accounted for through their anomalous moments.®® 
With a cutoff momentum K =0.80Mz=1.12M y (chosen 
to fit the p-n mass difference®), which corresponds to a 
“radius” of 2.0*10-" cm, we obtain 

M (=-)—M (=°)=2.8 Mev, (8) 
for 
u(=-) =n (=) =0. 

To conclude, if the pion couplings are highly sym- 
metric between the nucleon and the cascade particle 
as in the global symmetry model, we expect =~ to be 
roughly as heavy as or slightly lighter than =°, whereas 
if the pion-cascade coupling constant is much smaller 
than the pion-nucleon coupling constant, we expect =~ 
to be heavier than =° by about 3 Mev. Measurements 
of the anomalous moments would throw further light on 
the internal consistency of our arguments. It is to be 
emphasized that, in addition to the assumptions of 
charge independence in the conventional sense, we have 
assumed that the K couplings play minor roles. 
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Theorems relating the separate conservation of C and P in pion-nucleon interactions to CP invariance, 
the form of the interaction and the existence of a charge symmetry operation are generalized to other strong 
interactions. It is shown that the minimal conditions for the derivation of such results are the existence of a 
doublet structure for baryons and invariance under certain transpositions of the baryons that may be 
interpreted as generalized charge symmetries relating the different doublets and may be represented by 
reflection operations in an internal 4-dimensional space. If charge independence is also valid, highly sym 
metrical Yukawa couplings are obtained. The problem of the disagreement with experiment of such sym 
metric structures is analyzed in terms of additional quadrilinear interactions with lower symmetries which 
also possess the property that P invariance follows from invariance under CP. Various examples of such 
interactions are given. The possible application of the approximate symmetry principles considered to the 


weak interactions is briefly indicated. 


I. INTRODUCTION 


HE symmetry properties of physical laws may be 

divided into two groups. The first group contains 
those symmetries which appear to hold universally, such 
as gauge invariance, baryon gauge invariance, proper 
Lorentz transformations and perhaps CP invariance. 
The second group consists of those symmetries which 
are exhibited by a restricted class of phenomena, gener- 
ally characterized by dimensionless coupling constants 
of a certain strength. The latter include isotopic rota- 
tions, hypercharge gauge transformations (strangeness 
conservation), and as we now know, space reflection and 
charge conjugation invariance. The existence of such 
approximate internal symmetries as isotopic spin in- 
variance is now familiar, even if not understood funda- 
mentally, and is no longer surprising. But it seems 
difficult to understand why a space-time property such 
as invariance under reflections (P) should be at all 
related to the strength of the interactions involved in 
particular phenomena. In this paper, the standpoint 
taken is to search for minimal principles that have a 
chance to be universally valid, and to explore the 
implications of these universal symmetries, in combina- 
tion with whatever special symmetries may hold for a 
particular class of interactions. 

As far as space reflection operations are concerned, it 
seems that we need at least one such operation that 
allows the description of physical phenomena in a mirror 
image world. From experiment we take CP as the only 
universally valid space reflection. One possible clue 
towards understanding why an additional invariance 
such as P exists sometimes may lie in the fact that the 
phenomena which exhibit invariance under space re- 
flections, i.e., the strong interactions, are the same 
phenomena which have a high degree of internal sym- 
metry, characterized by the existence of transformations, 
among the particles concerned in these phenomena, 


* On leave from the University of Istanbul, Istanbul, Turkey. 


which leave the strong interactions invariant. It is 
natural to try to find a connection between the existence 
of these symmetries, which do not relate to space-time 
directly, and the conservation of parity in the strong 
interactions. Some results along these lines have been 
obtained previously by one of the authors! (G.F.) and 
by others,?~* who have shown that for the Yukawa 
interactions of # mesons and nucleons, the assumptions 
of time reversal (or CP) invariance, which may be a 
universal symmetry, and of no derivative couplings, 
would imply that parity is conserved precisely if the 
interactions also exhibited the internal symmetry known 
as charge symmetry, which is found experimentally to 
be valid for the w-nucleon interactions, and which 
indeed for these interaction is implied by the invariance 
under isotopic spin rotations, or charge independence. 
This result, while rather specialized, lends some support 
to the hope of establishing a connection between space 
reflection invariance and internal symmetries. Another 
place in which a relation between the “universal” ex- 
ternal reflection operation CP and P can be demon- 
strated is for the electromagnetic interaction.’ In this 
case it can be shown that for electromagnetic inter- 
actions involving only A, of F,, but not their deriva- 
tives, the invariance under gauge transformations of the 
second kind, together with CP invariance, implies parity 
conservation. One should therefore also consider the 
possibility that for some of the strong interactions there 
may be hidden gauge principles which imply P conserva- 
tion, rather than internal symmetries. An example of 
such a principle will be given in Sec. V. 

The restriction of the form of the interaction to 
nonderivative couplings is perhaps an undesirable fea- 

'G. Feinberg, Phys. Rev. 108, 878 (1957). This paper will be 
referred to as I in the following. 

2S. N. Gupta, Can. J. Phys. 35, 1309 (1957). 

3V. G. Soloviev, J. Exptl. Theoret. Phys. U.S.S.R. 33, 537, 796 
(1957) [translation : Soviet Phys. JETP 6, 419, 613 (1958) ]. 

4M. Gell-Mann and A. H. Rosenfeld, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1957), Vol. 7, p. 407. 
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ture of the previous work. The authors share this point 
of view. However, the possibility is not to be excluded 
that if a description of the world in terms of field theory 
is valid, principles will be found (such as invariance 
under generalized gauge transformations of the second 
kind, or renormalizability of interactions by the Dyson 
method) which will enable us to distinguish in a funda- 
mental way between interactions with different mo- 
mentum dependence, such as nonderivative and deriva- 
tive couplings. We may therefore regard the theorems 
quoted as indicating a connection among three seemingly 
distinct properties of interactions, i.e., their internal 
symmetries, their space-time reflection properties, and 
their momentum dependence, while realizing that it is at 
present unclear why any two of these properties which 
are actually independent should hold. 

In an earlier stage of physics, when the only strongly 
interacting particles known were m mesons, nucleons and 
photons, the connection indicated would have seemed 
much stronger. However, the existence of the strongly 
interacting strange particles appears to destroy this 
possibility, because for such particles the invariance 
under isotopic spin rotations does not imply charge 
symmetry, in the sense defined in reference 1 and dis- 
cussed in Secs. II and III, which is required to establish 
a connection between time reversal invariance and 
space reflection invariance. This holds both for the 
Yukawa interactions of mesons with two different 
baryons, as in the (Az) coupling, and the interactions 
of K mesons, such as (ANK) couplings. This difficulty 
has been noted by several of the aforementioned 
authors, with varying interpretations. 

A possible solution to the difficulty presents itself in 
the work of Gell-Mann,‘ Pais,® and Schwinger.’ They 
have pointed out, in different ways, that the existence of 
several types of baryons and the K mesons introduces 
the possibility that there are more complicated internal 
symmetries than isotopic rotations involved in the 
interaction of these particles. These “higher” sym- 
metries are related to the possibility of reshuffling the 
multiplet structure of the strange particles in such a way 
as to obtain four baryon doublets and two K-meson 
singlets rather than the conventional Gell-Mann- 
Nishijima multiplets.* A number of suggestive mathe- 
matical structures embodying this possibility have been 
given’ and a discussion of these will be presented in 
Sec. IV. Leaving aside the problem of how the doublet 
structure goes over into the observed multiplets, it can 
be shown that the doublet structure of the baryons and 
the new internal symmetries allowed by it are exactly 
what is needed to extend the previous results on the 


5M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

6A. Pais, Phys. Rev. 110, 574 (1958), referred to as Pais I in the 
following. 

7 J. Schwinger, Ann. Phys. 2, 407 (1957). 

§M. Gell-Mann, Phys. Rev. 92, 833 (1953), K. Nishijima, 
Progr. Theoret. Phys. Japan 12, 107 (1954). 

® J. Tiomno, Nuovo cimento 6, 69 (1957). 

 d’Espagnat, Prentki, and Salam, Nuclear Phys. 5, 447 (1958). 
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connection of CP and P invariance to all the interactions 
of the + mesons and the K mesons with baryons. It 
should be emphasized that the restriction of the inter- 
action to nonderivative trilinear couplings is required 
here also. Similar results have been found by Sakurai." 
It appears reasonable that the fundamental strong 
Yukawa interactions possess the high degree of internal 
symmetry which implies parity conservation. It is then 
necessary to explain the observed deviations from the 
implications of this extreme internal symmetry which 
have been discussed by Pais.* Some possibilities for 
achieving this will be discussed in Sec. V. 

The minimal conditions for the extension of the previ- 
ously obtained results to the K-meson interactions are 
found to be as follows. 


1. Existence of a doublet structure for all of the 
baryons of the form discussed by Pais. It is of interest 
to note in this connection that Pais” has shown that if 
one considers the trilinear K and z interactions, then the 
weakest symmetries which exist beyond ordinary charge 
independence and strangeness conservation imply the 
existence of a doublet structure for the 2 and A system. 

2. Invariance of the K-meson interactions under cer- 
tain discrete substitution transformations among the 
doublets which may be interpreted as reflections in a 
4-dimensional internal space. This invariance then im- 
plies that such properties of the baryons as parity must 
be the same for all of the baryon doublets. 

3. The charge independence of the K-baryon inter- 
actions with the usual multiplet assignments is not 
necessary for the proof, although it is of course mathe- 
matically consistent with the other requirements. In 
particular, the relative parity of the K+ and K° is not 
determined by the internal reflections which we use. 
The possibility of odd relative K+-K° parity has previ- 
ously been suggested by Pais"* as a way of reducing the 
high internal symmetry possessed by the Yukawa 
couplings to give agreement with experiment. It involves 
some difficulties of its own with the mass spectrum of 
the baryons and the observed equality of the K-meson 
masses, which Pais has discussed in detail. If charge 
independence is also assumed, then the minimal condi- 
tions ensuring P invariance imply that the m and K 
interactions take on an extremely symmetric form 
characterized by a single coupling form for all the z 
interactions and a single form for all the K interactions. 


A further part of our viewpoint is that there may exist 
interactions which do not even satisfy the minimal con- 
ditions that imply parity conservation for the trilinear 
interactions and therefore will lead to a masking of these 
symmetries in the actual behavior of particles. By 
analogy with the electromagnetic interactions, we would 


J. J. Sakurai, Phys. Rev. 113, 1679 (1959). 

2 A. Pais, Phys. Rev. 110, 1480 (1958). 

18 A. Pais, Phys. Rev. 112, 624 (1958), referred to as Pais IT in 
the following. A. Pais, Notes on the Dynamics for Odd (A+t,K®) 
Parity, preprint. 
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require that parity conservation for these interactions is 
implied by other symmetries which they possess. Ex- 
amples of such interactions will be discussed in Sec. V 
and the properties which they may possess which 
guarantee parity conservation will be indicated. It may 
also be possible to disentangle the effects of the perturb- 
ing interactions from those of the fundamental inter- 
actions as would be the case if one can do weak coupling 
calculations with the symmetry masking interactions. 
Indeed, in the present state of our ability to calculate, 
some such possibility is a necessity in order that a 
system of interactions which possesses no high over-all 
symmetry can be compared with experiment at all. 
However, in this paper we have made no attempt to 
carry out any calculations along these lines. 

It may also be mentioned that if the argument to be 
presented here is accepted as giving some indication of 
why parity is conserved in the strong interactions, it is 
still necessary to understand why it is not conserved in 
the weak interactions. Since the connections previously 
shown for the z-nucleon interactions and extended here 
involve both the internal symmetry of the strong 
interactions and an assumption of their form (nonde- 
rivative Yukawa couplings), the lack of parity con- 
servation could be associated with either of these as- 
sumptions not holding. Some comments about this will 
be made in Sec. VI and this question will be discussed in 
detail in another place. 


II. x-BARYON INTERACTIONS 

In this section we discuss the internal symmetries 
which the Yukawa type m-baryon interactions must 
satisfy in order that our assumptions of CP invariance 
and no derivative couplings should imply that parity is 
conserved. We assume that all the baryons have spin 3. 

Let us first review that discussion of reference 1. We 
consider an interaction between two distinct spinor 
fields ¥1, 2 and a complex boson field ¢. The interaction 
is of the form 


Lint=Vilgstg cvs W2b+Wo(g.*—g p*ysvid", 
provided that we take only nonderivative Yukawa 
couplings. The invariance under CP (or equivalently 
time reversal) implies (I, Table I) 


(2.1) 


£e= 8s "'N, 

Sv=fp'N, 
where 7 is the phase factor of the ¢ field under CP, so 
that 
Lint=ge(Vwotn* Vaid") 

+gp(vivvo—n*Poyid'). (2.2) 

In order for this to be invariant under the charge 
symmetry transformation (I, Eq. 10)" 


Viv, veoh, @o*, (2.3) 


14 No greater generality is obtained by allowing for phase factors 
m, 2, €g in the transformation of the fields in Eq. (2.3) as it is 
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it is necessary that 
8s £8, gs — 2p", 


so that either g, or gp, must vanish, which is the re- 
quirement for parlty conservation. 

The essential point in this proof is that CP invariance 
implies that the phases of the scalar and pseudoscalar 
coupling constants are equal, whereas invariance under 
the charge symmetry transformation requires that the 
phases should differ by #/2, which in conjunction obvi- 
ously imply that at least one of the constants vanishes. 

It may be remarked that it is also necessary that the 
free-particle Lagrangian £9 and the commutation rela- 
tions should be invariant under the “charge symmetry” 
transformation. This clearly requires that the masses of 
the fields ¥; and yz should be equal. In the following 
formal discussion we will therefore neglect all mass 
differences among the baryons. Some remarks about the 
origins of the mass splits within a theory with high in- 
ternal symmetry will be made in Sec. V. 

These arguments have been applied previously to the 
m-nucleon interaction, and obviously apply in the same 
way to the -cascade interaction. 


A. The £2 and the Az Interactions 


If we now consider the charge-independent 2x inter- 
actions, conservation of parity follows immediately 
from CP invariance. Indeed, if the interaction has the 
form 


Lint= U(gsetg pys)X =U zt+H.c. (2.4) 


Then, because x is Hermitian, we have 


Lint =CZ(getg pys)X Z—LU(g.*—gp*ys)XU]-z 
=Z(g.’+¢,'y5s)X=-z, 


where g,’ is real and g,’ imaginary. On the other hand 
CP invariance imposes the same phase on g,’ and g,’ so 
that one of them must vanish. 

It can be shown that charge independence for the 
22 interactions is the weakest symmetry property that 
is required to guarantee P conservation.!® 

It has been remarked previously'* that the sym- 
metries which have been used thus far are not sufficient 
to imply parity conservation in the YAz interactions. To 
demonstrate this we write an interaction of this kind 
which is invariant under CP and ordinary isospin 
rotations 

Las= 5 (at+bys)Amit+A(a—bys)> imi, 


where 7 is summed from 1 to 3, (a, b real). 


(7:9) 


always possible to introduce new fields which transform without 
the phase factors, without changing any observable quantities. 


The latter is of course not true for a real boson field such as the 7° 


which goes into itself under a “charge symmetry” transformation 
and whose phase factor is therefore observable. 

'6 This is true only as long as we consider symmetries which 
permute only the © hyperons. It will be seen later that parity 
conservation in the LZ system is also implied by the “doublet 
charge symmetry” operation which involves permutation of >’s 
and A°, and which does not imply charge independence with the 
Gell-Mann-Nishijima multiplets. 
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If a connection between CP, P, and internal sym- 
metries is to be established, it is therefore necessary to 
find some higher symmetry of the interaction for this 
case. As we shall see, such symmetry is inherent in the 
pos ‘lity of introducing a doublet structure for the 
2-A system. 

It may also be noted that another possibility for 
treating the Az interaction is to require that it does not 
exist as a primary interaction at all, but rather is 
generated only by other interactions, such as K inter- 
actions.'* In this case, parity conservation in the 2Ar 
interaction will follow from parity conservation in the 
interactions which generate it, which could be estab- 
lished independently. 


B. The Doublet Structure of the £-A System 


It has been shown by Pais® that, if the relative parity 
of A and & is even, if gas=gss=g in the interactions of r 
with A and 2, and if the relative mass difference 


5=[m(Z)—m(A) |/m(Z) (2.6) 
is neglected, then the interaction Lagrangian 

Ly.v, r= BavhiysE-atgesEXysE-x+H.c. 
can be written as 


L= g(N2iy st NotNgiyseNs)- m+ Mx:. 


where = represents the pion field and 


>t Z" 
) and N3= ( ), 
y° > 


where Y° and Z° are defined by® 


Y°=(A—2°)/v2 and Z°=(A+2°)/v2. (2.10) 
The + operators are 2X2 Pauli matrices (with 7; 
diagonal) acting on the components of the doublets N» 
and N;. The doublets (2.9) were previously introduced 
by Gell-Mann® and Schwinger’ in connection with a 
global symmetry of the interactions of the baryons with 
pions. 


This will be referred to as the doublet approximation 


for the S—A system. Pais and Schwinger have also 
noted that there is another possible way of forming two 
doublets from A and & in the event of 6 being neglected. 
This is done by interchanging the roles of — Y° and Z°, 
which is equivalent to reversing the sign of A, so that one 
can also introduce the alternative doublets 


(SC) 


'®R. P. Feynman, Proceedings of the Gatlinburg Conference on 
Weak Interactions, October, 1958 (Bull. Am. Phys. Soc. Ser. II, 4, 
84 (1959) ]. 


(2.11) 
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Then, the interaction will be written as 


L'=g(NoiystN 2! +N3/iystN3')-2+H.c. (2.12) 
if faz= “£22 in (2:7). 

We note that the general Lagrangian (2.7) may be 
written as a linear combination of L and L’. 

We now come to the question of parity conservation 
in an interaction of the form (2.7). If the doublet ap- 
proximation (2.9) is valid, the most general nonderiva- 
tive Yukawa interaction has the form 


L"= (Noe(atbys)NotNe(ft+hys)N3] -m+H.c. (2.13) 


Now, in the this case, parity conservation follows 
from the hermiticity of the Lagrangian and CP invari- 
ance since the interaction is invariant under the 
“doublet charge symmetry” 


Noo T1No, N3- T1iN3, 


(2.14) 


eR 71(4°%) 71, 


which is equivalent to the interchange of the charged 
and neutral members of each doublet. The pion under- 
goes the same transformation as in the z-nucleon case. 

The proof is clearly identical with the one given above 
for the nucleon-pion interaction. Note that the proof 
would go through even if a# f and 6¥h in which case 
charge independence with the ordinary multiplet as- 
signments is not valid. This possibility has arisen be- 
cause we consider transformations which permute = and 
A, as indicated in reference 15. 

In the same way, if the doublets V. and N;3 are re- 
placed by N.’ and N,’ in (2.8), P conservaticn is 


guaranteed by 


N.’ ar 71No, N;’ — 7N3’, 


(2.15) 


2*~ 71(*°%)71. 
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This last transformation means 


x, Yo>- r'— —r’, 1 ==> vw. 


y+ 70 
Ste —-2, E 


But this can be recognized as the interchange of V2 and 
—N; in the original doublet structure. Hence we may 
limit our discussion to the doublets V2 and N3. In the 
case of gas=gys, P conservation follows from (2.14) 
while in the case gas= —gesx it follows from 


Ne —N3, N3 a —No2, Tr — —r°, — wT; (2.16) 
which is the same as (2.15). 

In the general case where gas#+gyz, one can 
guarantee P conservation only for nonderivative 22a 
interactions, but not for YAz interaction. 

It is clear from the above discussion that any intro- 
duction of a symmetry leading to a doublet structure for 
the AY system will automatically imply equal parity for 
the X and A. In particular, no doublet structure whatso- 
ever is possible if A and Y have opposite parities. Only 
invariance under ordinary isotopic spin rotations is then 
allowed and parity conservation can no longer be 
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guaranteed for the AXm interaction, whereas charge 
independence still implies P invariance for the 22m 
interaction. 


III. K-BARYON INTERACTIONS 
A. Internal Symmetry of K-Baryon Interactions 


In order to apply these considerations to the K- 
baryon couplings, we first note that a transformation of 
the form (2.3) must be simultaneously applied to all of 
the terms in which a given field appears. Thus, for ex- 
ample, if we require invariance under interchange of 
proton and >t, with Ky K,, it is necessary to do this 
not only in a p=*+Ko interaction, but also for example ina 
pAK* interaction, where of course one still has the 
freedom of making transformations involving the A and 
K* fields, etc. It is not difficult to convince oneself that 
if the two known sets of baryon doublets (n-p and 
==) appear as doublets in the K-baryon interactions,'? 
then these interactions can be invariant under trans- 
formations like (2.3) only if the other baryons can also 
be grouped into doublets. The reason for this is simply 
that one cannot easily exchange a doublet with the 
members of a triplet and a singlet. We have furthermore 
seen that to ensure parity conservation in the remaining 
m-baryon interaction, the Am coupling, it is also neces- 
sary that the 2 and A enter into the interaction in the 
form of two doublets. Therefore, we shall assume from 
the beginning in the discussion of K-baryon interactions 
that the baryons can be written as four doublets. These 
we denote as N,, No*, N32, Nu, 


\,= ("). y. 
nN 


B = 
; ), N4 = ( 


Here the symbols 4°, B° refer to two neutral “particles” 
which are orthogonal linear combinations of the 2° and 
A°, namely, 


) (Si) 


A°= aA°+ 62°, 


B°= (—bA°+ad")Je® (a?+b?=1). (3.2) 
For the present we will not require anything more about 
A® and B°, in particular it is not necessary to identify 
them either with the Y° and Z° previously introduced, or 
with the 2° and A° themselves. We also do not require 
charge independence of the A-baryon interactions at 
present. We assume that the A meson has spin zero. 
The Lagrangian for the nonderivative Yukawa K- 


17 This is necessary in order that the nucleon system should 
display its observed doublet structure even in the presence of 
virtual K interactions. If this assumption is not made, one can 
construct particular K-meson interactions involving no doublets, 
with “charge symmetries” that allow for the proof of our general 
theorem. 
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baryon interactions now is of the form 


Lin =Ni(getg pve) N2°K°+N2"(g,*—gp*ys)NiK" 
+Ni(g.' +8 p'¥5)Na*Kt++N5°(g.'*—g p' *y5)NiK+1 
+N 5°( fet Srs)NaK°+Na( fa*— fp *75)N °K 
+N29( fs’ +f p'v5)N Kt 


+N4(f.'*—f p’*ys)N2Kt (3.3) 


By reference to our previous discussion it may be seen 
that the invariance under CP requires that these reduce 
to 
gs(NiN2*K+n\N oN 1 K"t) 

+2 p(NyysVotK?—mN o%75N 1K") 
+g./(NiN3*Kt++m'N3°N Kt) 
tgp! (NiysNs¢K+—m'N sy5N Kt") 
+ f,(N3°N 4K°+noN N 32K") 

+ f(N3¢ysN 4K°—n2N eysN 3*K") 
+f.’ (No*N 4K++19'N 4N 2°K*) 


+ fy’ (NoysN4Kt—no'NaysN Kt). (3.4) 


The phase factors m1, m1’, n2, no’ are the products of the 
phase factors involved in the CP transformation for the 
fields occurring in the corresponding interactions, i.e., 


V\* * V3 _N 
1 nN2 3 n "kK, 


m= nKe, =n 
no*’ = h2*nN nKt. 


V1 N + 
wn nK*, 

Furthermore, the reality conditions on the coupling 
constants will be 


fe (3.5) 
a = 


Ze=MEe", Lp=—MEp', etc. (3.6) 

It is convenient to use a single symbol for the product 
of the phases because the separate phases seem not to be 
observable anyway.'® 

We consider first the K® interactions. It may be seen 
from our general discussion that these will conserve 
parity provided that they are invariant under the 
generalized charge symmetry transformation 


Nyt Ny KO RK", 


(a): Nyo N2’, (3.7) 


+ 


In order to extend the transformation to the K 
interactions, we must define how the A* is to transform. 
An inspection of the At interactions indicates that it 
must transform by 

K+— «Kt 


=1) (3.8) 


in order that the transformed Hamiltonian should con- 
serve Q and strangeness. Invariance under the trans- 
formation (a) then implies 


e480 = fa’, 68p =p, mM=m, &=+1, (3.9) 

18 The point is essentially that the phase factor in the trans 
formation of a complex field, under an operation like CP which 
takes the field to its Hermitean conjugate, can be arbitrarily 
altered by a gauge transformation. In the case of the baryon fields, 
even the relative phase factors are unobservable. These statements 
do not hold for real fields. 
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and 


£8 p=, ff p=, m= #1; m=+1, (3.10) 


which is the condition that the K° interactions must 
conserve parity. 

We now apply an analogous transformation to ensure 
that the K+ interactions conserve parity 


(8): Nie N 3", Not Ny, K+— K*+t, K°— e0K®. (3.11) 
Invariance under this transformation implies 


€oge= fs, €of p= fp m= 2, é9= +1, (3.12) 


and 


fi fy’ =9, n’=+1, (3.13) 


which is the condition for P conservation in K 
actions. 

We can summarize the result of requiring invariance 
under the transformations a, 8, by writing the resulting 
Lagrangian 
Lint= gx(N 10K No*K°+n.N2°Ox oN ,K°t) 

a cog (N20 KN K°+mN On N 3°K" ) 
+gx+(NiOx+N3°Kt++m'N3°Ox +N 1 Kt") 
te.gnt(N2*Ox+NaKt+m'NOx+N2°K*1), (3.14) 


£e Bp =9, m=+1, 


4 


inter- 


where O= y,Otys. 

Here Ox* may be either 1 or ys and Ox+ may inde- 
pendently be either 1 or 7s. 

It is important to realize that so far there is no 
necessary relation between the interactions of the K+ 
and the K°. In particular, the internal symmetry which 
we require for the K interactions does not imply equal 
parity for the K+ and K°, nor does it require equal 
coupling constants for the two interactions even if the 
parities were the same (since gx° is not necessarily equal 
to gx* so far). This is of interest in connection with the 
recent suggestion by Pais that the relative parity of K+ 
and K°® may be odd. Of course if Ox+#Oxe or if gx+¥ gr, 
then the K-meson interactions will not be charge inde- 
pendent with the usual multiplet assignments. The 
consequences of this have been discussed in detail by 
Pais, and we return briefly to this possibility in a later 
section. 

However, the equality of the coupling constant of the 
interactions involving \, with that of the interactions 
involving \V, implies that the baryons will all have the 
same intrinsic parity if the internal symmetries exist. 
This is quite reasonable physically, as one would not 
expect transposition invariance among particles with 
different intrinsic parities if transitions among these 
particles can occur.* It is therefore of critical importance 


' The condition on the parities of the baryons is more precisely 
that the relative parity of N, and N, is the same as the relative 
parity of Ne and N3. Since the Lagrangian (3.14) forbids the 
transition N, ++ N;, this relative parity is itself not observable. 
The experimental consequence is completely summarized by the 


statement that the same operator appears in N,ON2K° as in 
N;ON,K°. If ordinary charge symmetry is also assumed, then 
PN2= PNs, and then all of the baryons will have the same intrinsic 
parity, insofar as this is measurable. 
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for the validity of the considerations of this paper that 
the parities of the A and = should be the same and the 
parities of the nucleon and cascade should be the same. 
The present experimental situation regarding these 
relative parities is not very definite.”~* 

The Lagrangian (3.14) which we have obtained is one 
of the type treated by Pais in his series of papers. He 
shows that one may assign new quantum numbers S$}, S2 
to the baryons and K mesons which are conserved by 
this Lagrangian. It should be pointed out, however, that 
this possibility is already inherent in the doublet ap- 
proximation which has been made in the original 
Lagrangian (3.3), as indicated by Pais. The doublet 
approximation and conservation of 51, S2 is a necessary, 
but not a sufficient condition for invariance under 
transformations a and 8 as we will see formally in Sec. 
IV. It may be seen more naively by noting that if in the 
Lagrangian of Pais I, the operator 7 is replaced by 
n(1+7ys), the resulting Lagrangian will still conserve S; 
and S», but will not be invariant under a or B. The latter 
transformations relate the K+ and K~ or K® and K® and 
therefore involve a still different symmetry from that 
involved in the conservation of S; and S». The relation 
between the conservation of S; and S$, and invariance 
under the operations a, @ is similar to the relation be- 
tween the conservation of charge and invariance under 
charge symmetry, i.e., theories can be constructed 
which have the former property and not the latter. This 
is because formally the conservation of charge is con- 
nected with invariance under rotations around the 3 
axis in isospin space whereas charge symmetry, although 
not a rotation operation, is nevertheless implied for the 
kind of coupling we consider by invariance under rota- 
tions around the 1 or 2 axes. Similarly, S; and S» 
conservation are related to invariance under rotations * 
around the 3 axis in a higher dimensional internal space, 
whereas invariance under a and 8B implies invariance 
under rotations around the 1 or 2 axes. Note however 
that, as shown in the next section, the rotations in- 
volved imply an even higher symmetry than the I and K 
rotations discussed in Pais II, and for example imply 
equal N,-N, parity. The relation between the reflections 
and rotations is demonstrated by the fact that starting 
with a Lagrangian (3.3) and requiring invariance under 
a, 8 and another transformation y defined later, we end 
up with a Lagrangian which is invariant under the 3 
rotation groups discussed in the next section. 

It is of some interest to see what the explicit conse- 
quence of assuming invariance under a, 8 is, apart from 
the requirement that parity is conserved. These invari- 
ances clearly imply results such as that the elastic 
scattering of K® by proton should be the same as the 
elastic scattering of K® by + and similar statements 
which are not easily verifiable. In general these symme- 


2S. Barshay, Phys. Rev. Letters 1, 97 (1958). 

*1 A, Pais and S. B. Treiman, Phys. Rev. 109, 1759 (1958). 
™ G. Feinberg, Phys. Rev. 109, 1019 (1958). 

% S$. B. Treiman, Phys. Rev. 113, 355 (1959). 
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tries imply relations between processes involving K 
mesons and their antiparticles. In the corresponding 
case in m-nucleon physics, invariance under charge 
symmetry also implies relations between processes in- 
volving z+ and ~, but these relations are also implied 
by invariance under isotopic spin rotations, which is not 
the case for the K-meson system. 


B. Internal Symmetry of the Total Lagrangian for 
Strong Interactions 


We will now discuss the internal symmetries of the 
Lagrangian for all of the strong r-baryon and K-baryon 
interactions together. We have seen that in order to 
prove the connection between CP invariance and P 
invariance it is necessary that a doublet structure exist 
for the 2 and A, as well as the known doublet structure 
of the nucleon and cascade. The simplest assumption 
would be that the doublets appearing in both of these 
interactions are the same. If the doublets are to be 
interpreted as the fundamental elementary particles, 
this assumption becomes almost unavoidable. If this is 
the case, it is possible to require that the a interactions 
are also invariant under the transformations a and £. 
The Lagrangian for the r-meson interactions then is of 
the form 


(3.16) 


4 
Lz=G >, NiraN mo, 
roa 


where the .V; are defined by 


m=(1). »-(,.) 
, Ao 
B° a 
N3= ( ). N= (" ) (3.1 7) 


as in (3.1). As we are still within the doublet approxima- 
tion here, the identification of A® and B® with known 
particles is irrelevant, the only meaningful point being 
that it is the same particles which appear in L, as in Lx. 

One may avoid the problem of splitting the masses of 
particles belonging to the conventional multiplets by 
requiring all interactions in addition to be invariant 
under the isotopic rotations with the usual multiplet 
assignments. To obtain this, it is sufficient in addition to 
require invariance under the transformation which is 
ordinarily called charge symmetry.™ 


(y): 


A® als A’. >? —" —»>?, Kt = i. 


Tr < — 7, 


(3.18) 


. = 
a= 2, 
Tor, 


— FE, 


jon, B47, 
K*——Kt,n0-—), 2 


* The + sign appearing in the transformation of the cascade 
particle corresponds to an arbitrariness in the definition of the N, 
doublet relative to the N, doublet. The remaining phase factor e, 
exists because of the possibility (which is inherent in the structure 
of Lx) of multiplying both cascade particle operators by the same 
phase factor. This ambiguity may be removed by considering the 
weak interactions in which case the selection rules in A-meson 
decays will depend on e,. 
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This invariance then implies first that A® and B® 
should be identified with the Y° and Z° of Gell-Mann, in 
order that the K interactions should be invariant. It 
remains arbitrary however which of A° of B° is identified 
with Y° for example, corresponding to the possibility of 
using the doublets Vo, N3 (2.9) or No’, N3’ (2.11) in the 
notation of Sec. II. Furthermore, this invariance now 
requires 
and gxt=gr=Gx, 


Ox+=Ore 
(3.19) 
€o= Fe,, 
so that the K-meson interactions are now characterized 
by a single coupling constant just as the m-meson 

interactions are. This is given by the Lagrangian Lx, 
Lx=Gx(NiON2K°+N,0N;Kt) 
+€,Gx(N.ON«Kt+—N3ON,R”®). 
Of course, this degree of symmetry is in complete 
disagreement with experiment, and some further inter- 
actions must be introduced to break the symmetry. 
These will be discussed in Sec. V. 


(3.20) 


IV. DOUBLET STRUCTURE AND INTERNAL 
ROTATIONS AND REFLECTIONS 


In the case of universal symmetry defined by the 
Lagrangian L, in (3.16) and Lx in (3.20) there arises the 
possibility of using a compact formalism for the baryon- 
meson system which leads to a clearer understanding of 
the reflection operations introduced previously. 


A. Internal Reflections for N2, N; 


The simplest structure with spin 3 is described by a 


two-component spinor, a physical example being the 
neutrino field y. For this field the space reflection opera- 
tion is CP under which 


CP: r—-—r, v—tow*=), (4.1) 


that is, space reflection in this simplest case also changes 
the particle number. 
1 


The next simplest structure with spin 3 is described 


by a four-component spinor, an example being the 
electron field y. In this case we still have the space 
reflection CP under which we go from a left-handed to a 
right-handed coordinate system, but in addition we also 
have a new parity operation P that carries y into another 
field with the same particle number. The two operations 
are 


(4.2) 
(4.3) 


¥— iys0y* 
yy. 


We note that the doubling of the components of the 
spinor field allows the introduction of the new parity 
operation P. 

We now consider an eight-spinor 7, or simply a 
doublet, since it can be analyzed into two 4-spinors. It 
is useful to arrange the components of 9 in a 4X2 


CP: r---r, 


P:r--r, 
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matrix symbolically denoted by (pm): 


pi ™ 
p2 Ne 
|p3 3 
(pa m4) 


where we have taken the proton-neutron doublet as an 
example. The doubling of the components permits the 
introduction of a new rotation group (whose parameters 
we denote by the real vector I) that commutes with the 
Lorentz transformations and mixes p and n. The group 
is defined by 


n= (pn)= 


n +n exp(ie-T), (4.5) 
where 71, 72, 73 are the 2X2 Pauli matrices and obvi- 
ously represent the isospin group in this case. p and n 
belong to the eigenvalues } and —} of the operator 37, 
and the operator that exchanges these two eigenstates 
of 7; is just the charge symmetry operator represented 
by T\ 
Se: n— 771. (4.6) 
Hence in this case we can define three independent 
space reflection operations, namely 


CP: n— 1y502n"*, (4.7) 


GP=S@CP: 9 iysom*n, (4.8) 


Pin yan. (4.9) 
CP changes the signs of both the baryon number .V and 
the charge Q, GP changes the sign of N but changes Q 
by one unit, while P leaves both N and Q invariant 
when we go from a left-handed to a right-handed 
coordinate system.” 

The interaction Lagrangian of 9 with a spinless boson 
field x with isospin 1 may be written as 


Li=Trl(gst+gpvs)neq2+H.c. ], (4.10) 


where 7=n'ys. We have assumed a nonderivative inter- 
action. In Sec. II we have seen that for such a Lagrangian 
the three reflection operations (4.7, 4.8, 4.9) are related 
and invariance of L; under P results from its invariance 
under CP and GP, whose product is the charge sym- 
metry. Then g,g,=0. 

In order to introduce a new internal symmetry in the 
form of a new reflection operation we are led to double 
the components again and consider a 16-spinor whose 
components may be arranged as a 4X4 matrix. From 
the well-known properties of the algebra of 4x4 
matrices (the Dirac algebra) we can introduce two sets 
of commuting 4X 4 rotation matrices @ and « defined by 


(; ‘) 
0 ¢ 

*6 In this connection see also, E. J. Schremp, Phys. Rev. 113, 
936 (1959) 


(4.11) 
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T —iT9 
o=( % )= iver 
TO 0 
T) 0 
o=( 
0 == Te 


where 79 is the 2X2 unit matrix. 

A physical example of a 16-spinor system is provided 
by the A, & hyperons if the doublet approximation is 
used (even parity for A-& and neglect of the mass differ- 
ence 6). This may be seen as follows. The symmetrical 
interactions (2.8) or (2.12) of A and & with x imply a 
4-dimensional symmetry in an internal Euclidean space, 
since besides the J spin which distinguishes the neutral 
and charged members of each doublet (regarded as 
eigenstates of ¢3;) we may also regard V2 and N; (or 
alternately N»’ and N;’) as the eigenstates of the 
operator x; that commutes with o. These two eigenstates 
Ne and Nz; are exchanged by the operator x; that 
anticommutes with x3. Just as an J spin corresponds to 
the rotation operators @, one may associate a A spin 
with the operators «x. The K spin would be up for V2 and 
down for V; while the / spin is up for 2+ and Z° and 
down for Y° and 2~. These definitions are identical with 
the J spin and the K spin of Pais II. Obviously, from the 
properties of the matrices o and x, A-spin rotations 
commute with /-spin rotations, and the two together 
generate the 6-parameter rotation group in a 4-dimen- 
sional Euclidean space in which A and © behave like the 
components of a 4-vector. If a reflection operation 
which changes the sign of the fourth component of a 
4-vector is defined in this space, it changes A into —A, 
so that the doublets V2, .V3 go over into the doublets 
N.', N;’ under such an internal reflection. Further, 
combining /-spin rotations with A-spin rotations we 
also obtain a three-dimensional subgroup of the full 
rotation group which commutes with the reflection 
operation in the internal 4-dimensional space. This is 
just the ordinary isospin group which rotates the com- 
ponents of X but leaves A invariant, so that we have 


T=I+K (4.13) 


=75, (4.12) 


as in Pais II. 

All the internal symmetries of the A-X system may be 

represented by matrix operations if we introduce the 

4X4 matrix 
ait 


VY 
Y= Zot Y 
y 
V 


1 


) 


vo+ 
3 


—_3 


0 
0 
0 
0 


y+ 


“4 


4 


= (2+ Y°—Z°—>-)= (Nz, —N3). (4.14) 
The /-spin and K-spin rotations may now be expressed 
by 


y— Y exp[i(o-I+«-K) ]. (4.15) 


Changing the sign of A we obtain 


y= (2+—Z°Y9—>-)=(N2/, —N3'), (4.16) 
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y’ is derived from Y by exchanging Y° and —Z°. But 
this exchange operator is just 


e=}(i+e-n) (€=1), (4.17) 


so that 


Y’ = Ye (4.18) 


is the matrix form of the internal reflection discussed 
above which carries‘the doublets V2, Vy into Ns’, Ns’. 
The usual isotopic rotations are obtained by putting 

I=K=T in (4.15) so that we have 
Y— Y exp[i(o+x)-T]. (4.19) 


This operation is seen to leave A= (1/V2)(¥°+Z") in- 
variant and commute with the reflection defined by 
(4.18). 
If the x meson is regarded as an I vector, the inter- 
action of Y with x may be written as 
Li=Trl(at+bys) YoYtys-2+H.c. | 


Ifonthe other hand the x meson is a K vector we write 


L/=Trl(a’+b'ys)YxYlyy-2+Hic.]. (4.21) 


(4.20) 


But using the identities 


ve= €0, 
and (4.18) we obtain 


LL’ =TrL(a’+b'ys) YoY’ tyy-2+H.c.], (4.23) 


so that in this case is an I vector in the reflected space. 
The two reflection operations associated with the 
reversal of 7; and the reversal of K; are defined by 


Se: YoYo, (2tH VY Zot), (4.24) 
and 
Se’: Y Yui, 


a 


Yy — Yo. 

These are seen to be identical with the doublet charge 
symmetries (2.14) and (2.15) which ensure P conserva- 
tion in the interactions (4.20) and (4.23), respectively. 

Combining these internal reflections with CP we now 
obtain four possible space reflection operations for the 
A-X system, namely 

CP: Y— iys02y*, (4.26) 
SOCr: 
SQ’CP: 


(4.27) 
(4.28) 


(4.29) 


Y — 17 572° Y*o1, 
Y > 1y502Y*k1, 
P. YU. 


CP changes the baryon number .V, but leaves the A-spin 
K; and the J-spin J; invariant, SgCP changes the signs 
of N and J; but leaves K; invariant, Sg’CP changes the 
signs of N and K3, leaving /; invariant, while P leaves 
N, I3 and K3 invariant as we go from a left-handed to a 
right-handed coordinate system. From our considera- 
tions in Sec. II it follows that according to the nature 
of the doublets involved P invariance is implied either 


(at 4 »—Z2 >< »>—Y). (4.25). 
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by the combination of CP and SgCP or by the combi- 
nation of CP and S@’CP. 


B. Tiomno’s Spins /, J, J’ and Generalized 
Charge Symmetries for the Baryons 


We now introduce one more internal symmetry 
operation by doubling again the number of components 
of the baryon field. We obtain a 32-spinor that we write 
as a 4X8 matrix. To do this we are forced to add a new 
doublet V4 to the doublets V,;=7, N»2 and N3 discussed 
above. This new doublet we identify with the cascade 
particle. The 4X8 matrix for the baryon field now reads 


B= (pnd+V°—Z9—y-—29—E-) 


=(NiNo—N3—N,). (4.30) 


To study the group structure of this field we introduce 
three commuting sets of 8X8 rotation matrices, namely 


a 0 x 0 
CeO) 
QO ¢ QO x 
0 — ik 
“(0 Y 
1K 0 
Ko Q 
( ), (4.32) 
QO —ky 


where xo is the 4X4 unit matrix. The same notation is 
used for the 4X4 matrices @ (4.11) and the 8X8 
matrices @ (4.31). 

The internal rotations of the field ® may be written as 


(4.31) 


® — ® expLi(o-I+o-J’+é-J) ]. (4.33) 

This shows that each baryon may be regarded as 
possessing an /-spin, a J-spin and a J’-spin. These three 
spins were first introduced by Tiomno.° 

The eigenstates of the operator a; are the charged and 
neutral components of each of the four doublets. The 
eigenstates of £3; are Vy, Ne, which have J;=4, and Ns, 
Ng with J;= —3. Hence J; may be interpreted as the 
charge center of a doublet. The eigenstates of p3 are V1, 
Ng (J3'=}4) and N2,N, (J3’= —}). 

The three reflection operations that exchange the two 
eigenstates of each operator o3, &, and p3 are, re- 
spectively, 


> (Yor, 


(13,J'3,J'3') ma (—Ts, ‘ 


Sq or (7’): 


o-Vorne: — ®é1, 


(13,J 3,J 3’) — (13, —J3, J f) (4.35) 


’ 


*? or a: ~ (®p1, 


(13,J3,J3') — (3, J3, —J3’). (4.36) 


It is seen that Sg is the “doublet charge symmetry”’ 
y’ related to P conservation in m-baryon interactions 
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and S$*? and S*' are identical with the internal reflec- 
tions a (3.7) and B (3.11) encountered in connection 
with P conservation in K-baryon interactions. They can 
further be regarded as generalizations of the charge 
symmetry Sg. To see this let us define 


(4.37) 
(4.38) 


S:=J;—N/2, 
S2=J;'—N/2, 


where N is the baryon number. We have S,=0 for NV; 
and Ne, but S;=—1 for N3 and Ny, whereas S.=0 for 
N, and N3, but S2=—1 for N2 and N,. Hence these are 
identical with the quantum numbers of Pais I which 
arise in the doublet approximation. The sum of these 
quantum numbers is the strangeness S, 


S=$,4+S2:=J3+J;'—N. (4.39) 

Now, while the operation Sg changes Q by +1, the 
operations S*! and S*? defined by (4.35-36) change re- 
spectively the S; charge and the S2 charge by +1. Hence 
the three operations 7’, a, and 6 that are related to P 
invariance may all be regarded as generalized charge 
symmetries. 

It is now possible to introduce a boson field which 
connects doublets with same S; and same charge Q but 
with different S,. This field must have Q=5,=0, 
S,=+1. Hence it is neutral and has J spin zero. 
Further it has two components, one having J;’=1 and 
the other J;’=—1. In nature this field is realized by the 
mesons K® and K°. Another boson field may also be 
introduced that connects doublets with different charge 
centers (different $,), but same S»2. This field must be 
charged and have J’=0 and J;=+1. We identify it 
with the charged mesons K+ and K-. 


C. Relation of the Conventional Isospin to 
Tiomno’s Quantum Numbers 


We have already noted that y’ (4.34) is different 
from the conventional charge symmetry y (3.18). The 
latter is associated with the conventional isospin T and 
not wlth the J spin like the former. Later we shall need 
the connection between the isospin operators and the 
operators @, o, and & introduced above. To exhibit this 
connection it is convenient to reorder the eight baryons 
in the following way 


B/ = (Ni—N4No—QN3). (4.40) 
We have 


&’ = BQ, (4.41) 


where @ is given by (4.30) and Q is the matrix 


1+ 3; 1—p; 1+&; 1—&; 
a-( + me )(- +n), 
2 2 2 2 


Operating on @’ with the matrices ¢, 9, & (to the 


right) is equivalent to operating on ® with the matrices 


(4.42) 
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o, o', &’ where 


0’ =208",  F =240-. (4.43) 


Obviously 9’ and &’ also form two sets of commuting 
rotation matrices. Explicitly we have 

po =fepr, ps’ =&, 

f2'=pots, &3' =psés. 


Now we may introduce two new sets of commuting 
rotation matrices — and « defined by 


pi = £1p1, 


ian (4.44) 


1+,’ ? 1—£,’ ? 
(9, dey 
2 2 


(4.45) 


In terms of — and o, we have 
f3=3(Estps), £1=3(E1p1—E2p2), 
i= 5 (E2pit £12), 
ki=}(Eipit£2p2), 
ko= 3 (E2p1— E1p2), 


(4.46) 


3(3—ps), 
(4.47) 


where we have used the relations (4.44). 
From the representation (4.40) it is clear that the ¢’s 
are rotation matrices that leave N2 and N3 invariant 
and mix VN, and N4, while the «’s leave NV; and N, 
invariant and mix NV» and N3. From our discussion in 
IVA and the matrices (4.12) it follows that the x 
operators correspond to the K spin of Pais. Similarly the 
¢ operators correspond to the 3-dimensional generaliza- 
tion of the hypercharge gauge transformation. The 
conventional isospin operators are therefore given by 
the 8X8 matrices 
1—¢,’ 
sisi mee 


(4.48) 


corresponding to the relation (4.13). 
The conventional charge symmetry operator y is 
given by 


T 
7: BB exp( irs )- — Books, 
? 


or, using (4.47) 


7: B6-> — + @o2(Ep1— £1p2). (4.49) 


The hypercharge gauge transformation is given by 


®— B exp(if{;U)=6 exp[3i(Es+p3)U ]. (4.50) 
The charge operator is 
hoa osti3= t3 +83, 
corresponding to the alternative decompositions 


Q= I3;+J;3 and Q= T3+ l /2, 


respectively. 
The various quantum numbers considered in this 
section may be summarized in Table I. 


(4.51) 
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TABLE I. Quantum numbers associated with strongly interacting particles in the doublet approximation. 





Fields 
Charge states 


P3 
Esto; 
$3=43(Est+ps) 
R= 4 (£3—ps) 
73 =03+4(ts—ps) 
&—4 
p3—4 
(Es+ps) —1 
Operator 


Q=1;+Js=T3+ U/2 
U/2=}(J3+-J3’) 
K3=4(J3—J;’) 

T3;=1;+K;=Q—U/2 

S:=J3;—N/2 
S2=J;'—N/2 
S=$,+S2=J3;+J3'—N 
Quantum number 








D. Matrix Representation of Symmetrical 
K-Meson Interactions 


In case of high symmetry, the K-baryon interaction 
Lagrangian (3.20) may be put in a suggestive matrix 
form. Since K mesons connect the doublets Vi, N4 with 
the doublets N2, N3, omitting the Dirac operators O and 
taking care that V and Q are conserved, it is clear that 
K°, K+ and their complex conjugate fields should be 
arranged as a 2X2 matrix connecting these baryon 


pairs.?* We can write 
et 
kK’ /\-N; 


0 Ky & 
\(™)}. ass 
—N, 


K+ Ke 
We note immediately that the hermitian character of 
this expression displays invariance under the S, charge 
symmetry (4.36) provided the 2X2 K matrix goes over 
into its Hermitian conjugate. Then we obtain exactly 
the symmetry a given by (3.7-8). Using the matrix 
(4.40) we may also write (4.53) in the form 


Lxe=Gx Tr{@’K’8/+h.c.}, 


K° 
Le=Gr nr| (Ni- vo( 
Kt 


+(N2— va 


(4.54) 


where the 8X8 matrix K’ is given by 
1 . 
he atta £o(p3Ko"+piK 1+p2K 2) |, (4.55) 
V 


and K,°, Ke", Ki, Ke are related to K°® and K+ by the 
relations 
1 1 
K°=—(K,'+iK2’), Kt=—(K,+iK2). 
v2 v2 


(4.56) 


The Lagrangian (4.54) can now be written in terms 
of the original baryon matrix ® (4.30). From (4.41) we 
have 

Le=Gr Trh{@KB@ly4+H.c.}, 

26 Ning Hu, Nuclear Phys. 8, 85 (1958). 


(4.57) 


MN N2 
n , ye 


> 


Le wie WK De 


| | 
eee on. ome 


D hee ee | 
| 

oouw so 
| 
—= © 
| 

= ~QaQo 
- oor oc oS 


| 
| 
_ 


1 
K=0'K'N=—(E)'K)" to! (p3’Ko"+p1'Ki+p2'K2) |. 
v2 
Using (4.44) we obtain 
K=p-K°+ptK+p;(-Kt+éK-), (4.58) 
where 
f+= 9 (Eb igs). (4.59) 
When the baryon field is transformed by means of the 
S; charge symmetry 6, from (4.35) we have 
B: K— §KE, (4.60) 
and the matrix representation of the S, charge sym- 
metry a (4.36) is given by 


P= 3 (pitip2), 


B- @éi, 


R— R, 


a: 8B, K—>piKp, zx. (4.61) 


We note that the symmetry operation a is identical 
with Tiomno’s reflection operation in a 7-dimensional 
internal space where z and K are regarded as the com- 
ponents of a 7-vector. 

Introducing the 8X8 pion matrix 


Il=o-x, (4.62) 
we can write the total Lagrangian as the sum of L, 
(3.16) and Lx (3.20) in the matrix form 
L=L,+Lr 

= Tr{Gy;81@ty4+Gx OBKBly4+H.c.}, 
which exhibits its invariance under the reflections a, 8, 
y, and y’ (O=1 or 74s). 

The internal symmetries of the 4 doublet system of 
baryons allow one to introduce 5 different kinds of space 
reflections, namely, 

cr: 
SeCP: 
SCP: 
SCP: 
P: 


(4.63) 


(4.64) 
(4.65) 
(4.66) 
(4.67) 
(4.68) 


B— 175028", 
®— Boi, 

B— ty5028*E, 
B — 1y5028* pi, 


8B YB. 
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The parity operations which involve internal sym- 
metries (4.65-67) change respectively the charge, the S; 
charge and the S, charge by +1 while they change 
baryons into antibaryons. We have seen that for the 
interactions considered these generalized parity opera- 
tions, combined with CP, lead to invariance under P 
which leaves V, QO, S; and S» invariant. 


E. Geometrical Interpretation of the Generalized 
Charge Symmetries in a 4-dimensional 
Internal Space E, 


In order to study the symmetries of the Lagrangians 
L, and Lx we have found it necessary to introduce three 
commuting rotation groups. Tiomno interpreted these 
transformations as rotations in a seven dimensional in- 
ternal space, which is known to admit three commuting 
rotational subgroups. The four A mesons and the three + 
mesons are then regarded as the components of a seven- 
vector. However, an internal space with such high di- 
mensions presents conceptual difficulties. On the other 
hand, the new rotation groups are only introduced to be 
immediately violated, since such high symmetries are 
clearly not satisfied by the known strong interactions. 
Therefore it is desirable to reinterpret the groups just 
mentioned in an internal space with a small number of 
dimensions, and express the generalized charge sym- 
metries in a formalism that would stress their discon- 
tinuous character, instead of exhibiting their relations 
to special rotations. This can be achieved if we consider 
the transformation groups associated with a 4-spinor. 

A 4-spinor can be transformed by means of rotations 
in the 4-dimensional space-time. But since a spinor is a 
complex quantity, it can also be transformed inde- 
pendently by means of the Pauli transformations which 
are isomorphic with rotations. These are?’ 


Y ayt bys" 


Since the internal space must be Euclidean to preserve 
the invariance of the free Lagrangian, this means that 
on the whole we can accommodate three commuting 
rotation groups in a 4-dimensional internal space /4, 
provided one also allows transformations involving 
complex conjugation of the spinors. 

Now we may try to establish an isomorphism between 
the transformations on a 4-spinor y and the transforma- 
tions on the baryon field. 

We introduce the 4X4 anticommuting hermitian 
matrices I’, in £4. 


('a\?+/b|?=1). (4.69) 


rU,+P T= 26,y. (4.70) 


The 4-dimensional rotations in /y are given by 
Y — exp(3i2 dy, 

where 
’ fies 7 
t.=2(,T,—FT,), 


27 W. Pauli, Nuovo cimento 6, 204 (1957). I 
cimento 7, 411 (1958). 


‘ Gursey, Nuovo 
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and the parameters a,, are real. These rotations may be 
regarded as the product of two commuting rotations, 
namely 


I: ¥ > exp{Fi(14+1's)E-u)y, 
Il: y > exp{3i(1—T's)=- v}y. 


(4.73) 
(4.74) 
We must now find the analog of the Pauli transfor- 


mations (4.69) in the Euclidean case. The transforma- 
tions I and II show that the operation 
y — ido é 


(4.75) 


commutes with the 4-dimensional rotations in 4. More- 
over, the transformation 


III: y— apy+bitw* (\a)?+/b|?=1) 


is isomorphic with 3-dimensional rotations, because if 
we choose I’; diagonal, the transformation III may be 


written in the form 
a 
yi* b 


i. oh 
Y yW* p2 
(" ~) (" pel 
Ws v3" V4 y;* b 


which shows its equivalence with the transformation 
law for unitary matrices with positive definite determi- 
nants. Thus, III is the analog of the Pauli transforma- 
tions in 4. 

We can now express all the three rotations in a com- 
pact form by considering the row 


W' = (bayi*—Yio*Was* —Ys"). 


If we write 
ad — b* 
( )=expiie-w), 
D “a 


the transformations I, II, and III may be combined in 
the 9-parameter transformation 


(4.76) 


) 


(4.78) 


(4.79) 


| 1+¢é; 


I-f 
Vow’ a io: w+ 


epee aa (4.80) 
? 


where o, o, and & are the 8X8 matrices given by 
(4.31-32). These rotations in turn, are isomorphic with 
the rotations associated with the operators @, ¢ and « 
of Eq. (4.45). Therefore ¥’ has same transformation 
properties as the baryon row @&’ defined by (4.40). It 
follows that, as far as internal rotations are concerned, 
the original baryon row ® behaves like 


Y= (Wahi *Was* —Vaa* —Yir"). 
Comparing with (4.30) we see that each baryon behaves 
like the components and the complex conjugate com- 


ponents of a 4-spinor y in an Euclidean internal space 
Es, where a three-dimensional reflection operation has 


(4.81) 
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been defined. In particular we have 
p = Y2, zt - V4, :" - v3", (4.82) 
Dogs, Day, Zo —yYr*. (4.83) 


noyy"*, 
» ae =", 


The generalized charge symmetry operations can now 
be represented by reflection operations on y in Ey. We 
obtain the correspondences 


(4.84) 
(4.85) 
(4.86) 


> p=idy’, 
yay, 
y =p Tyy. 


It follows that the S: charge symmetry a corresponds 
to the parity operation in £4 and the doublet charge 
symmetry 7’ corresponds to the reversal of the fourth 
axis in the same internal space. 

We now proceed to show that the components of the r 
meson behave like scalars with various reflection prop- 
erties in £4 and that the Hermitian components of the K 
meson behave like a 4-vector. 

With respect to the 4-dimensional rotations in Ey, y' 
transforms as follows 


vi pt exp{— 272 dy}. 
Hence, yy is a scalar. Since 72.Y* also transforms like 
under the same rotations we can define the following 
scalars 


M=Vy, 


Sal’): ®B > Bo, 
S51(8): B— BE, 


S(a): ® > Bp, 


A3= (1D op*) iT y*, A=YPiry*, 
A2o= (iXop*)ty= —y,*, 
ds’ = (iDY*)TsiDyp*, dy =WTsiDy*, 
do’ = (iZy*)Tw=—AL*”. (4.88) 


(4.87) 
hd =i sy, 


Among these “‘scalars” in 4, the combination 3(A4+A3) 
is also invariant under the spinor rotations III (4.76). 
Therefore it corresponds to a rest mass term, or to an 
isoscalar neutral meson. On the other hand the combi- 
nations 3(Ay—As3), 3(AiEA2) behave like the components 
of a vector with respect to the group III which corre- 
sponds to the J-spin rotations of baryons. Hence we 
have 


(4.89) 


1 
<> —Lyy— (ida *)idw*), 
él 


and 


rt ao pidy*. (4.90) 


The primed ’s also have the same properties under 
rotations, but they change sign under reflection a. Hence 
a m+ meson, which transforms like Wtl'siZ.¥* for ex- 
ample, would interact with =* with a coupling constant 
opposite in sign to the one involved in its interaction 
with p. 

We now consider the 4-vectors 


Ma =V'T Va =W'l'sl ay 


that are invariant with respect to the rotations III. 
They correspond to bosons with zero /-spin. The trans- 


and (4.91) 
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formation properties of ue correspond to those of the 
four Hermitian components K,°, K2°, Ki, and Ke of the 
K meson, defined by (4.56). We have 


K°o ¥'(P4+il's)y, 
Kt e Yt(' +70 s)y. 


(4.92) 
(4.93) 


It may be noted that the symbol «> is employed in the 
sense of equivalence as far as transformation properties 
are concerned and does not imply any compound 
particle model. 

We verify that under the S2 charge symmetry a@ (4.86) 
we have 

K°*> K*, K+— —Kt, (4.94) 

that is, K+ is odd under a. Had we chosen the 4-vector 
Vq of (4.91) to construct bilinear transformations be- 
having like the K meson, we would have introduced a 
K+ meson which is even under a, i.e., the interchange of 
N, and N2as well as of V3 and N4. As long as the parity 
of the K meson in F, is not determined it is immaterial 
that we use ue OF vq to correspond to K. 


V. PERTURBATIONS TO THE DOUBLET STRUCTURE 


The total Lagrangian for the strong interactions 
L=L,+Lx is one of those discussed by Pais either for 
even or odd relative parity of the K mesons. In par- 
ticular, the quantum numbers S; and S2 defined by Pais 
will be conserved, and the reaction r++ p > Kt+2*, as 
well as charge exchange scattering of K mesons by 
nucleons will be forbidden in contradiction to experi- 
ment. It therefore appears that the doublet structure 
which has formed the basis of our internal reflection 
symmetries is not accurately realized in nature. In order 
to see what the possibilities are to maintain it, it is 
useful to consider the analogy with the w-nucleon and 
electromagnetic interactions. 

The m-nucleon system has several properties which 
are inconsistent with charge symmetry, such as the n-p 
mass difference and the difference between m~n and rtp 
scattering at low energies. However, one nevertheless 
believes that the fundamental x-nucleon interaction is 
charge symmetric and that the deviations from charge 
symmetry are not to be introduced in an arbitrary way, 
but rather occur because of the existence of another 
interaction, namely the electromagnetic interaction, 
whose existence is “required” on other grounds and 
which must conserve parity as discussed before. 

It is a suggestive possibility that the experimental 
violations of the doublet approximation and the internal 
reflection symmetries that we have discussed, occur 
through interactions other than the Yukawa K meson 
and m meson couplings. If such other interactions exist, 
it is required by our general viewpoint that they will 
conserve parity because of their particular structure or 
because of additional internal symmetries which they 
possess. 
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In the following, we discuss some possible interactions 
which do destroy the doublet structure of the baryons 
and nevertheless must conserve parity provided our 
other assumptions hold. The list is not meant to be 
exhaustive, nor do we wish to insist that the interactions 
discussed are themselves fundamental interactions. Such 
interactions might for instance be generated by new 
bosons which act as intermediate particles. It is instead 
meant to indicate some of the types of interactions which 
can account for the observed multiplet structure and to 
point out their symmetries. 


A. Odd K*-K° Relative Parity and KK= 
Interactions 


This assumption has been discussed in great detail in 
Pais II. Its major difficulty is that the mass spectrum of 
the hyperons is not easy to reproduce and one would 
also expect large mass splittings between the K+ and K°. 
It may be pointed out that the proposal by Pais to 
avoid the latter difficulty, i.e., opposite N; and N, 
parity is not possible here, as we have seen that invari- 
ance under the internal reflections can exist only if all 
baryons have the same parity. The further requirement 
on any given model, i.e., that all interactions which are 
introduced will conserve parity only for sufficient reasons 
can be met in this case. The problem is of course to show 
why interactions like 


K°K'r® and K+Ktr (5.1) 
do not occur, while 

K+ K%nxt+H.c. (5.2) 
do. This indeed follows from CP invariance, since the 
r® field must be odd under CP in order to make the 
m-nucleon interaction invariant. Thus only those KK 
interactions which are invariant under space reflection 
in the case of odd K*+-K° parity are allowed by CP 
invariance. 


B. Quadrilinear Couplings 


From now on we only consider possibilities which are 
invariant under the charge symmetry transformation 
y (3.18) and so consistent with the observed multiplet 
structure. This eliminates the possibility of a trilinear 
KKr coupling and since we wish to keep the complete 
symmetry of the Yukawa K and 7 interactions with 
baryons, we are led to consider quadrilinear couplings.”*. 
There are two different couplings of this type which we 
discuss 


(a) Interactions between K mesons and 7 mesons 
(K*x* couplings). 

(b) Interactions between K mesons and baryons 
(B?K* couplings). 

** Budini, Dallaporta, and Fonda, Nuovo cimento 9, 316 


(1958); S. Barshay, Phys. Rev. 109. 2160 1958. 
* A. Pais (preprint). 
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We would like that if a coupling of this kind is intro- 
duced, it will remove all of the unwanted symmetries 
and also split the masses of the baryons into the ob- 
served multiplet structure (more precisely, we require 
that the combination of the new interaction and the 
previously considered K and m couplings should not 
have any symmetries which allow the derivation of 
amplitude relations or, which imply some equalities 
among the masses of the different baryon multiplets). 

In order to see how some of the ways of removing 
these symmetries work, it is useful to summarize some 
of the invariances of the interactions we have considered. 
For that purpose we consider the following transforma- 
tions, which we will refer to by number. 


(1) Permutation of the baryon doublets; Ni 4. 

(2) G conjugation of the K meson field; K > K®. 

(3) Isotopic rotations of the baryon doublets; 
N;— exp(it-a)N;. 

(4) Isospin rotation of 
a — exp(iT-a)z. 

(5) Isospin rotations of the K meson doublet; 
K — exp(it-a)K. 


+ Kt 
where Ke-( ) 
—K+t 


Table II summarizes the invariances of the m inter- 
actions as given by L, and the K interactions as given 
by Lx (Eqs. 3.16 and 3.20). We also exhibit invariance 
properties under the product of (1) and (2) and also the 
product of (3) and (4) which we denote by (1) X (2) and 
(3)X (4), respectively. 

It is the invariance of both interactions under the 
product of (1) and (2) which implies the equality of the 
masses of the nucleon and cascade, whereas the invari- 
ance under (3)X (4) implies equality of the A and = 
mass. 

Consider first the K*x? interactions. These interactions 
must conserve parity if the Lagrangian is invariant 
under the transformation y. This is because a quadri- 
linear interaction among spinless bosons cannot lead to 
mixtures of orbital states of different parity of the 
bosons, and the invariance under the transformation y 
requires that the intrinsic parity as determined by the 
interactions with baryons should be the same for A+ and 
K® (see Eq. 3.19). The Kx? interactions which are 


invariant under y are of two types. 


the -meson triplet; 


(5.3) 


(5.4) 
(5.5) 


L,.= (Kt tK++ K°tK°®) (x :), 
L.= (Kr.0,K) (rT 20,0) +H.c. 


Here 7, is the isotopic spin operator for the K meson 
treated as a doublet 


Kt _ Kt 
k-(,.): ®(,0) 
K°® Kt 


(5.6) 
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TABLE IT. Invariance properties of Ly and Lx.* 


(3) (4) (S) (1) K(2) (3) X(4) 


v 
v 


*v implies invariance and x means not invariant. 


and 7, is the isotopic spin operator for the 7 mesons. 

It may be seen that the interaction Z; is still invariant 
under transformations a and 8, and also conserves S 
and S» and so it does not remove any of the unwanted 
degeneracy. The interaction L2 on the other hand does 
not conserve S; and S; and is not invariant under a and 
8, so that the previously forbidden processes such as 
charge exchange scattering of K mesons are now 
allowed, and the mass degeneracy of the A and 2 is 
destroyed. To see this we notice that the properties of 
L,; and Ly, under the transformations are as shown in 
Table III. 

Since Z» is not invariant under the product of (3) and 
(4), the masses of the 2 and A will indeed split. It may be 
noted that this is a cooperative effect between Lo, Lx, 
and L,, since for example if L, did not exist, the total 
Lagrangian would be invariant under (3), which of 
course implies mass degeneracy of the = and A. How- 
ever, L is invariant under the product of (1) and (2), 
which means that the nucleon-cascade mass splitting is 
still not produced by L,+Lxe+Lx. 

The interaction L»2 is a coupling between the isotopic 
current of the K meson with the isotopic current of the x 
meson. It is thus somewhat reminiscent of the weak 
interactions which have ‘been discussed recently by 
Feynman and Gell-Mann. If the analogy with the 
electromagnetic interaction is taken more seriously one 
might think that the doublet perturbing interactions 
should come about through the interaction of a con- 
served current with a boson field. This current might be 
associated with the total isotopic spin current in which 
the K field occurs as a doublet. The boson field which 
interacts with this current will then have the properties 
of a vector field with isotopic spin 1. It may be identified 
with the b field of Yang and Mills.*! Just as the photon 
is responsible for perturbing the charge symmetry 7, the 
b field may be thought of as being responsible for the 
breakdown of the invariance under the generalized 
charge symmetries a and 8. Parity conservation in the 
interactions involving the total isotopic spin current 
may be related, as in the electromagnetic case, to the 
existence of gauge transformations of the second kind 
studied by Yang and Mills. If this is the case, several 
effective four field interactions which destroy the 
doublet approximation will occur with equal coupling 
constant. Since these quadrilinear interactions or the 

*® R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 


(1958). 
31C. N. Yang and R. L. Mills, Phys. Rev. 96. 191 (1954). 
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TABLE ITI. Invariance properties of L; and L:.* 


(1) (2) (3) (4) (S) (1) X(2) (3) K(4) 


Ly v 
Le v 


®y=invariant, x =not invariant. 


interaction with the b field are not invariant under a or 
B, the masses of the NV; and No, or the V3 and N, are on 
longer degenerate. 

Next consider the B?K? interactions. We shall assume 
for simplicity that these interactions are invariant under 
all permutations of the baryon doublets. Thus the 
baryons only occur in the combination 


4 
>X NON, 


i=l 


(5.7) 


where the operator O may involve both y,’s and isotopic 
spin operators. 

There are essentially four interactions of the form 
B?K? which can be found if we require invariance under 
y and allow at most one derivative of the K meson field 
(a similar assumption is necessary to ensure that the 
electromagnetic interactions conserve parity.” Also the 
quantization of theories with more than one derivative 
is not straightforward). These are: 


(5.8) 


4 
Li= LN ON Krk, 
i=] 


4 
Le=i > N0,N ([K20,K—(0,K)*K], (5.9) 
i=l 


4 
Le= & NON,KK, (5.10) 
i=] 


Lo=i © NiO,N [K0,K—(0,R)K]. (5.11) 
i=] 
Here 


O=at+bys, O,=v,(a'+b'ys), (5.12) 


where a, b; a’, 6’ are arbitrary real numbers. 

The transformation of quantities such as KK, KeK, 
Ko,K—(0,K)K and Krd,K—(0,K)*eK under CP is 
prescribed once we require that the two members of the 
K doublet have the same transformation property under 
CP, which is implied by invariance under the charge 
symmetry y. 

In the following table we give the transformation of 
these operators under CP, where for simplicity we have 


®T. B. Zeldovitch, J. Exptl. Theoret. Phys. U.S.S.R. 33, 1531 
(1957) [translation: Soviet Phys. JETP 6, 1184 (1958) ]. 
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Taste IV. Invariance properties of La, La, Lc, Lv." 


(1) f y ‘ (1) X(2) (3) K(4) 
La t ‘ 4 ’ x x 
Le t 1 x x t x 
Le i 7 7? ) v 
Lp v v 


*v invariant, x =not invariant. 


taken a=3 in the isotopic spin operator. 


O (CP)O(CP) 

RK 

K7r3K 
i(Ka,K—(0,R)K ] 


KK 
K73K 
—ifKa;K—(0,RK)K] 
(7=1, 2, 3) 
iLKd,K —(0,K)K ] 
—ifKr30,K —(0,K)r3K ] 
(j=1, 2, 3) 
iL K 730K — (04K)73K ]. 


i Ka,K —(a.K)K ] 
if Kr 0;K —(0;R)r3K | 


i Kr30,K — (04K) 73K ] 


A comparison with Table I of I indicates that L4 and 
L¢ are invariant under CP only if O=a and a is real and 
therefore must conserve parity. On the other hand Lg 
and Ly» will be invariant under CP provided only 
that a’ and b’ are both real, which is required by the 
Hermitean property of 1, and so parity need not be 
conserved in them. 

In Table IV we consider the behavior of L4, Lz, Le, 
Lp» under transformations 1-5. 

From this Table IV we notice that only La, will 
destroy all the mass degeneracy of the baryons. Further- 
more, Le, Lp will conserve S; and S» and so can be ruled 
out for that reason. We are then left with La (5.8), 
which, in combination with L, and Lx has no further 
symmetry than ordinary isospin rotations and strange- 
ness conservation. As we have seen, for L4, CP invari- 
ance again implies parity conservation. It is therefore 
consistent with our general philosophy to introduce L 4 
as the interaction which destroys the doublet structure. 

We may also remark that an interaction such as La 
could possibly be an effective interaction coming from 
the trilinear interactions with baryons and K mesons of 
a hitherto unobserved meson which is a scalar under 
space reflection and a vector under isotopic rotations. 
The existence of such a particle as a source for these 
interactions would be welcome in that it would allow 
the use of renormalizability as a criterion for which 
interactions exist. 


C. Use of Two Different Doublet Structures 


There is one final way of preserving the doublet 
scheme and yet avoiding the previously mentioned ex- 
perimental contradictions which we will indicate. This 
is to introduce different doublets in the K meson inter- 
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actions from those found in the x meson interactions. 
This possibility originally indicated by Schwinger? and 
Pais® has recently been discussed by Sakurai."' One way 
of accomplishing this is by choosing the neutral fields 
A°, B® to be different in the meson couplings than in 
the K meson couplings. For example, one may take 


1 
A°=—(A°—>) = Y", 
v2 


1 
B= —(A°+->°) = 2°, 
v2 


in the x meson couplings and 
) ame 70 
A°=—7', 


po=—yo (5.14) 
? 

in the K meson couplings. This means that the doublets 
N. and N;3 of (2.9) interact with K mesons while V.’ and 
N3! of (2.11) interact with + mesons. This choice will 
avoid the separate conservation of S;, S2 for the com- 
bined + and K interactions, without introducing any 
interactions of a new type. One objection to such an 
assumption is that it appears rather difficult to interpret 
the Ne, NV; doublets as elementary particles if the 
neutral member is a different field in the interactions 
than in the K interactions. Furthermore, this proposal 
has in a particularly acute form the difficulty faced by 
all of our proposals to perturb the symmetric trilinear 
couplings, which arises once the symmetry is destroyed. 
This is that it becomes difficult to confront the proposed 
Lagrangian with any experimental tests because we 
have no good methods of determining the prediction of 
the Lagrangian for strongly interacting systems. It is 
this problem, among others, to which we will now turn 
in our concluding remarks. 


VI. CONCLUDING REMARKS 


At this point it is well to examine what we have done 
so far. We have shown that if the baryons exhibit a 
doublet structure in their interactions with 7 mesons 
and K mesons, and if these interactions are invariant 
under certain transformations which may be interpreted 
as reflections in an internal space of the particles, then 
the previously discovered theorem which relates CP 
invariance to P invariance for nonderivative Yukawa 
couplings can be extended to the K meson interactions 
and all of the + meson interactions. However, the 
doublet approximation and the internal reflection sym- 
metries lead to interactions which allow selection rules 
that disagree with experiment. We have therefore con- 
sidered additional interactions which do not satisfy 
these selection rules. It is perhaps not surprising that 
such interactions, which perturb the doublet structure 
and the internal symmetries, should exist. We recall the 
analogous case of the electromagnetic interaction, which 
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perturbs the internal symmetry known as charge sym- 
metry for the w-nucleon system. 

The set of all the strong interactions then forms a very 
complicated system and one may despair of the possi- 
bility of deducing any predictions which can be com- 
pared with experiment from it. Let us however recall 
again the case of the combined z-nucleon and electro- 
magnetic interactions. These interactions do not possess 
any over-all symmetry other than charge conservation 
and baryon conservation, and if one approached the 
problem with no preconceptions one might expect that 
no simple conclusions about the properties of mesons 
and nucleons could be deduced. Instead it is of course 
possible to treat the electromagnetic interaction as a 
small perturbation and to make approximately valid 
predictions using the r-nucleon interaction alone, which 
possesses a much higher degree of symmetry. It would 
be worthwhile to try a similar approach to the 2-K- 
baryon system. That is, one may treat the interactions 
which destroy the conservation of S; and S» and the 
invariance under a and @ as small perturbations and try 
to analyze the deviations from the predictions of the 
highly symmetric K-baryon and z-baryon interactions 
in terms of these perturbations. An analysis along these 
lines of the case of odd K,-Ko relative parity with KK 
interactions has been given by Pais II with results which 
are at present inconclusive. Similar analyses should be 
made with some of the other models we have indicated 
for breaking the symmetries. It is particularly impor- 
tant to see whether the observed properties of such 
processes as K meson charge exchange scattering and 
a++p—Z++K+t which are forbidden in the doublet 
approximation with internal reflection symmetry can be 
accounted for by weak coupling calculations using the 
interactions we have proposed to destroy the doublet 
structure of baryons. 

If none of these analyses on the basis of small per- 
turbations should lead to correct predictions, then one 
would either conclude that all the interactions are too 
strong to treat by perturbation methods, or else, that 
the whole approach along the lines of the doublet ap- 
proximation and high internal symmetry is incorrect. If 
the former is the case, there is not much hope for making 
any dynamical predictions based on any of the 
Lagrangians we have proposed, at least in the present 
state of computational technique. One may then reason- 
ably ask whether there is any content whatsoever to the 
symmetry we have proposed, or whether we are just 
convincing ourselves by hindsight that parity is indeed 
conserved in strong interactions because of symmetries 
whose existence cannot be demonstrated experimentally. 
On this point we may comment that there are some 
kinematic properties of the baryons which are “re- 
quired” or predicted by our considerations and which 
may be checked experimentally. As we have seen, 
invariance under the internal reflections a and 8 implies 
that all of the baryons have the same relative parity, 
insofar as this is meaningful, and so a measurement of 
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the 2-A or Z-nucleon relative parity would provide a 
possible disproof of our considerations. 

Another consequence of our discussion concerns the 
number of baryons. We have seen that spinor fields 
must possess invariance properties with respect to 
reflections in an internal space (generalized charge 
symmetries) if they are to ensure separate C and P 
invariance when CP is valid. Boson fields also exist that 
interact simultaneously with the different components 
of the spinor field that go into each other under these 
symmetry operations. Therefore a new symmetry can be 
introduced only at the price of doubling the number of 
the spinor fields. Since at present the baryons are be- 
lieved to be 8 in number, the experimentally undetected 
=" being essential for the doublet structure that underlies 
our considerations, the discovery of any additional 
baryons would imply that the total number be brought 
up to 16 if one wishes to extend our results to such new 
baryons. A new boson may then also exist, connecting 
the two octuplets. Hence, under the present scheme, 
the existing baryons do not necessarily form a closed 
system, but they may form a closed shell even if addi- 
tional particles exist. In particular, our considerations 
would not be compatible with the existence of the A” 
discussed by Pais without the simultaneous existence 
of n’, p’, etc. 

If on the other hand a doublet structure is not present 
at all for the = and A, then we believe that the attempt 
to explain parity conservation in K-meson interactions 
on the basis of internal reflection symmetries and 
nonderivative couplings will not succeed. 

It is also possible that the analogy with the violation 
of charge symmetry by the electromagnetic interaction 
breaks down and that the interactions which destroy the 
doublet structure and the internal reflection symmetry 
of the baryons do not conserve parity at all. The problem 
which then arises is to understand why subsystems of 
the strong interactions such as the m-nucleon system 
nevertheless demonstrate space reflection invariance to 
a high degree. Some considerations along this line have 
been given by Pais.* 

We would like to conclude with a few remarks on the 
symmetries of the weak interactions. Let us consider the 
B-decay interaction 


L=pO,(a;+biys)néO;(a,'+b,'y5)v+H.c. (6.1) 


From CP invariance we have a common phase for a, and 
b; and also for a,’ and 6,’. Now, in the absence of 
electromagnetic interactions, besides the symmetry be- 
tween p and » another possible symmetry occurs 
between e and v. Let us tentatively assume that charge 
symmetry defined by 

Sq: p — Nn, CH vp (6.2) 
is also applicable to the leptons, in which case the 
transformation Sg will hold for both weak and strong 


% A, Pais, Phys. Rev. Letters 1, 418 (1958). 
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interactions. If we impose this internal symmetry 
property on the interaction (6.1) and assume the ex- 
perimentally well established hypothesis of a two- 
component neutrino, then we see immediately that the 
only possible form for O; is y,, i.e., we have a (V,A) 
interaction 


L=pry,(atbys)néy,(1+75)v+H.c. 


Here the symmetry principle allows parity violation but 
fixes the form of the interaction. 

One may also consider the question of additional ap- 
proximate symmetries in weak interactions valid for 
both weak and strong interactions. It seems that, be- 
sides the charge symmetry just discussed, the weak 
interaction Lagrangian also shows a symmetry between 
the electron and the muon.*' This obviously has nothing 
to do with charge symmetry. It is tempting to relate 
this symmetry to one of the generalized charge sym- 
metries of the baryons. For instance, if we relate the 
symmetry e=u to the S: charge symmetry (a), this 
would imply that the weak Lagrangian is invariant 
under the simultaneous interchange of e with uw and of 
N, with Ne. We note that a Lagrangian with just this 
property has been recently proposed by Feynman."® 


(6.3) 


% The possibility that this symmetry has more than formal 
significance has recently been suggested by M. Goldhaber, Phys. 
Rev. Letters 1, 467 (1958). 
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Thus the extension of generalized charge symmetries 
(unlike continuous groups like isospin rotations) to 
leptons might not be devoid of meaning. The conse- 
quences of such symmetry principles in weak inter- 
actions will be discussed in a different paper. All we 
would like to say at present is that this attitude is 
consistent with the idea of a hierarchy of approximate 
symmetries in elementary particle interactions, with the 
weak interactions having lower symmetries than the 
strong interactions which exhibit all the universal sym- 
metries and also have additional symmetries. 
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The application of dispersion relations to low-energy p-n scattering is examined. It is shown that Khuri’s 
dispersion relation can be extended to include tensor forces, but serious difficulties appear on attempting 
to include exchange forces. The application of the relativistic field theory dispersion relations to low-energy 
scattering is made by using the effective range formula. The spurious poles of the S-matrix are related to 
the two- and three-pion terms in the unphysical region contribution for forward scattering. 


I. INTRODUCTION geneous term is the first Born approximation. It is also 
shown that these dispersion relations are in agreement 
with the nonrelativistic limit of the field theoretic 
dispersion relations of Goldberger, Nambu, and 
Oehme.? When we say that these sets of relations are 
in agreement with each other, we mean that the 
contributions from the physical region and from the 
deuteron state are identical. The Born approximation 
in the first set is to be equated to the one-pion, two- 
pion, . etc., contributions from the unphysical 
region in the second set. 

The extension to a spin-orbital force of the type 
f(r)(L-S) has not been examined. It would appear 
that this presents somewhat harder mathematical 
problems because of the differential operators in L. 


E shall examine in detail the application of 
dispersion relations to low-energy p-n scattering. 
First we consider the dispersion relations for the 
Schrédinger equation which were derived by Khuri! for 
an ordinary central potential. If these relations are to 
be of value for p-n scattering, they must be extended 
to include (a) tensor forces, or spin-orbital [(L-S) ] 
forces; (b) exchange forces. 
In Sec. 2 we show that the extension to include tensor 
forces is straightforward. The result is that each element 
(S|M|S’) of the scattering matrix M obeys an un- 


coupled dispersion relation; in each case the inhomo- 


*This work was supported in part by the Office of Naval 
Research and the U. S. Atomic Energy Commission. 


t Permanent address: Christ’s College, Cambridge, England. 
1N. N. Khuri, Phys. Rev. 107, 1148 (1957). 


2 Goldberger, Nambu, and Oehme, Ann. Phys. (N.Y.) 2, 226 
(1957). 
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In Sec. 3 we examine the possibility of including 
exchange (central) forces in Khuri’s analysis of the 
scattering solutions of the Schrédinger equation. Here 
there are considerable difficulties, and it is not clear 
that the usual fixed momentum transfer type of 
dispersion relations exist. This is not merely a case of 
requiring mathematical vigor where intuition, or simple 
considerations, would suggest that the relations do 
exist. In fact, it is easy to see that one part of the 
scattering amplitude has much simpler analytic proper- 
ties for backward scattering than for forward scattering. 
This difficulty may be related to the acausal nature of 
the exchange potential in the static limit. 

In the field theoretic relativistic dispersion relations? 
there is no comparable difficulty, presumably because 
in field theory all interactions propagate causally. It is 
not clear why the field theoretic dispersion relations 
have a simple nonrelativistic form, whereas such simple 
relations have not been derived from the Schrédinger 
equation when exchange forces are present. 

Our inability to find such relations means that we do 
not know how to relate the Fourier transform of the 
wave mechanical potential V to the unphysical region 
contributions in the field theory dispersion relations. 
The best we can do at present is to say that the sum of 
the unphysical region terms (apart from the deuteron) 
defines a potential ‘‘V.”’ However, it is not clear what 
is the relation of ‘‘V” to the static potential used in 
the Schrédinger equation. 

In Sec. 4 we examine another way of relating the field 
theoretic dispersion relations to more familiar quanti- 
ties. We show how the one-, two-, and three-pion 
contributions in the unphysical region are related to the 
parameters appearing in the effective range formulas 
for low-energy triplet and singlet state p-n scattering. 
There is qualitative agreement between the positions 
of the poles of the S-matrix for s-wave scattering and 
the energies at which the above unphysical region 
terms occur. A quantitative comparison must await the 
completion of calculations of the two-pion and (possi- 
bly) the three-pion contributions. 

The dispersion integral in the field theoretic relation 
we have used, appears to diverge at high energies. In 
Sec. 5 we discuss briefly the relation between such 
dispersion integrals and hard core potentials. 


II. KHURI’S RELATION AND ITS GENERALIZATION 


Khuri! examined the analytic properties of the 
scattering solutions of the Schrédinger equation for an 
ordinary central potential V(r) : 


V°y (x) + RY (x) = Vo(r)¥ (x). (1) 
These solutions have the asymptotic form 
y(x)e'™*+ (f(h,7)/r)e™”, (2) 


where 7 is the momentum transfer. Provided Vo(r) is 
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finite,’ and for large r obeys | Vo(r)| <e~*” (where a is 
some positive constant), it can be shown that, for 
t<2a, f(k,r) is a regular function of & in the upper 
half plane Imk20 except for simple poles at the bound 
states kj=+ix; (xj;>0). With the same conditions, 
Khuri also shows that f(&,r) is uniformly bounded for 
|k| —> © in Imk2>0, and 


1 
fer) + ns fro explin-a)e's| +0, 
4dr 


as Rek > © in Imk20. Integrating f(k’)/(k’—k) (real 
k) over the contour consisting of the real axis and the 
infinite upper semicircle gives a dispersion relation for 
fixed r<2a. Regarding f as a function of E=k* and r, 
this can be written 


Bw 1 Im f(E’,7) 
Re f(E,7)= — —Vo(r)+ rf dE’ 
dor 7 Y—E 
R;(7) 


5h 
| E-E; 


where 


oe 1 = 
Vo(r)=— f exp lie 0 Patras (4) 


dor 4a 


is the first Born approximation for scattering from k 
into k’ (e=k—k’). Also, E;= —x«x,? are the bound-state 
energies and Rj(r) is the residue of f(#,7) regarded as 
a function of FE at E=£;,. 


The Residues 


As an example of how the residues are determined 
we consider an s-wave bound state E,;= —x,*. Suppose 
its wave function is g(—ik,7r)/r, normalized so that 
g(—tm, 7) > e-"” as r— &, The partial wave expan- 
sion gives 
x 


1 
(kyr) =—- © (21+1) (2 — 1) P)(1—72/2k2), (5) 


2ik '=0 


where S,(k)=exp[2i6,(k) ] is the S-matrix for the 
partial wave /. For s-waves, Sy(k)=g(k,0)/g(—k, 0), 
and the residue of So(k) at R=ix; (as a function of k) is! 


<i f bel —inwn Par 


Using (3) the residue Rj(r) is therefore given by 
[Ri(r) = -f (g(—ixs,r) dr. (6) 


For p-n scattering the only bound state is the deuteron 


3 We do not state the sharpest form of Khuri’s conditions on Vo. 

4R. Jost, Helv. Phys. Acta 20, 256 (1947); R. Jost and W. 
Kohn, Kgl. Danske Videnskab Selskab, Mat.-fys. Medd. 27, No. 
9 (1953). 
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and the right-hand side of (6) is the well-known 
deuteron wave-function normalization factor.® 


The Tensor Force 


The scalar dispersion relation (3) proved by Khuri 
will now be generalized to include tensor forces. Suppose 
the interaction is of the form 


V= Vo(r) +W (r) Sia, 


where $).=3(0- x) (e®-x)r?— (eo -e). o@ and 6° 
are the spin matrices for the two nucleons. The state 
vectors for the total spin are |S=0); |S=1, 53), 
(S;=1,0,—1) where S; is the component of total 
spin along the initial direction k. A convenient notation 
for these state vectors is |S) where S denotes any one 
of (0,0), (1,1), (1,0), (1, —1). 
The p-n wave function can be written 


y=).¥.|5), 


here y,=(S/W) is a function of x only. These four 
functions y, obey the coupled Schrédinger equations 


VV thye=L(S|V |S er. (7) 


By time reversal invariance (S| V |.S’) is a real function 
it is symmetric in S, S’. We assume |W(r)| <e~*" fo 
r— oo, and look for a solution of (7) having the 


asymptotic form 


We’ (a5 5 ge'* *+ (e'*"/r)(S’| M/S), (8) 


where |S) is the initial spin state. 

The scattering matrix element (S’| M/S) contains a 
factor exp[i(S;—S;')¢]; ¢ is the azimuthal angle 
measured about k. Also, (S’ M |S) can be regarded as 
a function of k, 7 and (k?—47°); in other words it is a 
function of k, cos6 and sin where @ is the center-of-mass 
scattering angle (@= 26),),). 

Using the matrix kernel 

K ye (x,y) = —(S"| Vy) | S’e*!#-9!/| xy), 
Eq. (7) can be replaced by the coupled integral equa- 
tions 


War’ (a) (X) =6,,e%° 24+) > [keotuny rosy(y)d*y. (9) 


Iterating once gives a (matrix) integral equation having 
bounded kernels and bounded inhomogeneous terms. 
The Fredholm solution can readily be written down, 
and the same method as Khuri used will show that 
(S’|M |S) is a regular function of k in Imk>0 except 
for simple poles at the bound states k;=+7x; (x;>0), 
provided we consider momentum transfer 7r< 2a. 
Further (S’| M/S) is uniformly bounded as |k| > « 


5 See, for example, H. A. Bethe and C. Longmire, Phys. Rev. 
77, 647 (1949). 
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in Imk20, and also 
1 
[is M(k,r)|S)+— fo V |S) explie- xa] — 0, 
4 


as Rek— «© in Imk20. We can therefore derive 
dispersion relations if we know the crossing properties 
of (S’| M/S). 

From now on we drop the factor exp[i(S;—53’)¢ | 
from the elements of the scattering matrix. For 
S;—S;'|=0 or 2, the amplitude (S’|M|S) is now a 
function of k and cos#= 1—1°/2k?. It is easy to see (by 
looking at the general form of the Fredholm expansion 
terms) that in these cases 


(S’| M (k,r) | S)*=(S’| M(—k*, r) |S). 
For |S3;—S;'|=1 the scattering amplitude is also 


linearly dependent on sin@= 7 (k?—}7°*)!/k?. The complex 


k plane has a cut from —} to +3, and, on crossing, 


sin@ will change sign. It follows that the general form 
of the crossing relation is 


(S"| M (kyr) | S)*= (—1)(S1'-59(§"| M(—B*, 7) |S). 
Hence for | S;’—.S;| =0 or 2, the dispersion relation is 


1 
fo V |S) exp(i2-x)d3x 


dor 


Re(S’| M(E,r)|S)=— 


, (10) 


+-P 


7 


1 ~ Im(S’| M(E’,7)|S) (S’| Rp(r)| S) 
[ae MOE AIS, Rot 


E’—E E—Ep 

(we have only considered one bound state—-the deuteron 
state with energy Ep = — kp”). The residue (.S’| Rp(r) | S) 
is evaluated in a similar way to that of Goldberger ef al? 


Fic. 1, The contour in the complex E’-plane for 
integrating Eq. (14). 
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For |S3—S;'| =1 there is a similar dispersion relation 


for (S’| M (E,r) | S)(E—272)-1. 


Relation to the Field Theoretic Formulas 
The relation between these dispersion relations and 
the nonrelativistic limit of the field theory p-n relations 
derived by Goldberger, Nambu, and Oehme? should be 
examined, They write the scattering matrix in the form 
(we give the nonrelativistic limit) 
M=ato" -o®+77(0 +o) -n 


+6(o-m)(o®-m)+e(o -D(@®-D, (11) 


where I, m, n are unit vectors in the directions k+k’, 
k—k’, kXk’. The coefficients a, 8, y, 6, € are functions 
of k, cos@ and sin@. The relation between these coeffi- 
cients and the scattering matrix elements is 
reference 2, Appendix) 
4a=2(1,1| M)1,1)+(1,0) MW) 1,0)+(0 70), 
48 = —2(1,1|M}1, —1)+(1,0) W/1,0)—(0| 47/0), 
4y=v2(1,1) M|1,0)—v2(1,0! M/ 1,1), 
46= (1—secé)(1,1! M| 1,1) 
+(1+secé)(1,1/M/1, —1) (12) 
+sec6(1,0) M |) 1,0)—(0} 1/0), 
4e= (1+sec0)(1,1| M| 1,1) 
+(1—secé)(1,1/M)1, —1) 
— sec6(1,0| M | 1,0)—(0| M0). 


(see 


In the nonrelativistic limit a(A,r), B(E,r), 6(4,7), 
e(E,r) separately obey dispersion relations of the 
typical form 

ap 
Rea(E,7)=(U.P.)+ 

E—Ep 


1 = Ima(k’,r) 
+ rf dk’ 
Tr Yo k’-E 


Here ap, 8n::: are the residues at the deuteron pole 
E=Ep=-—kp*. Also (U.P.) denotes the unphysical 
region contributions coming from one-pion, two-pion, 

. etc., terms and from anti-proton-neutron scatter- 
ing. [In (13) as in (3) and (10) there is another un- 
physical contribution arising from the range 0< E’<}7° 
in the integral. ] The coefficient y obeys a dispersion 
relation obtained from (13) on replacing a(E’,r) by 
y(E’,r) (E’—1 7?) everywhere. 

The functions (S’| M |S) sec0=(S"| M | S)2k?/(2k?— 7?) 
have the same analytic and boundedness properties as 
(S’|M|S) in Imk 20, except for extra poles on the real 
axis at R=+7/V2. On integrating the function 


(13) 


(S'| M(E’,r) |S) 2E’ 


(E’—E)(2E'—7) ’ 


around the contour in the Z’-plane which is shown in 
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Fig. 1, we see that for |S;—S3’|=0 or 2, we have the 
dispersion relation 


1 
sco Re(S’| M(E,r)|S)+ (S’| V |S) exp(t2-x)d*x 
4a 


1 . Im(S’| M(E’,7)|S) FE’ 
= rf dk’ 
wr Yy E'-E 
(S’| Rp(r) |S) Ep 
E-—Ep 


—Re(S’| M(E’=37?, r)|S) sec0(7?/2F). 


Ep- 17? 
(14) 


The last term in (14) arises from the extra pole at 
E'=1 a2 

If we substitute the dispersion relations (10) and 
(14) into (12) in order to derive dispersion relations 
for 6 and e, we obtain the typical relation 


- oD 
Vat 
k- Ep 


1 - Imé(E’,7) 
os pf dk’ : 
T 0 k’- E 


where —(1/4m)V5 is the first Born approximation. 
This takes the place of the term (U.P.) in the field 
theory relations [see (13) ]. The last term in (14) does 
not appear in (15). This is because when we use (12) 
to collect the correct linear combination of terms 
(S’!M |S) to give 6, the sum of these terms (.S’| M(E’ 
=47*,7)|S) will vanish. There is a general relation® 
between the elements of the scattering matrix,’ 


Red(F,7) = — 


(15) 


(11) M}11)—(11) 7) 1, —1)—(10} M} 10 


=v2 cot0{(10| M7} 11)+ (11) 47} 10)}. (16) 


The left side of this equation is exactly the coefficient 
of secé in the expressions for 6 and ¢ in (12). Also, 
E'=37" gives cosé’=0; hence the left side of (16) 
vanishes for E’=}7°. 

It is now clear that our relations (10) and (13) agree 
with the nonrelativistic limit of the field theory relations 
(13). It is also clear that the relations for (S’| M(E,r) |S) 
X (E-—47?)-? for |S3—S;’|=1 and the relations for 
y(E,r)(E—j}r*)~ will agree. In each case the terms 
(U.P.) in the field theory relations are replaced by the 
first Born approximation. 


III. EXCHANGE FORCES 


The Fredholm method does not lead to simple 
dispersion relations when the potential is of the form 


V Volr)+V u(r) Pz, 


6 L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). 


7 As usual we drop all factors e*'?, e*?'¢, 
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where P, is the space exchange operator. Vo(r) and 
V u(r) are assumed to be finite central potentials, both 
of them obeying the condition |V(r)|<e~*" as r— 
for some fixed positive a. The scattering integral 
equation 


viay=emet (KO OMY (17) 


has the kernel 


K (x,y) = — (1/4) Vo(y)e*!2-¥'/| x—y] 


— (1/4ar)V au (ye*'49'/| x+y]. (18) 


The first few terms in the scattering amplitude derived 


from the Fredholm solution are [see reference 1, Eqs. 


(16) and (17) ] 


1 
S(k’k)=— fe ik”-¥V o(y)e* Yd y 
4dr 


1 
= ‘os yV u(y) pie dy 
4 


1 et*iz-yl 
(42)? x—y 


eik x+y/| 


1 
few ¥V u(y) : 


ixt+y| 


V o(x)e'* *d8xd¥y 


V ws (x)e™ *d3xd3y 


1 eik x+y| 
. fe ik”-¥V o(y) — V u(x)e® *d5xd*y 
ixt+y| 


etklx -y| 
| ro yje sk. *dxd*y 
x-y 
+--+. (18a) 
The remaining terms in the complete Fredholm solution 
can readily be written down. 

Those integrals in the numerator of the solution 
which contain either no factor V x, or an even number of 
factors Vy have the same boundedness properties in 
Imk>0 (for fixed +<2a) as we saw in the ordinary 
force case. The proof follows Khuri’s method closely. 
The basic step is the bound for the iterated kernel 


Klay) = [K(o2)K (yds 


We can write 


K2(x,y)= {A oo(x,y) Vo(y) +A mo(X,y) Vo(y) 
+Aom(x,y)Vu(y)+A uu (X,y) V w(y)}1 'y, 


where A oo comes from the term in K2 containing VoVo, 
etc. The triangular inequality 


|x—2|+|2—y|2|x—y| 


can be used to prove | A oo(x,y)| <.V exp(—x|x—y!) 
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where N is a constant and x=Imk20. Similarly the 
inequality 
[xt+2|/+|2—y|2|x+y| 


shows that both |Aow(x,y)| and |Asso(x,y)| are 
bounded in Imk20 by a constant multiple of 
exp(—x|x+y]). Finally |Aaa(x,y)| <N’ exp(—x|x 
—y|) where N’ is a constant. 

Using these results it is easy to show that the Fred- 
holm denominator A(k*) is regular in Imk20 and 
A(k?)—> 1 as |k| — . Again the zeros of A(k) give 
the bound states (k;=+-ix;, xj>0). The analytic prop- 
erties and the boundedness of the terms in the Fredholm 
numerator which have an even number of factors V 4 
follow readily. The contribution of these terms to the 
scattering amplitude is either of the form (a) 


f exp(—ik’-z)V(z)M(z,y) exp(ik- y)d*yd'z, 


where | M(z,y)| <NLV(y)/|{y| ] exp(—x«|z—y]) and NV 
is a constant; or it is of the form (b) 


f exp( ik’- 2) V( z)M (2,y) exp( ik- y)d*yd*z, 


where |M(z,y)| <NEV(y)/|y| ] exp(—«|z+y|) and NV 
is a constant. Here V is written for either Vo or Vy. 
Khuri’s methods will now show the required regularity 
and boundedness for r< 2a. {It may be useful to notice 
that the fourth integral in (18a) gives some idea of the 
behavior. The exponentials appearing can be written 
exp[ik| x+y|-+7ik- (x+y) ] exp[i(k’—k)-y]. 


For constant 7 this is bounded in Imk20.} 


Even and the Odd Dispersion Relations 


Now we divide the scattering amplitude {(k’,k) into 
two parts 


F (KK) = feven(k’,k)+ foaa(k’,k), (19) 


where feven, foaa arise from Fredholm numerator terms 
having respectively an even or odd number of factors 
Vw. It follows that feyen obeys the dispersion relation 


1 
Re feyen(E,7) = — — f V o(x) exp(it-x)d*x 
4 


T 


Rv" ( 7) 
———, 


F] k- ‘j 


. Im feven(E’,7) 
' BIKE 


1 a 
+-Pf dk: 
T 0 


where R,°¥e"(7) is the residue of feyen(#,7) at the bound 
state E= E;. Eq. (20) holds for r< 2a. 

The behavior of foaa(k’,k) is very different. This 
can be seen from the fifth and sixth terms in (14), 
whose exponential factors are, respectively, 


explik| x—y|+i(k-(x—y)) ] exp[7(k+k’)-y] 
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and 
exp[ik| x+y|+7(k- (x+y))] exp[—i(k+k’)-y]. 


These are not bound in Imk 20 for constant 7. However 
they are bound if we keep 7’ fixed where e’=k+k’. It 
is straightforward to examine the boundedness and 
analytic properties of all the terms in faa(k’,k) for 
fixed r’. Then it appears that for fixed r’< 2a, foaa(k’,k) 
obeys a dispersion relation whose inhomogeneous term is 


1 
sae fvacyeon rare 
dr 


Such a dispersion relation is associated with backward 
scattering. 

Thus we see that if exchange forces are present the 
method of Khuri cannot be used to prove that the 
scattering amplitude f(k’,k) of Eq. (19) obeys a simple 
dispersion relation for constant momentum transfer. 
Indeed the form of the first few terms in foaa [see Eq. 
(14) ] suggests that im general there may not be such a 
relation. 


Discussion 


Physically the results are perhaps not unexpected. 
The scattering solution of Eq. (1) in a certain way 
involved causality. The integral equation form of the 
solution shows that a disturbance ¥(y) at y gives rise 
to outward propagating wavelets of the form 


(ely! /| x—y]|)Vo(y(y). 
For an exchange potential the outgoing wavelets are 
(e*lz+9!/| x+y] )Va(yW(y); 


these wavelets can get ahead of the incident wave and 
thereby appear to violate causality. This suggests that 
there may be some difficulty in deriving dispersion 
relations in the case of exchange forces; it does not 
prove that such relations do not exist.® 

These difficulties do not occur in the field theory case ; 
there we have the nonrelativistic dispersion relations 
(13) for fixed momentum transfer 7.9 This is not 
surprising, because the field theory description of the 
p-n interaction, even when it deals with exchange 
processes, is causal. The present difficulties could 
suggest the inadequacy of the static potential for p-n 
interactions. 

If we cannot find a (fixed momentum transfer) 
dispersion relation for {(k,z) when exchange forces 
occur, we cannot use the field theory relations (13) to 
describe the static potential in terms of the unphysical 
region (one-pion, two-pion, ---) terms (U.P.). Even 
if we were to conjecture that f(k,r) did satisfy a 


8It may be that for certain forms of exchange potential we 
could use an analytic continuation of f(k,v) from the real axis 
to the region Imk <0. 

9 Of course there may be some argument about the validity of 
the nonrelativistic limit which is used. 
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dispersion relation of the form (3), we would not know 
what was the correct inhomogeneous term to replace 
V(r). 

Finally we notice a related difficulty which occurs in 
discussing solutions of (1) for p-p scattering without 
exchange forces. The scattering amplitude f(k’,k) 
arises from the incident plane wave e‘*'*. Therefore the 
actual scattering amplitude must, by Pauli’s principle, 
be 


1 
fov(k’Jk) = se msi —k’, k) - 
Vv 


where + and — occur in the singlet and triplet spin 
states. f(k’,k) obeys the dispersion relation (3) with 
|k—k’| constant, but f(—k’, k) obeys a relation which 
differs from (3) in that |k+k’! is constant. Again we 
cannot, for example, give a simple dispersion relation 
for forward p-p scattering. 


IV. FIELD THEORY RELATIONS AT LOW ENERGIES 


We examine the field theory relation for forward p-n 
scattering. The variable we consider is D(E) where 
,D(E) is the forward scattering amplitude for an 
unpolarized beam. In the notation of Goldberger ef al." 
D=4a(1+E/M)-! where E=k? and & is the relative 
momentum in the center-of-mass system.'? Where units 
are not explicitly stated we use the system with h=c=1 
and nucleon mass M = 1; this gives units of energy = 940 
Mev, length=2.1110-" cm, area=0.45 mb. 

The dispersion relation is" 


(1+E/M)! ReD(E) 


2 


2T'.(0) | ia 1 4 p+ Ew) 
Pen» + f di 


‘ Iman (L’) 
“ (-EN+E 
: F __ Onp(E’) 
+ pf dE! ((E'(1+E'/M) ]+——_. 
. E! 


us 0 


 —Ep-E @&E-E, ¢ 


(—«) 


(21) 


—_— #7 


In the last integral the optical theorem has been used 
to express ImD(£’) in terms of the total cross section 
onp(E’). The first term on the right is the’deuteron 
contribution, where Mev; the 
residue is 


Ep=—kp*?= —2.25 


21 ,(0)= 6xkp/(1—kKprr), 


(rr is the effective range of the *S state). The next term 
is the single pion pole contribution at center-of-mass 
energy E,= —y?/4M = —5.15 Mev where y= pion mass. 
(f?/4) is the renormalized coupling constant in Heavi- 
side units (f?/4r~0.08). The rest of unphysical region 
(the continuum) and the antiparticle scattering contri- 

10S. Matsuyama and H. Miyazawa [Progr. Theoret. Phys. 
(Kyoto) 19, 517 (1958) ] suggest using a perturbation expansion 
in terms of V to determine V from the field theory dispersion 
relations. 

1 See reference 2, Eq. (6.16). 

2 In the nonrelativistic limit £ is the energy in the c.m. system, 
and Ejab= 2E, 
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= d i } 
-47 Mev -37,7 \ 729.7 7 - 20.6 
2 wm CONTINUUM 
3 CONTINUUM 


bution is in the term Ima, ;(£’) in the first integral. 
Clearly for low-energy scattering (small /) the most 
important contributions will come from small (— £’). 
Such terms are the two-pion annihilation, which occurs 
for LE’ < Ex,=—y?/M = — 20.6 Mev, and the three-pion 
annihilation which occurs for E’<E3,=—9y?/4M 
= —47 Mev. The unphysical region is shown in Fig. 2. 


Effective Range Formulas 
At low energies [say less than 20 Mev (lab) ] we can 


write 


ReD(E)= (1/2k) sin26s+ (3/2k) sin267, (22) 


where 6s and 67 are the singlet and triplet s-wave phase 
shifts. These phase shifts are given accurately by the 
effective range formula 
k cotés= —1/ast+ rsk’, 
k coté, =— 1, aT + 3rrk?, 


(23) 


where, in our units, 
as=-=— bee 


a7r= 25.4, 


7s= 11.8, 
rp =8.05. 


Substituting (23) into (22) we get an accurate expres- 
sion for ReD(E£) at low energies. It is easy to check 
that the P-wave phase shifts give a very small correction 
to ReD(E) at these energies. This is done by assuming 
the P-wave phase shifts vary like k* and remembering 
that at 40 Mev the largest *P phase shift is about 11° 
and the 'P phase shift is about —15°. 

Before substituting (22) on the left of (21) we make 
one subtraction. This is because the dispersion relation 
as it stands probably does not have a convergent 
integral over onp. In any case, it is very useful to 
subtract once; in this way we can use the relation at 
low energy without having to know the values of on, 
at high energies particularly accurately. The subtracted 
relation is 


E\3 iro 
—|(14 ) ReD(E)—D(0) }= 
E M | 49 E,(E-E,) 


2r,(0) “ Iman5(L’) 


dk’ - - 
. (-E\[E+(-EF')] 


M+E'\! on,(E’) 
dE ( ) ; 
E! E'-E 


18 More precisely, the contributions which vary most rapidly 


with E£, 


+ 
Ep( Ep- E 


(24) 


4 ph 
+f 
) wR 
1 s 
te pf 
i 0 


Fic. 2. The unphysical 
region (energies in center- 
of-mass system). 
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On the left of (24), for low energies we substitute 


ist 
- ( sin2is-+as) 
EX2k 
E+ (2/rs*)(2—rs/as) 


=as — ; , (25) 
°+E(4 rs’)(1—rs ads)+4 rs"as* 


and we use a similar expression for the triplet term. 
Again we can verify that the P-wave terms which 
should be added to (25) are unimportant. In the 
triplet case they are of relative order E (E is measured 
in the above units) and in the singlet case they are 
smaller. 

In the low-energy range [say, 0< E<10 Mev (c.m.) ] 
the function on the right of (25) differs at the most by 
about 10% from the value we would obtain on putting 
rs=0. In the triplet case we have a larger ratio (r7/ar) 
and the corresponding difference for some low-energy 
values of FE is about 25%. We expect therefore that 
insofar as our results involve the effective range r, they 
will be appreciably more accurate for the triplet than 
the singlet case. We shall see also that the triplet 
effective range plays an important part in the deuteron 
contribution. 


Evaluation of the Dispersion Relation 


We now examine the various terms on the right of 
(24). Taking (f?/4a)~0.08, the single pion gives 


— 14.6/(E+5.15 Mev), (26) 


where the numerator is in the above units. At low 
energies an antiproton and a neutron can only produce 
a single pion if they are in the singlet state. Hence 
the single pion term (26) contributes mainly to the 
singlet state scattering. (This is not true after a 
subtraction.) 

For energies of a few Mev the term (26) contributes 
about 15% of the total singlet term (25) ; the proportion 
is much less at very low energies. Using Eq. (21) we 
can make an estimate of the contribution of the single 
pion term to the total singlet cross section at low 
energies ; it gives a few percent of the whole. It therefore 
appears a reasonable, if rough, first approximation to 
ignore the single pion term." 

The second term on the right of (24) is the deuteron 


‘In a later paper we shall discuss the single pion term. 
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Fic The poles of the s-wave matrix S(k) with «p= (1/rr)[1 
akcestath Kr’ =(1/rr )[1+ (1 —2rr/ar)*); Ks=-—(1/rs) 
XL ( (1—2rs/as)*—1], K,’ ™ (1/rs)[1+ ( 1—2rs/as)*]. 


contribution. It is 


6 1 


Kp(1—kprr) E+2.25 Mev 


6 1 


kp(1—2rr/ar)? E+2.25 Mev 


202 
(27) 
2.25 Mev 


(If we were to put r7=0 in this large term, the error 
produced would be great—the correct normalization of 
the deuteron wave function is very important here.) 
The third term on the right of (24) contains the 
remaining unphysical region contributions. We shall 
now use Eq. (24) to find this term (or at least its 
low-energy part). 
The dispersion integral is written 


rf ar'(- ) 
1 


+-I 


T 


1 
—I 


Tv 


M+E’ 
E’ 


1 
=—_— P 
E-E 

M+E! 


E’ 


onp(E’) * dE! o(E’) 


E% 


J 


E’-E 


x 


| ar( 


=onp(E)— (1+E 


1 @(E’) 


» (28) 
E’—E 


) 


‘M) 1o-«( E) 


where 
a(k) 
and 


T 3a 
oy(E)= 


(29) 
E+( (1/ es 


_ - . 
1 rs)? E+(1/ar—}Err)* 
We notice that although the effective range formula 
(23) only applies to s-waves and is only valid [in form 
(23) ] for low energies, the function oo(£) is a good 
approximation to the total p- cross section ¢,, up to 
50 Mev (lab). At 47 Mev the error is 4% and at 94 
Mev it is 15%. It is clear that for energies up to 100 
Mev (lab) &(£) is small and we shall neglect any 
contributions from the last integral in (28) from the 
region of small EF’. 

The first integral on the right of (28) can be evaluated 
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p- 
algebraically. This gives 
E+(2/rr (2-91, ar) 
“TRLE (4/rr?)(1—rr, lan) +4/ ar'rr’ 


ds E+ (2 1s')(2—3rs, as) 
(1—2rs/as)! P+ E(4, Fe) /as)+4/ rs’ds° 
The Poles of S(k) 
Substituting all these results in (24) gives 


) 


P fe 1 4 pm 
aa + f di 
4dr (—E,)(E-E,) 24 ~W<) 


1 


Imang(E’) 
(— E’)(E-E’) 
(1- 2rs, ‘as)} Ks’ E+ K s? 


6 1 1 


r E+Ky? 


(" E” ) , 


E” 
Ks'= (1/rs){1+(1—2rs/as)'}, 
Kr’ = (1/rr){1+ (1—2rr/ar)}}, 


so K s’=29.7 Mev, Kr’?=37.7 Mev. 


(1—2r7/ ar) 


1 x 
- f dE" 
ow? 


0 


6(E”’) 


—, (30) 
EE" -E 


(30) can be written 


(31) 


The first two terms on the right of ( 
(E+37.7 Mev). 


The integral over (/’’) on the right of (30) can only 
give appreciable contributions for large py” The present 
analysis is only valid for low-energy E (<10 Mev) and 
for such £ the integral over ¢(/”) is effectively 
constant. We shall discuss this constant in Sec. 5 below. 
In the unphysical region integral over Iman;(E’), we 
should expect (for small /) that the contributions 
from &’< —50 Mev behave as a constant.'® 

The first two terms on the right of (30) have a very 
simple form. They are in fact the residues of the singlet 
and triplet s-wave S-matrices S(k) at the spurious poles 
k=iKs', k=iKy’, respectively. [The poles of S(k) are 
shown in Fig. 3.] The reason for this simple result is 
that we have effectively used a dispersion relation for 
S(k). This is because oo(£) is such a good approximation 
to on, even for high energies, and because the oo term 
is separated out in (28). In this dispersion relation for 
S(k) all the poles in Imk>0 will contribute. It is well 
known that these “spurious” poles at k=iK 5’, k=iKr’ 
do not correspond to actual bound states of the p-n 
system. A pole at k=+iK need only give a bound 
state if (1/K) is greater than the range of the p-n force'®; 


—12.5/(E+29.7 Mev)—49.5 


a 


1 Our analysis is not sufficiently accurate to detect any variation 
in these terms. 

16®R. Jost and W. Kohn, Kgl. 
Mat.-fys. Medd. 27, No. 9 (1953). 


Danske Videnskab. Selskab, 
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this is true for the deuteron pole k=ixp but not for 
the others. 


Comparison with Experiment 


We compare the left and right sides of (30) consider- 
ing only the one-, two- and three-pion annihilation 
terms. The angular momentum and parity section rules 
show that 2z-annihilation cannot occur in a singlet 
neutron antiproton state. Both the singlet and the 
triplet states can give 3m annihilation.’ Hence in (31) 
we expect the triplet term (—49.5)/(E+37.7 Mev) to 
give an estimate of all the 27 contribution, together 
with some 1x and 32 contribution. The energy —37.7 
Mev is well within the 2x contribution (see Fig. 2). 
To get an accurate comparison it is at least necessary 
to make a good calculation of the 2x contribution in 
the field theory case.'® 

In (31) the singlet term (—12.5/(E+29.7 Mev) has 
to give the rest of the single pion term (—14.6) 
(E+5.15 Mev) as well as the remainder of the 3 
contribution. Since the 3x contribution can hardly be 
a rapidly varying function of E (for small £), the 
agreement here cannot be very good. However, we 
should remember that (a) these singlet terms are small, 
(b) for the reasons mentioned above (small rs/ds, etc.) 
we do not expect the singlet-state calculation to be 
particularly accurate. 

A further source of inaccuracy should be noted. In 
our analysis we have separated the singlet and the 
triplet terms throughout. Although oo(£) [Eq. (29) ] is 
a reasonably good approximation for o,, even at 
energies above 50 Mev (lab), the individual singlet and 
triplet cross section show larger relative errors. For 
example, a phase-shift analysis at 95 Mev’ shows that 
the triplet part of o,, is much smaller and the singlet 
part is much larger than is indicated by (29). However, 
the effect on our results would only be important if 
this type of error were appreciable for energies less than 
50 Mev (lab). 


V. “THE HARD CORE” 


Under this heading we consider the last term in (30). 
There is some evidence that even at very high energies 


17 See for example, H. A. Bethe and J. Hamilton, Nuovo cimento 
4, 1 (1956). 

18 Professor M. L. Goldberger tells me that such a calculation 
is under way. 

%R.N. J. Phillips, Proc. Phys. Soc. (London) A70, 721 (1957). 


HAMILTON 


(~50 Bev lab) the total p-n cross section is about the 
same size as it is at a few Bev. If this is so, the 
integral over ¢ in (30) will not converge. This gives rise 
to an infinite constant on the right of (30) which should 
be removed by a further subtraction in the dispersion 
relation. As we have only considered the variation of 
certain terms with £ (for small £) the analysis given 
above should not be affected by this infinity. (There 
may also be an infinity on the left of (30), coming from 
the integral of Iman; over the unphysical region.) 
Here we use the simple dispersion relation (3) to 
suggest how an infinite term coming from the high- 
energy cross-section values can be regarded as a hard 
core effect. First, consider a finite potential repulsive 
sphere, 
r<a 
r>d, 


V(r)=Vo, 
=0, 


where Vo>0. (We only examine the ordinary force 
case.) At zero energy (k=0) this behaves like an 
impenetrable sphere, so the zero-energy scattering 
amplitude is f(0)=—a. The forward scattering dis- 
persion relation for E=0 is 
1 © 
—at+}4 “oa? = — 
2r? 0 


dk o(k), (32) 


where o(k) is the total cross section. 
If Vo is large (i.e., Voa?>>1), in the energy range 
V >>k?>1/a? we have 


a (k)=~2ra’. (33) 


For k?> Vo we use the Born approximation 


o(k)= 32 (V 9a*)?/R?. (34) 
Rough agreement can be obtained in (32) by using 
(33) for k<k’ and (34) for k>k’. Here k” is the energy 
k= V a?/4 at which (33) and (34) are equal. 

Letting Vo— «, the high-energy cross section be- 
comes 27a? and we see how both sides of (32) become 
infinite. For a nonrelativistic scattering problem Eq. 
(32) could thus be used to subtract out the hard-core 
effect. 
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Rainich geometries are analyzed in terms of the invariants associated with the Ricci vierbein of principal 
directions. At any point the four unit vectors of the vierbein pair off into two blades which contain the 
maxima and minima directions of mean curvature, respectively. The blades can ‘“‘mesh” into smooth integral 
surfaces for certain electromagnetic fields. In general, neighboring blades are shown to be related by only 


two independent differential conditions. 


I. INTRODUCTION 


HE Einstein-Maxwell equations govern the gravi- 
tational behavior of classical electromagnetic 
radiation. Considerable interest attaches itself to elec- 
tromagnetic fields which are non-null, in the sense that 
the square of the Maxwell stress tensor is greater than 

zero,! 
p=] R’,R’,>0. (1) 


When this non-null condition is satisfied, the whole 
content of source-free electrodynamics and Einstein 
gravitation theory is contained in the statement that 
the space-time geometry satisfies the following Rainich 
conditions? ® : 

The Maxwell stress tensor has zero trace, or 


R=0. (2) 


The square of the stress tensor is proportional to the 
unit matrix, or 
R+,R’, = p*,. (3) 


The electromagnetic energy density is positive defi- 
nite, or 
Roo>O. (4) 


A certain vectorial combination of the Ricci curvature 
components and their first derivatives shall have zero 
curl; that is to say, this prescribed combination shall 
be expressible in the form of a gradient, 

Sua ™R* Rey: 

—_—_——— 4, », (5) 


4p*\/(—g) 


where a is a scalar invariant, the “complexion” of the 

electromagnetic field.* The Levi-Civita symbol €%” is 

skew-symmetric in all pairs of indices, with ée!=1, 
Whenever the non-null condition (1) is satisfied, 


* This work was performed while the author was a predoctoral 
fellow of the National Science Foundation. 

1 In the idealization for which space-time is treated as approxi- 
mately flat, the electromagnetic form of (1) requires that (E?—H?) 
and (E-H) do not both vanish. This non-null requirement is 
satisfied by a general superposition of waves traveling in various 
directions. An outstanding exception, however, is the case of a 
pure monochromatic wave traveling in a single direction. It is 
not known whether this null case has a rigorous correspondent 
which satisfies the Einstein- Maxwell equations. 

2G. Y. Rainich, Trans. Am. Math. Soc. 27, 106 (1925). 

3, W. Misner and J. A. Wheeler, Ann. Phys. 2, 525 (1957). 


Rainich geometries (2)—(5) are entirely equivalent to 
Einstein’s original description of gravitation and elec- 
tromagnetic radiation. In this paper we seek to deter- 
mine the geometrical meaning of Rainich’s system of 
equations. With this purpose in mind, we proceed to 
reduce (2)—(5) to an equivalent, but more tractable, 
set of geometrical conditions. 


II. RAINICH GEOMETRY IN TERMS OF THE 
RICCI VIERBEIN 


The local canonical form of a non-null Rainich-Ricci 
tensor,”* available to any point through an appropriate 
coordinate transformation, guarantees the existence of 
the Ricci vierbein of principal directions.‘ The sixteen 
vierbein components are established by the set of 
equations, 


[a=0, 1, 2, 3], 
LurvNa\“Ao|”=AalAv|” = Cadad, 


(Ruy — pa8u»)Aal”=0, 


éeo= —1, €)=€2=e;3=+1. 


Relations (7) and (6) imply 
3 
Suv = i CaNalpAal», (9) 


a=) 


3 


Rw = > CauPara ura ve 


a=() 


(10) 


Substituting (10) into (3), we find the Ricci invariants 


Pa= fap, (11) 
where each 


f2=1. (12) 


Then from (2) it follows that 


oe /<0. 


a=\) 


(13) 


Without loss of generality we can satisfy (12) and (13) 
by taking 


fo=fi=—1, fre=fs=t+1. (14) 


These values for f, pair the vierbein legs into a negative 
and a positive blade (Fig. 1). The particular numerical 


4L. P. Eisenhart, Riemannian Geometry (Princeton University 
Press, Princeton, New Jersey, 1949), p. 113. 
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NEGATIVE BLADE 


Fic. 1. The two blades of 
a Rainich geometry Ricci 
vierbein at a point. 


POSITIVE BLADE 


assignment to fo in (14) fixes the sign of p according 
to (4), 


p>0. (15) 


The Ricci tensor (10) with (11), (14), and (15), 


Ry wed iH Cale ura vy (16) 


a=) 
satisfies the first three requirements of a Rainich 
geometry. 

A geometrical interpretation of the Ricci tensor (16) 
goes as follows. Let m* denote any unit vector which 
lies in the positive blade at a point. Then the mean 
curvature! of the space in the direction n*, defined by 
geometers as R,,n*n’, is equal to (+p). This is the 
maximum value attainable for all directions at the 
point. Furthermore, the minimum mean curvature 
(—p) is associated with any unit vector which resides 
in the negative blade at a point. 

Let us denote the intrinsic derivative in the direction 
of a vierbein leg by 

Oa=)al’0/0x’. (17) 
The structure coefficients are introduced in the com- 
mutation relations 


(18) 


[A005 | =0,0,—90)0,= yO EES 


In analogy to a hydrodynamic flow, these structure 
coefficients may be called “the projected vorticities”’ of 
the Ricci vierbein, 


Cos= —C-ra= e.(A, pom nabAni an’. (19) 


With the aid of this intrinsic notation, Rainich’s final 
condition Eq. (5) can be drastically simplified. Sub- 
stituting (16) into (5) and performing a few obvious 
manipulations establishes the relation 


Na= Oaa, (20) 


in which the »’s are abbreviations for the structure 
coefficients, 
m=Ci3, m=Cor, (21) 
ne=Cs10, ns=Co1. 
The integrability conditions equivalent to (20) are 
easily found with the help of (18): 


Q.,=0, (22) 


3 
Q45=9an,— 9ona— >. Ccatte- (23) 


c=) 


GERALD 


ROSEN 


Before looking at the geometrical content of (22) in the 
general case, we consider Rainich geometries for which 
the blades “‘mesh.” 


III. THE BLADES CAN “MESH” 


Let us investigate the existence of two sets of integral 
surfaces which contain the blades at every point. The 
integral surfaces are defined by the intersections of 
pairs of o hypersurfaces [o=o(x", x', 2°, 2°) ]: 


= constant | | 00g 0= O;09=0 


such that (24) 


= constant 0001 = 0;0,=0, 


»= constant | | 0009= 0309=0 
such that (25) 
o3=>constant 0003= 0303=0. 
By virtue of (18) and (21), the integrability conditions 
which admit the existence of the negative-blade integral 
surfaces S,_) are 


ne=n3=0. (26) 


Similarly, the necessary and sufficient conditions for 
the positive-blade integral surfaces S(,) are 


m=m=0. (27) 


In view of (20), we have the theorem: 

The negative-blade integral surfaces exist if and 
only if the normal to the a=constant hypersurface is 
contained in the negative blade at every point ; similarly, 
the positive blade integral surfaces exist if and only if 
normal to the a=constant hypersurfaces is contained 
in the positive blade at every point. Finally, both sets 
of integral surfaces exist if and only if a@ is identically 
constant (Fig. 2). 

The case of a identically constant, characteristic of 
the Reissner-Nordstrom solution®:® and most Rainich 
geometries presently known to us, is physically signifi- 
cant in that it describes an electromagnetic field which 
is purely electrical. This does not mean that the geom- 
etry is necessarily static, since @=constant is nol 


Fic. 2. The two systems of blades are, respectively, 
‘“‘meshed”’: a identically equals a constant. 


°K. Reissner, Ann. Physik 50, 106 (1916). 
®° L. Nordstrom, Proc. Amsterdam Acad. 20, 1238 (1918). 
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sufficient to guarantee a group of motions in the 
direction of Aoj,. 

Notice that if the normal to the a=constant hyper- 
surfaces is contained in the negative blade, not only do 
the negative-blade integral surfaces exist, but also the 
positive blades are contained in a set of hypersurfaces, 
namely, {a=constant}. We are thus tempted to 
consider whether the general content of Rainich’s 
fourth condition (20) amounts to the statement, “Two 
sets of hypersurfaces exist which contain the positive 
and negative blades, respectively.”’ This possibility was 
studied and found to require more than the content of 

_ (20) or its equivalent equation, (22). Thus it does not 

allow electrodynamics to have its full known scope 
and has to be ruled out as a formulation of Rainich 
geometry. Misner and Wheeler® had previously re- 
jected the much more stringent requirement, namely, 
that the blades shall always “‘mesh”’ into smooth integral 
surfaces of the form S,,) and S; 


IV. THE CONTENT OF RAINICH’S FOURTH EQUATION 


At first glance, the integrability conditions (22) 
comprise six independent conditions which must be 
satisfied by the geometry. However, since the Ricci 
vierbein is not uniquely determined, these conditions 
are not all independent. An internal gauge exists which 
can Lorentz-transform blade partners in the vierbein 
in a way which preserves (9), (16), and all relations 
which follow from them. Under the internal gauge 
transformations, the components of (23) within the 
blades (Qo; and Q23) remain unchanged—they are gauge- 
invariant. The cross-components of (23) (Qo2, Qos, Qie, 
013) suffer mixing with the two arbitrary internal gauge 
functions. The Rainich conditions (22) for the cross- 
components reduce to a pair of internal gauge condi- 
tions, and a pair of bonafide geometrical conditions. 
Hence, (22) states two and not four geometrical condi- 
tions on the cross components. 

What is the nature of the two conditions in (22) which 
require the gauge-invariant components within the 
blades (Qo: and Q23) to vanish? We shall prove that the 
conditions 


Qo, = 223= 0, (28) 


are trivially satisfied, as a consequence of the algebraic 
form of the Ricci tensor (16). Thus, the components of 
(22) within the blades express nothing that we do not 
already know about Rainich geometry. 
The proof starts with the Poisson operator identity, 
[9-,[ 90,06] |+[a,[.0,0- ]]+[01,L0-,0a]J=0. (29) 


We substitute (18) into this identity and find 


OL, aot OL. vot OnC 3 ca 


+ >> (CaatC ecatCarcCeaatCacaC era) =0. (30) 


d=() 


MAXWELL 
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Equating c and e in this expression and summing, we 
have 

3 


Vas=>d, (OC cab tal chet OC cca) 


c= 


+ pat Creed aad=0. (31) 


c,d=() 


Next, observe that the contracted Bianchi identities 
and (2) state that 


R,’.6=0. (32) 


Substituting (16) into this expression, we eventually 
obtain 

0,(Inp) = 2£,, (33) 
where 

f= ‘soo +C "3035 

£1= Coweta by 

by =Cyx9 t+ Cia, 


&=( ‘oxo t+ Cia. 


The intrinsic curl of (33) is 


Pap=Dako— Orga— Dd, Cearnt- = 0. (35) 
Now it is readily seen by referring to the definitions 
(23), (21), and (34), as well as the definition parts of 


(31) and (35), that 
Qo1= WV 32—P 30, 
Qo . Vor = Po. 


(36) 


Hence, (31) and (35) prove the assertions made in (28). 
The Rainich (22) within the blades are 
trivially satisfied. 

The geometrical significance of the two gauge-free 
cross-components of (22) still remains a mystery. In 
view of (21) and (23), equation (22) expresses two inde- 
pendent relations between neighboring structure coefh- 
cients. At any point the structure coefficients can be 
regarded as structure constants for a Lie group. If the 
Riemannian manifold is considered to be a manifold of 
Lie groups, the two “mysterious” conditions in (22) 
may enjoy a clean geometrical interpretation in the 
language of fiber bundles.’ This possibility seems 


conditions 


worthy of investigation. 
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Factor Sequences in Quantized General Relativity* 


James L. ANDERSON 
Department of Physics, Stevens Institute of Technology, Hoboken, New Jersey 
(Received December 22, 1958) 


The problem of the order of factors in the constraint equations of general relativity has been investigated. 
Although the constraints plus Hamiltonian form a factor group in the nonquantized version of the theory, 
it does not follow directly that they will do so in the quantized version. The difficulty lies in the fact that the 
commutator of two expressions depends upon the order of factors chosen for them. We have explicitly 
exhibited a class of factor sequences for the constraints such that they do indeed form a factor group. 


I. INTRODUCTION 


N the Hamiltonian form of general relativity there 
exist a number of relations between the canonical 

variables. In order that the theory be self-consistent 
these constraint equations, together with the Hamil- 
tonian, must form a function group. Classically this 
means that the Poisson bracket between any two 
constraints or a constraint and the Hamiltonian must 
vanish weakly, i.e., as a consequence of the constraint 
equations. Such is indeed the case.’ For the quantum 
version of the theory we must require the same as for 
the classical case except that now commutators replace 
Poisson brackets. Unfortunately, because of the problem 
of ordering of factors, we cannot conclude that the 
commutator of two quantities will vanish weakly 
simply because the corresponding classical Poisson 
bracket has this property. Thus it is necessary to 
investigate anew, in the quantum version of the theory, 
the question of whether or not the constraints plus 
Hamiltonian form a factor group. 

Because of the complexity of the constraint equations 
it did not seem feasible to investigate the commutation 
relations by means of direct calculation. Furthermore, 
while a positive result would have settled the question, a 
negative one might have meant only that one had 
chosen the wrong factor sequence for one or more of the 
constraints. Fortunately, recent work by Dirac? and 
the author® has resulted in a much simplified form for 
the constraint equations. This simplification has made 
it possible to check commutation relations directly and 
the results are presented in this paper. More specifically, 
we shall exhibit a factor sequence for the constraints and 
then show that they do indeed form a factor group. 


II. FACTOR SEQUENCE FOR CONSTRAINTS 


Following the author’s previous work, we will assume 
that the metric satisfies, ab initio, the coordinate 
conditions 

£u0= — d,0, u=0, e ze 3. (1) 

* This research was supported in whole or in part by a contract 
with the U. S. Air Force, monitored by the Aeronautical Research 
Laboratory, Wright Air Development Center. 

‘J. L. Anderson and P. G. Bergmann, Phys. Rev. 83, 1018 
(1951). 

2P. A. M. Dirac, Proc. Roy. Soc. (London) A246, 333 (1958). 

3 J. L. Anderson, Phys. Rev. 111, 965 (1958). 


In this version of the theory there are no primary 
constraints. The secondary constraints can be shown to 
have the form 


Hu(x)=p'greu— 2(p""Bru)ay (2) 
and 


1 
Ky, (x)= ~(Brabs0— BraBar)p”*pe?— e'P. (3) 
g 


Here latin indices run from 1 to 3, g is the determinant 
of g,s, and P is the curvature scalar formed from the 
grs. An additional suffix added to a symbol which 
already has a meaning without it denotes differentiation, 
€.2., £rsu= 9gr./0x". In what follows we shall refer to the 
constraint in Eq. (3) as the Hamiltonian constraint 
since the Hamiltonian of the theory is given by 


H= f H1(x)d*x. (4) 


Similarly we shall refer to the constraints of Eq. (2) as 
the longitudinal constraints since in effect they are 
restrictions only on the longitudinal components of p”*. 

In making the transition to the quantum version of 
the theory we must decide upon some order of factors 
in 3, and 3K, such that the commutator between any 
two of them vanishes weakly. As far as 5C, is concerned, 
there is very little problem; any order which is Her- 
mitian is equivalent to any other order. The most 
natural ordering is: 


Hu (x) wa AD” grout Sreup"—2(p""grut grup”) s)- (2’) 


The problem of choosing an ordering for 3; is a much 
more difficult matter. Because of the nonlinearity in p”* 
of the first term in (3), there exist many inequivalent 
factor sequences. We have investigated two such 
orderings. They are 


K(x) = Pg 3 (gar8os— Brskav)p??— g'P, (3.1) 


and 
H2(x) = } {p"*p* bg (g,a8sb— Lrefab) 

+273 (grafsr— SrsSar) pp} —g'P. 
Clearly there are other ways of distributing the p”* in 
the first term. It is also possible to include terms which 
are linear in p”* and proportional to A and terms which 


(3.2) 


1182 





QUANTIZED 


are free to p"* and proportional to f?. We have not 
investigated these latter alternatives. 


III. COMMUTATION RELATIONS 
[5C..(x), 5, (x’) ] 


The commutation relation between two longitudinal 
constraints is particularly simple. We need not actually 
calculate the commutator directly but can make 
immediate use of the corresponding classical result. If 
we can show that the p”* appear in the expression for 
[5C,.(x),5C.(x’)] in the same order as they do in the 
expression for 3C,,(x), and in addition that the coeffi- 
cients are the same functions of the g,, as they are in the 
classical expression, then we will have succeeded in 
showing that the commutator of two longitudinal 
constraints vanishes weakly. 

Rather then carry through the proof outlines above 
for the 5,, we shall work with a simple finite-dimen- 
sional model. We shall consider a system described by 
the V coordinates g‘ and their corresponding momenta 
p: between which there exist ” constraints of the form 


K.'pi=0. (5) 


The Poisson bracket between two such constraints 
must be a linear combination of these constraints if it is 
to vanish weakly. Thus we must have 


(Ka'pi,K s’pj)=Cas’Ky*px. (6) 


Upon evaluating the Poisson bracket we see that 


(Ka'jKe'—Kg'j;Ka’) pi=Cap’K y" pi, (7) 


Ka'jKg'— Kg'jK a! =Cap’Ky’. 
If now we choose, as our quantum expressions for the 


constraints, }(Ka‘'pitpiKa'), we can determine the 
commutator to be 


[3(Ka'pitpiKa'), 3(Ka'pjt+pjKp') | 
si 2p (Ka'j;Kg'— Kg';Kq’) 


+31(Ka'j;Ks'—Kg';Ka’)pi, (8) 


or, using (7) the right-hand side can be written as 
4iCap’ (Pik y'+Ky'pi)+ (pik y'+K y'picas’, (9) 


which is indeed a linear combination of the quantum 
form of the constraints. In arriving at the result (9), we 
have made use of the fact that 


A (q)pB(q)+ B(q)pA (q)= pA (q)B(qg) +A (q)B(q)p. (10) 


Exactly the same argument holds for the longitudinal 
constraints; the extra complication that we are here 
dealing with field quantities does not change the basic 
principles employed. Thus we can conclude that the 
commutator of two longitudinal constraints of the form 
given in Eq. (2’) must vanish weakly. We have dealt 
at length with this example since we shall employ the 
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same type of argument in treating the other commuta- 
tion relations. 


[5C1(x), Hz(x’)] 


In computing the Poisson bracket of H,(x) with 
H1(x’), we see that the only terms which contribute 
come from the first term of one with the second term of 
the other. Thus 


(31 (x),Hi(x")) 
= (g-}(gralso— £reQas)P''p*”, (g’)*P’) 
+ (2'P, (g’) “4 ( gra Bes — Bre Zab )p'*p'?”) 


where the primes indicate that the quantities are 
functions of x’. Since g'P is independent of the p”*, the 
two Poisson brackets must be linear homogeneous in 
the p’*. If (5Cx(x),51(x’)) is to vanish weakly it must 
thus be a linear combination of the longitudinal 
constraints. In calculating the commutator, using 
either 5C;(x) or 3C2(x), we again obtain an expression 
linear in the p’*, with the same coefficients as appear in 
the classical expression. We can again employ Eq. (10) 
to order the p’* so that the commutator is a linear 
combination of the quantum expressions for the 1,,(x). 
Hence, we can conclude that [,3C1(«),30.(x’) ] vanishes 
weakly for either form of K;(x). 


[5C..(x), r(x’) J 


The Poisson bracket of 3,,(x%) with 3C,(x’) can be 
computed to be 


(5C.. (x), 50 (x")) =H u(x) b(x—2x’). 


Thus, if we can show that the p”* can be ordered in the 
same manner in the commutator as in the expression for 
K(x), we shall have succeeded in proving that this 
commutator also vanishes weakly. To this end, let us 
return to our finite-dimensional model. In analogy to 
Eq. (3.1) we take for #, the quantity 


H,=}3p:G"(q)pj;+ V (q), 


and compute the commutator between this quantity 
and 4(Ka'pitpikKa'). The result of the computations is 
given as 


[3(KatpitpiKa*), Hi] 
= hips (KaisGhi+K @iG"*— K akG",) pj tik a Vi 
i r (2K aki Get Ka'xiGit+ Kia's G";). 


We see that, with the exception of the last term, the 
p; are ordered correctly and with the correct coefficients. 
However, the last term vanishes outright since only 
second and third derivatives of the K,' with respect to 
the g' appear and for general relativity the correspond- 
ing K,* are linear in the g,,. Thus, we can conclude that 
[3,,(x),dC,(x”) | vanishes weakly. The above argument 
can be applied unchanged when we use H2 rather 
than A. 
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IV. CONCLUSIONS 


With the above calculations we have succeeded in 
exhibiting a factor sequence for the quantum-mechani- 
cal constraints of general relativity which has the 
property that the commutator of any two constraints 
vanishes weakly. Actually, we have found two such 
orderings with this property and it is probable that any 
symmetric ordering of 3C, will prove satisfactory. 
While this state of affairs is satisfactory from the 
practical point of view, it does leave unanswered the 
problem of choosing the “correct” factor sequence for 
the theory. It was originally hoped that the requirement 
of weakly vanishing commutators would be so stringent 
as to limit the possible order sequences to one or perhaps 
a few equivalent ones. Our work shows that this is 
not the case. 

Aside from the problem of obtaining a satisfactory 
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factor sequence for the constraints, there still remains 
the problem of construction of a norm for quantum- 
mechanical states. Any state functional which is to 
describe a physical state of the gravitational field must 
be an eigenstate of the constraints with eigenvalue zero. 
It is well known that such states are not directly 
normalizable in the space of the g,,. Rather one must 
limit this space by subtracting off the part described by 
the variables which are conjugate to the constraints. 
Prescriptions for constructing these latter quantities 
have all involved, in one form or another, expansions of 
the field variables and hence it appears that the actual 
construction of a norm will depend explicitly on the 
method of solution of the quantum-mechanical problem. 
For us, the essential point is that the equations are now 
in a form where one can be sure of consistency and 
hence can proceed with their solution. 
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Charge Radius of Pion* 


RIAZUDDIN 
Department of Mathematics, Imperial College of Science and Technology, London, England 


(Received October 27, 1958; revised manuscript received January 26, 1959) 


Using a dispersion relation for Compton scattering of virtual photons on pions, the charge radius of the 
pion is analyzed in terms of +*—7® mass difference. It is found to be of the order of magnitude 0.46X 10"! 


cm—0.56X 107" cm 


I 


HE electromagnetic vertex operator of a charged 
pion can be written as 
M,= [— 1 (4po- po’)? ILM (21)? | 
Xe(pt p’) FC p—p’)’). 
The form factor F is an invariant function of the 4- 
momentum transfer g’=(p—p’)* and it describes the 


electromagnetic structure of the pion. The root mean 
square radius a corresponding to F is defined as 


(1) 


F(qg’?)=1—¢°a" 0:-:. (2) 


One way of measuring F and a is from electron-pion 
scattering. This being not available, other means should 
be found of getting information about the charge 
structure of the pion. In this paper we try to get 
information about @ in connection with 
mass difference. 


the r+—7° 
II 


The self-energy of a meson due to electromagnetic 
interaction of the lowest order is shown graphically in 


* This research was supported by the Department of Scientific 
and Industrial Research. 


Fig. 1. We first consider diagram (a). The diagram (b) 
will be considered later. The self-energy corresponding 
to diagram (a) can be written as 
: 1 1 
(2£)(AE),.=— J -K (q°,v)d‘q, 
dre dard g? 


where 


K (v,g?) =i(2E) (29)*X 3 far exp(—ig:x) 


Xp | TCiu(«/2) ju(—+/2))| p) 


—(O} TQiy(x/2) ju(—x/2)){0)]. (4) 


Here v= —gq-p/u and yw is the meson mass. We have 


y 


( 


KEES 
jy 
A 


Yj 


(Pog 
LILY 

















(b) 


Fic. 1. Feynman diagrams for self-energy of a meson due to 
electromagnetic interaction of the lowest order. 





CHARGE 
neglected in (4) an equal time commutator which 
usually appears. This will be discussed later. The second 
term within the square brackets in (4) appears because 
we have to measure the energy relative to the vacuum.! 
If (6u7), denotes the contribution to the mass difference 
between r* and 7° due to diagram (a), we get 

(6u”)a= 2E[ (AE)a,1— (AE) a2], (5) 
where (AE)a,1, (AE)a,2 denote the self-energies of 1+ 
and 7’, respectively, corresponding to diagram (a). 
Since the last term in (4) does not make any contribu- 
tion to (6u?),, it will not be considered further. 

Ill 
We can write (4) as follows: 


K (v,q) =3D(1,@) +31 B(v,g?) +C(v,¢) J, (6) 


where 


D(v,q") =1( 28)(2n)* fas exp(—ig: x) 


€(x) 
xp Cin(x/2), ju(—+/2) ] p), 


? 


B(v,q°?) = (24) (ny fax exp(—iq-x) 


X(p bJulx 2) 4u(—% 2) p), 


C(v,q”) = (28) ny f a's exp(—iq: x) 
X(p! 3 ju(—x/2) ju(a/2) | p). 
It follows from the above equations that 
D(v,q?) = D(—»,97), Bv,g@?)=C(—»,q"). 


We now write a standard dispersion relation for D(v,q°) : 


iP a 1 1 
D(v,q") = 1a) + ore row, (7) 
vy’ vty 


Tw 1 == 
where 
A (v',q?) = B(v',?) —C(v’,@), 


and P’ is, in general, a polynomial in v whose coeffi- 
cients are functions of q®. The equal time commutator 
neglected in (4) can be regarded as included in this 
polynomial. To guess P’ we shall use perturbation 
theory as a guide. Before discussing the validity of (7), 
which we postpone until Sec. IV, we write it in slightly 
different form. Write 


A (v',q?) = A*(v' 2) +0'A~(v',g’). 


! The author is indebted to M. L. Goldberger for pointing out 
that this term should be in (4). 


RADIUS 


OF PION 


Then we rewrite (7) as 


1 7” 1 1 
D(v,q°) = f At( v)| a Jw 
rd yi—v vty 


vr” 1 1 
oo f A | -- Jt row, (8) 
Te y'—p y+yp 


where 


2 D 
P(v,q?) = P’(v,q?)+ f A~(v',g*)dv’. (9) 
T° 0 


The reason for going from Eq. (7) to (8) is that we 
shall find the dispersion relation in form (8) to be most 
convenient for the comparison of the one-meson contri- 
bution to dispersion integrals with the perturbation 
theory result. This will help us in fixing the polynomial 
fr 

Next we try to evaluate the absorptive part A. 
Introducing a complete set of intermediate states, we 
can write 


B(v,q°) = (2E)[ (2m)7/2] 
Xd Ap! ju(0) | ss Jul) p)d(s—p—q), 


and similarly for C(v,g?). One can easily see that 


(10) 


B(v,q?)=0 for v<q?/2u, 


C(v,¢)=0 for v>— q?/2u. 


The states ‘“‘s’” which contribute to B(v,g*) or C(»,q") 
have zero nucleon number. The lowest state of this 
type is the one-pion state. We shall suppose this to be 
the most important state and neglect the contribution 
of the other states. Then 


(27) 
B(v,q?) =2E fox Ju(O)| RXR| 7,(0) | p) 
) 
X5(k—p—gq), for 
=(), for 7°. 


Using Eq. (1), one obtains 


red (v—g"/ Qu)[ (q?—4yr—4y*) /2u |F?(q"), 
for 7 
=) for -°. (11) 


Bi v,q") 


This gives 


Bt (v,q?) = web (v—¢?/2u)[ (g?—4u?)/2u |F2(q?), for m 


=0; Yor 7: 
B-(v,q°) = web (v—q?/2u)(—2)F*(q?), for 7 


=, for 7’. 


(12) 


The corresponding formulas for C* are simply obtained 
by changing v to —v. In the approximation in which 
Eqs. (12) are obtained, A*= B* if g? is positive, and 
equal to —C* if g’ is negative. In either case if we 
substitute (12) or the corresponding expressions for C4 
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in (8), we get 
g?—4py— 4p? 
Dog)=eP g— Quy 
q’—2pv 
+P(v,q*), for 
=(0, for 2’. (13) 


IV 

We now discuss the validity of the dispersion relation 
(7) or (8). From the work of Lehmann’ this dispersion 
relation can be proved to hold for g?2 — (2y)*. It may 
be that (13) is valid also for values of g* other than 
q’ 2 — (2u)*. Anyhow we assume this to be the case and 
employ (13) for all g’. 

We now put (13) in (6) and get 


| g+4p-q—4n° 

2L(q+p)*+u?—ie 
qg—4p-q—4y?] P 

~ + 


? 


K (v,q*) = e*F?(q") 


, for mt 


(q—p)*+u?—ie 
=0, for 7°. (14) 


The first term within the brackets gives the same 

contribution as the second one when substituted in (3). 
Hence for + 

qg—4p-q—4u? PP 

K (v,q*) = e?F?(q?) +-—, 

(q—p)*+u?—te 2 


(15) 


Corresponding to diagram (a) the perturbation theory 
gives for + 


A es 
K (v,q*) =e?— =, (16) 
(q—p)*+u?—ie 


We see that (15) agrees with (16) when F is equal to 1, 
provided that P=0. Hence we take P as zero or, on 
using (9), P’ as 4eF*(g*). Thus 


(17) 


We now put (17) in (3) and the resulting equation in 
(5). We then get 


ia g’—4p-q—4y" 1 
(y).=— f dy Fr, 
4’ (q—p) +H ¢? 


(18) 


where a= e*/4r. 

We now consider diagram (b). In analogy with 
perturbation theory its contribution to the 7+—7° mass 
difference, in the same approximation in which (18) is 
obtained, is simply got from (18) by making p— ~. 


2H. Lehmann, Nuovo cimento 10 (1958). 
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TABLE I. Values of a and 6Mx. a=Charged radius of the 
pion in units of 10°" cm. 6Mx=Mass difference of K+ and K® 
in electron masses. 


6Mx 


2.85 
2.50 


F(@) a 
0.56 








(1+g¢a/6)* 
(1+-g2a?/12) 


Then we get 


ia —4 
Out v=— fay FU. 
4 q 


T 
Using (18) and (19) we get finally 
(6u) = (bu?) at (du), 
P(g (q?+4y*) F?(q?) 
Ros! aut f— seis 
(q?—2p-q)q° 


a} (20) 


Vv 


The next step is to choose a particular model for F 
and then fix a so as to get the experimental value of dy. 
The models for F which we consider are given in Table 
I. For each model the integration in (20) is done by 
Feynman’s method* of symmetric integration.‘ After 
integration we get du?/u* as a function of a for each 
model. The value of a for each model is varied from 
0.1X10-" cm to 1X10-" cm and the corresponding 
values of 6u?/u? are plotted against a. From the plot 
we read for each model that value of a which gives the 
experimental 6y?/u?. Such values of a are given in 
Table I. 

A glance at Table I shows that a lies between 0.46 
10-8 cm and 0.56X10-" cm for the two models 
considered in order to obtain the experimental (#*+— 7°) 
mass difference. The values of a thus obtained are of 
the same order of magnitude as obtained by other 
people®.® by other methods. 

In Table I are also given the mass differences of the 
K+ and K® mesons for various models, assuming the 
same charge radius for K as for the pion. A radius of 
K about 3? times the radius of r will make 6Mx nearly 
equal to one electron mass for the various models listed 
in Table I. By this approach K+ will always be heavier 
than K°. 
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